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PREFACE 



The Treatise on Algebra, by M. Bourdon, is a work of 
singular excellence and merit. In France, it is one of the 
:^ leading text books. Shortly after its first publication, it passed 
{through several editions, and has formed the basis of every 
> subsequent work on the subject of Algebra. 
^ The original work is, however, a full and complete treatise 
>on Ae subject of Algebra, the later editions containing about 
^eight hundred pages octavo. The time which is given to 
the study of Algebra, in this country, even in those semin- 
aries where the course of mathematics is the fullest, is too 
short to accomplish so voluminous a work, and hence it has 
been found necessary either to modify it, or to abandon it al- 
together. 

The following work is abridged from a translation of M. 
Bourdon, made by Lieut. Ross, now the distinguished pro- 
fessor of mathematics in Kenyon College, Ohio. 

The Algebra of M. Bourdon, however, has been regarded 
only as a standard or model. The order of arrangement, in 
many parts, has been changed ; new rules and new methods 
have been introduced; and all the modificadons which have 
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been suggested by teaching and a careful comparison with 
other standard works, have been freely made. It would, per- 
haps, not be just to regard M. Bourdon as responsible for 
the work in its present form. 

It has been the intention to unite in this work, the scien- 
tific discussions of the French, with the practical methods 
of the English school ; that theory and practice, science and 
art, may mutually aid and illustrate each other. 

CHARLES DAVIES. 

Wkit Point, June, 1844. 
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CHAPTER I. 

PRELIHINART DEFINITIONS AND REMARKS. 

1. Quantity is a general tenn applied to everything which 
can be estimated or measured. 

2. Mathematics is the science which treats of the properties 
and relations of quantities. 

3. Algebra is that branch of mathematics in which the quanti- 
ties considered are represented by letters, and the operations to 
be performed upon them are indicated by signs. The letters and 
signs are called symbols, 

4. The sign +» is called plttSy and when placed between two 
quantities indicates that they are to be added together. Thus, 
9 + 5 is read, 9 plus 5, and indicates that the quantity repre- 
sented by 5 is to be added to the quantity represented by 9. 

In like manner, a + h i& read, a plus &, and denotes that the 
quantity represented by & is to be added to the quantity repre- 
sented by a, 

5. The sign — , is called minuSy and indicates that one quantity 
is to be subtracted from another. Thus, 9 — 5 is read, 9 minus 5 
or 9 diminished by 5. 

In like manner, a — h \s read, a minus &, or a diminished by h 

' 6. The sign x, is called the sign of multiplication. When 
placed between two quantities, it denotes that they are to be mul- 
tiplied together. Thus, 36 x 25, denotes that 36 is to be multi- 
plied by 25. The multiplication of two quantities may also be 
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indicated by placing a point between them. Thus, 36.25 is the 
same as 36 x 25, and is read, 36 multiplied by 25, or the prod- 
uct of 36 by 25. 

7. The multiplication of quantities, which are^ represented by 
letters, is generally indicated by simply writing the letters one 
after the other, without interposing any sign. Thus, 

ab is the same as a X b, or as a.b ; 
and abc, the same as a X & X c, or as a.bx. 
It is plain that the notation ah, or abc, cannot be employed 
when the quantities are represented by figures. For, if it were re- 
quired to express the product of 5 by 6, we could not write 5 6, 
without confounding the product with the number 56. 

8. In the product of several letters, as abc, the single letters, 
a, by and c, are called factors. Thus, in the product aJ, there 
are two factors, a and b; in the product acd, there are three, 
a, c, and d, 

9. There are three signs used to denote division. Thus, 

a ~ b denotes that a is to be divided by b. 

-Y" denotes that a is to be divided by b, 
o 

a\b denotes that a is to be divided by b, 

10. The sign =, is called the sign of equality, and is read, is 
equal to. When placed between two quantities, it denotes that 
they are equal to each other. Thus, 9 — 5 = 4: that is, 9 mi- 
nus 5 is equal to 4 : Also, a + 5 = c, indicates that the sum of 
the quantities represented by a and b, is equal to the quantity de- 
noted by c. 

11. The sign >, is called the sign of inequality, and is used 
to express that one quantity is greater or less than another. 

Thus, a > & is read, a greater than b ; and a < 5 is read, 
a less than b ; that is, the opening of the sign is turned toward 
the greater quantity. 

12. If a quantity is added to itself several times, as 

a-\-a + a-\-a-\-a, 

it is generally written but once, and a figure is then placed before 
it, to show how many times it is taken. Thus, 

a + a -{• a -\- a -\- a ^=: 5a, 
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The number 5 is called the co-efficient of a, and denotes that a is 
taken 5 times. 

Hence, a co-efficient is a number prefixed to a quantity, denoting 
the number of times which the quantity is taken. The co-efficient 
also indicates the number of times plus one, that the quantity is 
added to itself. When no co-efficient is written, the co-efficient 
1 is always understood. Thus, a = la. 

13. If a quantity be multiplied continually by itself, as 

axaxaxaxa, 

the product is generally expressed by writing the letter once, and 
placing a number to the right of, and a little above it: thus, 

a X a X ax ax a=:c^. 

The number 5 is caUed the exponent of a, and denotes the 
number of times which a enters into the product as a factor. 

Hence, the exponent of a quantity shows how many times the 
q[uantity is a factor. It also indicates the nmnber of times, plus 
one, that tfte quantity is to be multiplied by itself. When no ex« 
ponent is written, the exponent 1 is always understood. 

14. The product resulting from the multiplication of a quantity 
by itself any number of times, is called the power of that quantity : 
and the exponent denotes the degree of the power. For example, 

a^ = a is the first power of a, 
a^ = a X a is the second power, or square of a, 
a^ = a X a X a is the third power, or cube of a, 
a:^=:aXaXaXa is the fourth power of a, 
a^z=axaxaxaxa is the fifth power of a, 

in which the exponents of the powers are, 1, 2, 3, 4, and 5; and 
the powers themselves, are the results of the multiplications. It 
should be observed that the exponent of a power is always greater 
by unity than the number of multiplications. 

15. As an example of the use of the exponent in algebra, let 
it be required to express that a number a is to be multiplied 
three times by itself, that this product is then to be multiplied 
three times by 6, and this new product twice by c; we should 
"^nite 

axaxaxaxhxhxhxexc^i O^Pc^, 

If it were further required to repeat this result a certain num- 
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ber of times, say seven times, that is, to add it to itself six times, 
we should simply write 

This example shows the brevity of the algebraic language. 

16. The root of a quantity, is a quantity which being multi- 
plied by itself a certain number of times, will produce the given 
quantity. 

The sign y , is called the radical sign, and when prefixed 
to a quantity, indicates that its root is to be extracted. Thus, 

ya or simply ya denotes the square root of a. 

ya denotes the cube root of a, 

\/a denotes the fourth root of a. 

The number placed over the radical sign is called the index 
of the root. Thus, 2 is the index of the square root, 3 of the 
cube root, 4 of the fourth root, ^c. 

17. The reciproccU of a quantity, is unity divided by that quan- 
tity. Thus, 

— is the reciprocal of a; 
a 

and, — r-T is the reciprocal of a + h. 

a+b 

18. Every quantity written in algebraic language, that is, with 
the aid of letters and signs, is called an algebraic quantity, or tlie 
algebraic expression of a quantity. Thus, 

q ( is the algebraic expression of three times the 

( quantity denoted by a; 
. 2 ( is the algebraic expression of five times the 
( square of a; 
^ o V2 ( is the algebraic expression of seven times the 
( product of the cube of a by the square of b ; 
is the algebraic expression of the difference 
between three times a and five times b; 
f is the algebraic expression of twice the square 
of a, diminished by three times the product 
of a by b, augmented by four times the square 
of b. 
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t 

19. A single algebraic expression, not connected with any other 
by the sign of addition or subtraction, is ca^ed a monamialj or 
simply, a term. 

Thus, 3a, 5a^, 7a^^, are monomials, or single terms. 

20. An algebraic expression composed of two or more temi<^, 
separated by the sign + or — , is called a polynomial. 

For example, 3a — 5b, and 2a^ — 3cb + 41P, are polynomials. 

A pol3nioinial composed of two terms, is called a binomial; and 
a polynomial of three terms is called a trinomial, 

21. The numerical value of an algebraic expression, is the num- 
ber obtained by giving a particular value to each letter which en* 
ters it, and performing the arithmetical operations indicated. This 
numerical value will depend on the particular values attributed to 
the letters, and wiU generally vary with them. 

For example, the numerical value of 2a^, will be 54 if we make 
a = 3 ; for, 3^ = 27, and 2 x 27 = 54. 

The niinerical value of the same expression is 250 when we ^ 
make a = 5 ; for, 5^ = 125, and 2 X 125 = 250. 

22. It has been said, that the numerical value of an algebraic 
expression generally varies with the values of the letters which 
enter it: it does not, however, always do so. Thus, in the ex- 
pression a — b, so long as a and b are increased or diminished 

by the same number, the value of the expression will not be 
changed. 

For example, make a = 7 and b =z A: there results a — ft = 3. 

Now, make a = 7 + 5 = 12, and 5 = 4 + 5 = 9, and there 

results, as before, a — 5 = 12-— 9 = 3. 

23. Of the different terms which compose a polynomial, some 
are preceded by the sign +, and others by the sign — . The 
first are caUed additive terms, the others, subtractive terms. 

When the first term of a polynomial is plus, the sign is gener- 
ally omitted; and when no sign is written, it is always under- 
stood to be affected by the sign +• 

24. The numerical value of a polynomial is not affected by 
changing the order of lis terms, provided the signs of all the 
terms remain unchanged. For example, the polynoiiiiiil 

4ff3 — 2a% -h tac^ = 5ac2 - 3a2;: ^ 4.,- - ^ ^a^ t- 5tfc^ -H 4a^. 
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25.- Each of the literal factors which compose a term, is called 
a dimension of the term ; and the degree of a term is the nimiber 
of these factors or dimensions. Thus, 

3a is a term of one dimension, or of the first degree. 

5ab is a term of two dimensions, or of the second degree. 

7a^c^ = laaahcc is of six dimensions, or of the sixth degree. 

In general, the degree, or the number of dimensions of a term, is 
determined by taking the sum of the exponents of the letters which 
enter this term. For example, the term 8aHcd^ is of the seventh 
degree, since the sum of the exponents, 2+1 + 1 + 3 = 7. 

26. A polynomial is said to he homogeneous, when all its terms 
are of the same degree. The polynomial 

3a — 2b + e is of the first degree and homogeneous. 

— 4ab + b^ is of the second degree and homogeneous. 

5a^c — 4c^ + 2c^d is of the third degree and homogeneous. 

Sdfi — 4ab + e is not homogeneous. 

27. A vinculum or har , or a parenthesis ( ), is used to 

express that all the terms of a pol3niomial are to he considered 

together. Thus, a + b + c x b, or (a + b + c) x b denotes 
that the trinomial a + b + c is to be multiplied by b ; also, 

a + b + c X c + d+f or (a + b + c)x{e + d +/) 
denotes that the trinomial a -r & + c is to be multiplied by the 
trinomial c + d -\-f 

When the parenthesis is used, the sign of multiplication is usually 
omitted. Thus, (a + b + c) xb is the same as {a + b + c)h 

The bar is also sometimes placed vertically. Thus, 



+ a 
+ h 

+ c 



X 



is the same as (a + b + c) x, or, a + & + c X a?. 



28. Those terms of a polynomial which are composed of the 
same letters, affected with the same exponents, are called similar 
tefms. 
1 Thus, in the polynomial 

lab + 3ab — 4<^b^ + 5a^^, 
the terms lab and 3ab, are similar, and so also are the terms 
— 4aH^ and ba^b\ the letters and exponerts in each being the 
same. But in the binomial 

Sa'^b + lab^. 
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the terms are not similar ; for, althougli they are composed of the 
same letters, yet the same letters are not affected with the same 
exponents. 

29. When a polynomial contains several similar terms, it may 
often be reduced to a simpler form. 

Take the polynomial Aa% — 3a^e + 7a^c — 2a^, 

It may be written (Art. 24) 4a^ — 2a^b + 7a^c — 3a^c. 
But 4a^b •— 2a^b reduces to 2aH, and 7a^c — 3a^e to 4a^c» 
Hence, 4a^b — 3a^c + 7a^c — 2a^b = 2a^b + U^c. 
When we have a polynomial having similar terms, as 
+ 2a%c^ — Aa%c^ + ea%c^ — Sa^bc^ + Ua%c\ 
unite the additive and subtractive terms separately : thus. 

Additive terms. Subtractive terms, 

+ 2a^b(^ - 4a3Ao2 

+ Qa^bcf^ — Sa^bc^ 

+ 19g3^ca 

Hence, *the given polynomial reduces to 

l^a^bc^ — \2c^bc^ = 7a^bc^, 
It may happen that the co-efficient of the subtractive term, ob- 
tained as above, will exceed that of the additive term. In that 
case, subtract the positive co-efficient from the negative, prefix the 
fninua sign to the remainder, and then annex the literal part. 
In the polynomial 3a^b + 2a% — ba'^b — 3a^b 

+ 3c^b — ^a^b 

+ 2(^b — 3a% 



+ 5a% — Sa% 

But,. — Sa% = — ba% — 3an : hence 

Sa^ft— Sa^b = 5a^ — 5M — 3a^b = — 3a^. 
Hence, for the reduction of the similar terms of a polynomial, 
we have the following 

RULE, 
^m^. Add together the co-efficients of all the additive terms, and an^ 
nex to their sum the literal part : form a single subtractive term in 
the same manner. 

II. Then, subtract the less co-efficient from the greater, and to the 
remainder prefix the sign of the greater co-efficient, and annex the 
liter cd part. 

2 
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EXAMPLES. 

1. Reduce the polynomial 4a^ — 8a^b — 9a^b + llaH to its 
simplest form. Ans. — 2a^. 

2. Reduce the polynomial 7abc^ — ab^ — 7ahc^ — 8ahc^ + 6abc^ 
to its simplest form. Ans, — Sabc^. 

3. Reduce the poljmomial 9cb^ — 8ac^ + 15eb^ + 8ca + 9ac^ 

— 24cb^ to its simplest fonn. Ans, ac^ + 8ca, 

4. Reduce the polynomial 6ac^ — 5ab^ + lac^ — 3ab^ — ISac^ 
+ 18ab^ to its simplest form. Ans, lOab^, 

5. Reduce the polynomial dbc^ — abc + 5ac^ — QaJc^ + 6a6c 

— 8ac^ to its simplest form. Ans, — Soic^ + 5abc — Soc^. 

Remark. — It should be observed that the reduction affects only 
the co-efficients, and not the exponents. 

The reduction of similar terms is an operation peculiar to al- 
gebra. Such reductions are constantly made in Algebraic Addition^ 
Subtraction, Multiplication, and Division, 

30. In the operations of algebra, there are two kinds of quan- 
tities which must be distinguished from each other, viz. 

1st, Those whose values are known or given, and which are 
called known quantities ; and 

2dly, Those whose values are unknown, which are called «»- 
knovo^ quantities. 

The known quantities are represented by the first letters of 
the alphabet, a, b, c, d, Sic, ; and the unknown, by the final 
letters, a?, y, z, <fec. 

31. Al problem is a question proposed which requires a solution. 
It is said to be solved when the values of the quantities sought 
are discovered or found. 

A theorem is a general truth, which is proved by a course of 
reasoning called a demonstration. 

> 32. The following question will tend to show the utility of t^ 
algebraic analysis. 

Question. 

The sum of two numbers is 67, and their difference 19 ; what are 
the two numbers? 
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Solution. 

Let lis first establish, by the aid of the algebraic symbols, the 
connexion which exists between the given and tmknown num- 
bers of the question. 

If the least of the two numbers were known, the greater could 
be found by adding to it the difference 19; or in other words, 
the less number, plus 19, is equal to the greater. 

If, then, we make x == the less number, 

a 

» + 19 = the greater^ 

and 2ar + 19 = the sum. 

But from the enunciation, this sum is to be equal to 67. There- 
fore we hare 

2a? + 19 = 67. 

Now, if 2x augmented by 19, gives 67, 2x alone is equal to 
67 minus 19, or 

2a; = 67 — 19, or performing the subtraction, 2x = 48. 

Hence, x is equal to half of 48, that is, 

48 
« = -— = 24. 
2 

The least number being 24, the greater is 

» + 19 = 24 + 19 = 43. 
And, indeed, we have 

43 + 24 = 67, and 43—24 = 19. 

Another Solution* 

Let X represent the greater number ; 

then, « — 19 will represent the less 

and 2a? — 19 = 67 ; whence, 2a? = 67 + 19 = 86 ; 

therefore, « = — = 43 = the greater, 

2 

and consequently, dp — 19 = 43 — 19 = 24 = the less 

General Solution of this Problem. 

The sum of twp numbers is a, and their difference is b. What 
are the two numbers? 

Let X = the less number; 

then will, x + b =: the greater. 
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Then, by the conditions of the question 

2x + b z= Of the sum of the numbers ; 

therefore, 2x =ia — b and x = — - — = — —. 

2 3 2 

And by adding b to each side of the equality, we obtain the 

greater number, 

^ 2 2 ^ 2^2 

Hence we hare 

« + & = — + — = the greater number, 
2 2 

and X =^'x :r" = the less. 

2 2 

As the form of these results is independent of any particular 
values attributed to the letters a and 6, the expressions are called 
formulas^ and may be regarded as comprehending the solution of 
all questions of the same nature, differing only in the niunerical 
values of the given quantities. Hence, 

A formula is the algebraic enunciation of a general rule, or 
principle. 

The principles enunciated by the formulas above, are these : 

The greater of any two numbers is eqtud to half their sum t »- 
creased by half their difference ; and the less, is equal to half their 
sum diminished by half their difference. 

To apply these formulas to the case in which the sum is 237 
and difference 99, we have 

237 . 99 237 + 99 336 ,^^ 
the greater number = -^ + -—- = = — - = 168 ; 

, , , 237 99 237 ~ 99 138 
and the less = -^ y = g ~ "2* ~ ' 

and these are the true numbers ; for, 

168 + 69 = 237 which is the given sum, 

and 168 — 69 = 99 which is the given difference. 

From the preceding explanations, we see that Algebra is a 
language composed of a series of symbols, by the aid of which, 
vx can abridge and generalize the operations required in the solu- 
tion of problems, and the reasonings pursued in the demonstration 
tf theorems 
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CHAPTER II. 

OF ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION. 



ADDITION. 

33. Addition, in algebra, consists in finding the simplest equir- 
alent expression for several algebraic quantities. Such equivalent 
expression . is called their sum. 

34. Let it be required to add together \ 

the monomials, ) 

( 2e 



The result of the addition is - - - 3a + 5b + 2c 

an expression which cannot be reduced to a more simple form. 

( 4a2ft3 

Again, add together the monomials - < 2c?h^ 

( 7a263 

The result, after reducing (Art. 29), is 

Let it be required to find the sum of 
the expressions. 

Their sum, after reducing (Art. 29), is 

35. As a course of reasoning similar to the above would apply 
to all algebraic expressions, we deduce, for the addition of alge- 
braic quantities, the following general 

RULE. 

I. Write down the quantities to be addedy with their respective 
s$gns, so that the similar terms shall faU under each other, 

II. Reduce the similar terms ^ and annex to the results those terms 
which cannot be reduced^ gi^ng to each term its respective sign. 



1302^3 

3aa - Aab 
2a^ Sab + b^ 
2ab - 56^ 


5a2 


-5<ii- 


■4^2 



3«! — 4tiiL — 2» 
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EXAMPLES. 

1. Add together the polynomials, 
So? — 262 _ 4fl^^ 5^2 — ja + 2a5, and 3a5 — 3c^ — 25*. 

The term 3a^ being similar to Sa^, 
we write 8a^ for the result of the re- 
duction of these two terms, at the same^^ 
time slightly crossing them as in the 
terms of the example. 

Passing then to the term — 4ab, which is similar to the two 
terms + 2ab and + 3a6, the three reduce to + a5, which is 
placed after 8a\ and the terms crossed like the first term. Pas 
sing then to the terms involving b^y we find their sum to be — 55*, 
after which we write — 3c^. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(2). (3). 

7x + 3ab+ 2c I6a^b^ + bc — 2abc 

— 3a? ■- 3ab —5c — 4a^b^ — 9bc + 6abc 
5a? — 9ab — 9c ^ 9a^b^ + be + abc 

Sum. 9x — 9qb — 12c 3a^b^ — 7be -f 5a5c 

(4). (5). 

a+ ab- cd+ f 6ab + cd + d 

3a + 5ab — 6cd — f 3ab + bed + y 

— 5a — Qab + 6cd — 7f — - 4<ib + 6cd + x 

— a+ ab + cd+ 4f ^ 5ab — VZcd — y 

— 2a + g^ + — 3/ +ai + d 

6. Add together 3a + 5, 3a + 35, — 9a — 75, 6a+95, and 
8a + 35 + 8c. Ans. 11a + 95 + 8c. 

7. Add together 3aa? + 3ac + f, — 9ax + 7a + J, + 6aa? + 3ac 
+ 3/, 8aa? + 13ac + 9/, and — 14/+ 3aa?. 

Ans, Wax + \9ac — f+ la + d, 

8. Add together the polynomials, 3a2c + 5a5, 7a2c — - 3a5 + 3ac, 
5a2c — 6a5 + 9ac, and — - 8a2c + a5 — 12ac. Ans. 7a^c — 3a5. 

9. Add the polynomials 19a2ar>5 — 12a3c5, 5a2a?35 + Ibc^eh 
— lOoa?, ■- 2a2a?35 — 13a3c5, and — 18a2af35 — 12a3c5 + 9aa:. 

Ans, Aa^a^b — 22a'c5 — a» 
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10. Add together 3a + b + c, 5a + 2b + 3ac, a + c + ae, and 

— 3a _ Qac — 85. Ans, 6a — 55 + 2c — 6ae, 

11. Add together 5d^b + 6cx + 9bc^, 7cx — Sa^b, and — 15car 

— 95c2 + 2a25. Ans. — a^^^ — 2ca?. 

12. Add together Sax + 5ab + Sa^b^c^, — ISax + Sa^ + lOah, 
and 10a» — 15a5 — 6a^b^c^. Atis, — Sa^^^c^ + 6a\ 

13. What is the sum of 4laWc -- 27ab€ —lAa^y and lOo^^^c 
+ 9tf5c ? iln^. 5lc^b^c — 18a5c — Ha^y. 

14. What is the sum of 18a5c — 9ab + 6c^ — - 3c + date and 
9abc + 3c — 9ax ? Arts, 27abc — 9ab + Gc^.- 

15. What is the sum of 8a5c + b^a — 2cir — 6x1/ and lea: 

— ay — I3b^a ? -4.7W. Babe — 125^a + 5caj — 7xy. 

16. What is the sum of 9a^c — I4aby + ISo^^^ and — a^c 

— SaH^ 1 Ans. 8a^c — Uaby + 7aW. 

17. What is the sum of \7a^b^ + 9a^b — Sa^, - 14a552 4- Ta'-* 

— 9a3, — 15a35 + 7<j^b'^ — a\ and 14^3^ - I9a^b ? 

-A»^. . 

18. What is the sum of Soar* — Qor^ — 17aa?y, — 9a3^ + 18aap» 
+ 34aay, and 7a^5 + 3aap3 — 7ax^ + 46c« ? Atis, . 

19. Add together 3a^ + ba^b^iP' — 9oPx, 7c^ — 80^5202 — lOa^a?, 
lOoi + 16a25V + I9a^x. Ans. \Qa^ + Ua^b'^c^ + lOab, 

20. Add together 7d^b — 3a5c — Bh^c — 9c3 + c(P, 8a5c — ba^b 
+ 3c3 — 4¥c + c^, and 4a2ft — Sc^ + 952c — 3^3. 

Ans, Sa^b + babe — 352c — 14c3 + 2cd?- — 3(f3. 

21. Add together ~ 18a35 + 2a5* + 60252 — 8a5* + 7a35 — 5a2J2 

— 5«35 + 6a5* + lla2^2. j^^s^ _ 16^3^ + 12^2^2^ 

22. What is the sum of 3a»52c — 16a*« — 9aa^J, + Qa^h^c 

— 6aaj3^ 4. I7a^x, + \QaoiPd — a^x — 8a352c ? 

Ans, ofib'^c + aaPd, 

23. What is the sum of the following terms : viz., 8af — 10a*5 

— 16a352 + 4a253 — 12a*5 + 15a352 + 24^253 — 6a5f - 16a352 
+ 20a253 + 32a5* - 85^ ? 

Ans, 8o« — 22a*5 — 17a352 + 48a253 + 26a5* - 85*. 
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SUBTRACTION. 

36. Subtraction, in Algebra, consists in finding the simplest 
expression for the difference between two algebraic quantities. 

Let it be required to subtract 4b from 5a. Here, as the quan- 
tities are not similar, their difference can only be indicated, and 

we write 

5a — 4&. 

Again, let it be required to subtract 4a^b from Ta^ft. These 
(♦'xms being similar, one of them may be taken from the other, 
and their true difference is expressed by 

7a^ — 4a^ = 3a^, 
For another example, from - - - 4a 
take the binomial - - - - 2b — 3c. 



4a — 2& + 3c 

True remainder. 



The subtraction may be indicated thus, - 4a — (2b — 3c) ; 
that is, the quantity to be subtracted may be 
placed within a parenthesis, and written after the 
other quantity, with a minus sign. 

Now, in order to express this difference by a single polyno- 
mial, let us see what the nature of the question requires. 

From 4a, we are to subtract the difference between 2b and 3c, 
and if b and c were given numerically, that difference would be 
known ; but since 3c cannot be taken from 2&, 2b is first subtracted 
from 4a, which gives 4a — 2&. Now, in subtracting the number 
of imits contained in 2b, the number taken away from 4a, is too 
great by the number of units contained in 3c, and the result 
4a — 2b is therefore too small by 3c ; this remainder must there- 
fore be corrected by adding 3c to it. Hence, there results from 
the proposed subtraction 4a — 2b + 3c. 

37. Hence, for the subtraction of algebraic quantities, we have 
the following general 

RULE. 

L Write the quantity to be subtracted under that from which it 
is to be taken, placing the similar terms^ if there are any, under 
each other. 

n. Change the signs of all the terms of the polynomial to be 
subtracted, or conceive them to be changed, and then reduce the poly^ 
nomial result to its simplest form 
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SUBTRACTION. 

EXAMPLES. 


From 


6ac- 


0)- f^i 

- 5ab + c^ « o| 


Take - 


3ac + Sab - 7c « l| 


Remainder 


3ac - 


. 8aft + c2 + 7c. gol 


From 


16a2- 


5J3 
(2). 

— 56c + 7ac 


Take 


14a2 _|_ 55c + 8ac 


Remainder 


2a2- 


— 106c — ac 


From 


5a3- 


(4). 
'4a^+ 3b^c 


Take 


- 2a3 + 3a2i» — 8^2^ 


Remainder 


7a3- 


-7aH4- 1162c 



2S 



6ac — 5a6 + c^ 
— 3ac — Sab + 7c 

Sac — Sab + c^ + 7c 

(3). 
19a6c — I6ax — 5axy 

17 abc + 7 ax — 15aa^ 

2a6c — 2Sax + lOoay 

(5). 
4a6— cd+3a^ 

5ab — 4c(i + 3a2 + 5b^ 
— a6 + 3cdg + -~5^^ 

6. From 3a2a: — 13a6c + 7a2, take 9a^x — 13a6c. 

Ans, — 6a^x + 7a*. 

7. From 51a^^c — 18a6c* -- 14a2y, take 41a362c — 27aftc 

- 14a2y. Ans. lOa^^c + 9abc. 

8. From 27«6c — 9ab + Gc*, take 9a6c + 3c — 9ar. 

Ans. ISabc — 9a6 + 6c^ — 3c + 9ax. 

9. From 8a6c — 1263a + 5ca: — 7xy, take 7cx — xy — ISb^a, 

Ans. 8abc + Pa — 2cx — Gary. 

10. From 8a2c — 14a6y + 7a262, take 9a2c — 14a6y + 15a262. 

Ans. — a^c — 8a262. 

11. From 9a^x^ — 13 + 20a63a? — 4b^cx^, take 366ca;2 + 9a^x^ 

- 6 + 3a63a;. Ans, I7ab^x — 766ca?2 — 7. 

12. From 5a* — 7a362 — Sc^cP + 7d, take 3a* — 3«'* — 7c»<P 

- 15a362. Ans, 2a* + 80^62 + 4c5d2 + 7d + Sa\ 

13. From 51a262 — 48a36 + 10a*, take 10a* — 8a36 — 6a262. 

Ans. 57a262 — 40a36. 

14. From 21a:3y2 ^ 25a;2y3 4. 68ary* — 40y*, take 64a2y3 
+ 48a!y* — 40y«. Ans. 20a?y* — 39a;2y3 _|- 2lx^i/^. 

15. From 53a;3y2 _ i^x'^f — I8a?*y — 56x5, take - L5xY 
+• 18ir3y3 4. 24a:*y. Ans. Sdx^f — 42ar*y — 56jr* 
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38. From what has preceded, we see that polynomials ma^ be 
subjected to certain transformations. 

For example - - 6a^ — Sab + 2h^ — 2^, 
may be written - Ga^ _ (3^5 _ 2h^ + 2hc). 

In like manner - - Ta^ — Ba% — ^Jt^c + 65^, 

may be written - To^ — (fia^h + Ah^c — 6^3) ; 

or, again, - - - 7^3 — Ba^b — (Ab'^c — 6^). 

Also, - - - - 8a2 — 6^252 + 5a2j3^ 

becomes - - - Sa^ — (Ba^A^ _ SaZ^a). 

Also, . - - - 9oV — So* + ** — c, 

may be written - 9a^c^ — (So* — b'^ + c)\ 
or, it may be written ^a^(^ + 6^ _ (3^4 _|_ ^.j^ 

These transformations consist in decomposing a polynomial into 
two parts, separated from each other by the sign — . 

It will be observed that the sign of each term which is placed 
within the parenthesis is changed. Hence, if we have one or 
more terms included within a parenthesis having the minus sign 
before it, if the parenthesis is omitted, the signs of all the terms 
must be changed. 

Thus, 4a — {6ah — 3c — 2b), 

is equal to 4a — Sab + 3c + 2b, 

Also 6ab — {— 4ac+ 3d — 4ab), 

is equal to 6ab + 4ac ■— 3d + 4ab. 

39. Remark. — From what has been shown in addition and 
subtraction, we deduce the following principles. 

1st. In Algebra, the words add and sum do not always, as in 
arithmetic, convey the idea of augmentation. For, a —■ b, which 
may result from the addition of ~ 6 to a, is properly speaking, 
the arithmetical difference between the number of units expressed 
by a, and the number of units expressed by b. Consequently, 
this result is numerically less than a. 

To distinguish this sum from an arithmetical sum, it is called 
the algebraic sum. 

Thus, the polynomial, 2a^ — 3a^b + 3b^c, 
is an algebraic sum, so long as it is considered as the result 
of the miion of the monomials 2a^, — Sa^i, + Sb'^c, with their 
respective signs ; but, in its proper acceptation, it is the arithmetic 
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cal difference between the smn of the units contained in the ad- 
ditive terms, and the sum of the units contained in the subtractive 
terms. 

It follows from this, that an algebraic sum may, in the numeri- 
cal applications, be reduced to a negative number, or a number 
affected with the sign — . 

2d. The words subtraction and difference, do not always convey 
the idea of diminution. For, the difference between + a and — b 
being a — {— b) = a + b, is numerically greater than a. This 
result is an algebraic difference. 



MULTIPLICATION. 

40. Algebraic multiplication has the same object as arithmeti- 
cal, viz., to repeat the multiplicand as many times as there are 
units in the multiplier. The multiplicand and multiplier are called 
factors. 

It is proved in Arithmetic (see Davies' Arithmetic, ^ 22), that 
the value of a product is not affected by changing the order of its 
factors : that is, 

I2ab = ab X 12 =zba X I2 = a X 12 X b. 

For convenience, however, the letters in each term are generally 
arranged in alphabetical order, from the left to the right. 

Let it be required to multiply 7a^^ by 4a%. 

By decomposing the multiplicand and multiplier into their fac- 
tors, we may vmte the product under the form 

7a^* X Aa% = 7aaabb X 4aab ; 

and since we may change the order of the factors without affect- 
ing the value of the product, we have, 

7a3&2 X 4a2& = 7 X 4aaaaabbb = 2Sc^I^ ; 
a result which is obtained by multipl3dng the co-efficients to- 
gether for a new co-efiicient, and adding the exponents of the 
same letter, for the new exponents. 

Again: multiply the monomial 12a^fr*c* by Scfih^d^. 

We can place the product under the form, 

l2a^^c^ X Sa^^d^ = 12 X Saaaaabbbbbbccdd = OBa'^b^c^d^. 

By considering the manner in which these results are obtained, 
we see that any quantity, as a, must be found as many times 



28 ELEMENTS OF ALGEBRA. [CHAP. II. 

a factor in the product, as it is a factor in both the multiplicand 
and multiplier; which number will always be expressed by tlie 
sum of its exponents. 

41. Hence, for the multiplication of monomials we have th« 
following 

RULE. 
I. Multiply the ed-efficients together for a new coefficient, 
XL Write after this co-efficient all the letters which enter into the 

multiplicand and multiplier^ affecting each with an exponent equal 

to the sum of its eaponents in both factors, 

EXAMPLES. 

(1) . - 8aHc^ X 7abd^ = 56a^^c^d^, 

(2) - - 2la^^dc X Sabc^ = 168«*iV(i. 

(3) (4) (5) (6) 

Multiply - - 3a^b - - 120^0? - - 6xyz - - a^xy 
by - - 2ba^ - - I2x^y - - ay^z - - 2xy^ 

Qa^P I44a^!x^y 6aocy^z^ 2a^a?y. 

7. Multiply Sa^b^c by la^^cd. Ans, b^a^^'^cH. 

8. Multiply babd^ by I2cd^. Ans, SOabccP. 

9. Multiply 7a*icPc3 by abdc. Ans. la^l^d^c/^, 

42. We will now proceed to the multiplication of polynomials. 
In order to explain the most general case, we will suppose the 
multiplicand and multiplier each to contain additive and subtrac- 

tive terms. 

Let a represent the sum of all the additive terms of the multi- 
plicand, and b the sum of the subtractive terms; c the sum of 
the additive terms of the multiplier, and d the sum of the sub- 
tractive terms. The multiplicand will then be represented by 
a ^b and the multiplier, by c — d. 

We will now show how the multiplication expressed by 
(<, _ J) X (c — d) can be effected. 

The required product is equal to a — ^ a — 5 
taken as many times as there are units c — d 
in c — d. Let us first multiply by c; ac — be 

that is, take a — 5 as many times as — ad + bd ' 

there are units in c We begin by wri- gc — be — ad + bd. 
ting ac, which is too great by b taken 
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c times ; for it is only the difference between a and ft, that is first 
to be multiplied by c. Hence, <ic — he is the product of a — b 
by c. But the true product is a — b taken c — d times : hence, 
the last product is too great by a — b taken d times ; that is, 
by oJ — bdf which must be subtracted. Changing the signs and 
subtracting this from the first product (Art. 37), we have 
(a — 6) X {c — d) =z ac — be — ad + bd : 
If we suppose a and c each equal to 0, the product will re- 
duce to + bd, 

43. By considering the product of a — b by c -- d, we may 
deduce the following rule for the signs, in the multiplication of 
two polynomials. 

When two terms of the multiplicand and multiplier are affected 
with the same sign, their product will be affected with the sign -{-, 
and when they are affected with contrary signs, their product will be 
affected with the sign — . 

Again, we say in algebraic language, that -f multiplied by +, 
or — multiplied by — , gives + ; — multiplied by +> or + mul- 
tiplied by — , gives — . But since mere signs cannot be multi- 
pUed together, this last enunciation does not, in itself, express a 
distinct idea, and should only be considered as an abbreviation 
of the preceding. 

This is not the only case in which algebraists, for the sake of 
brevity, employ expressions in a technical sense in order to se- 
cure the advantage of fixing the rules in the memory. 

44. Hence, for the multiplication of polynomials we have the 
following 

RT7LE. 

Multiply all the terms of the multiplicand by each term of the 
fnultiplier in succession, affecting the product of any two terms with 
the sign plus, when their signs are alike, and with the sign minus^ 
when their signs are unlike. Then reduce the polynomial result to 
Us simplest form. 

1. Multiply 3a^ + 4ab + b^ 

by 2a + 5b 

6a^+ 8aH+ 2ab^ 
The product after reducing, + l5aH + 20ab^ + 5b^ 

becomes Sa^ + 23a^b + 22ab^ -f 5&3. 
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(3). 
a» + box 



(2). 

«» + y» 

• -y 




— «y* ■ 


-y» 


(tS + - 


-y3 



+ 5ar« + 5ary + 35(iV 
6ag* + 6aa?V + 42fl^a;^ 

4. Multiply 0^ + 2air + a^ by a? + a. 

-An*. a?3 + 3a«» + Sa^a? + A 

6. Multiply aj* + y* by a? + y. 

iliw. a^ 4- ay* + «2y + y*. 

6. Multiply 3ai2 + Ga^c* by Soft* + a^a^a. 

wAiw. 9a2&* + 27aW^ + 18fl*«*. 

7. Multiply 4a;2 — 2y by 2y. Ans, Sai^y — 4y». 

8. Multiply 2x + 4y by 2a' — 4y. Ans. 4a^ — 16y». 

9. Multiply a;3 + «^y + ^* + y^ by x — y. Ans, . 

10. Multiply aj* + «y + y* by a^ -- ay + y*. 

Ans, re* + aj^y* + y*. 

In order to bring together the similar terms, in the product of 
two polynomials, we arrange the terms of each polynomial with 
reference to a particular letter. 

11. Multiply 4a3 - 5aH - 8ab^ + 2b^ 
by 2a2- Sab — 4b^ 

8a« — 10a** - I6a^^ + 4a^^ 

— I2(^b + l5a^^ + 24a2*3 _ 6a6* 

— I6a^^ + 20d^b^ + 32a6* — 86* 

Sf '- ^22a^ T^7a^^'+4Sa ^^ + 26a** -It^g . 

After having arranged the polynomials, with reference to the 
letter a, multiply each term of the first, by the term 20^ of the 
second; this gives the polynomial 8a*— 10a*i — - IGa^** + 4a**3, 
the signs of which are the same as those of the multiplicand. 
Passing then to. the term — 3a* of the multiplier, multiply each 
term of the multiplicand by it, and as it is affected with tiie 
sign — , affect each product with a sign contrary to that of tiie 
corresponding term in the multiplicand; this gives 

— 12a** + 15a3*2 + 24a2*3 _ 6a** 
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The same operation is also perfonned with the term — 45^, 
which is also suhtractive; this gives, 

— I6(^b^ + 20a^P + 32a5* — 8i«. 

The product is then reduced, and we finally obtain, for the most 
simple expression of the product, 

8a« - 22a^b - I7a^^ + 48a^b^ + 26a5* — 8i«. 

12. Multiply 2a2 — 3ax + 4a^ by 5a^ -^ 6ax — 2a». 

Ans, 10a* — 27a^x + 34a^x^ — ISar^ — 8«*. 

13. Multiply Sac* — 2ya? + 5 by a^ + 2xy — 3. 

Ans. 3a:* + 4x^p — 4x^ — 4a?2y2 ^ iQ^y _ 15, 

14. Multiply 3ap3 + 2x^y^ -f 3y2 by 2x3 _ 3^,2^2 _|. 5y3, 

( — 9a?V + lOxy + 15y«. 

15. Multiply Sax — 6aft — c by 2ax + ab + c, 

Ans. I6a^a^ — 4a^bx — 6a^b^ + 6aca5 — 7abc — c^. 

16. Multiply 3a2 ~ 5^2 + 3c^ by «« _ ^3. 

Ans, 3d* - 5a2i2 + 3aV - a^^^^ + 55* — 3ft3c«- 

17. Multiply 3aa — 5M + cf 
by — 5a2 + 4id[ - Scf 

Prod. red. — 15g* + 37qg&(? ~ 29gV— 20b^cP + 44ftc<y— Sc^^ 

18. Multiply 4a^^ — Sa^^^^ -^ Sa^bc^ — 3a2c3 — 7aic3 
by 2ah^ -^ 4abc — 25c2 + c^. 

r 8«*&* - 10a3ft*c + 28a353c2 - 34aWc^ 
Prod. red. < — 402^3^3 _ leM^c + 12a^(^ + laWd^ 
K + \4c?-b(^ + \4abH^ ~ 3aV ~ 7abc^. 

45. Results deduced from the mtdtiplication of polynomials, 

1st. If the pol3momials which are multiplied together are ho- 
oiogeneous, 

Their product will also be homogeneous, and the degree of each 
term will be equal to the sum of the degrees of any two terms 
of the multiplicand and multiplier. 

Thus, in example 18th, each term of the multiplicand is of 
the 5th degree, and each term of the multiplier of the 3d de- 
gree: hence, each term of the product is of the 8th degree. 
This remark serves to discover any errors in the addition of the 
exponents. 
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2d. If no two of the partial products are similar, there will 
be no reduction among the terms of the entire product: hence. 

The total number of terms in the entire product ioill he equal to 
the number of terms in the multiplicand multiplied by the number 
of terms in the multiplier. 

This is evident, since each term of the multiplier will produce 
as many terms as there are terms in the multiplicand. Thus, in 
example 16th, there are three terms in the multiplicand and two 
in the multiplier: hence, the number of terms in the product is 
equal to 3 X 2 = 6. 

3d. Among the different terms of the product, there are always 
some which cannot be reduced with any others. For, let us 
consider the product with reference to any letter common to the 
multiplicand and multiplier. Then, the irreducible terms are, 

1st. The term produced by the multiplication of the two terms 
of the multiplicand and multiplier which contain the highest ex- 
ponent of this letter; and the term produced by the multiplica- 
tion of the two terms which contain the lowest exponent of this 
letter. For, these two partial products will contain this letter, 
affected with a higher and lower exponent than either of the 
other partial products, and consequently, they cannot be similar to 
any of them. This remark, the truth of which is deduced from 
the law of the exponents, will be very useful in division. 

Multiply - - 5a*ft2 + ^a^b - ai* — 2db^ 
by - • - - a% —■ aU^ 

C ba^b^ + 3a*^2 _ ^3^6 _ ^a^b^ 

^^*^^^*' ( - 5g«5* - 3fl363 + d^b^ + 2gg&^ 

If we examine the multiplicand and multiplier, with reference 
to a, we see that the product of 5a*ft^ by a^ft, must be irre- 
ducible ; also, the product of — 2ab^ by ah^. If we consider the 
letter J, we see that the product of — oft* by — aft*, must b« 
irreducible, also that of ^a^b by a%, 

46. We will apply the rules for the multiplication of algebraic 
quantities in the demonstration of the following theorems. 

THEOREM I. 

The square of the sum of two quantities is equal to the square 
of the frstj plus twice the product of the first by the second, plus 
the square of the second. 
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Let a denote one of the quantities and h the other: then 

a + ^ = their sum. 

Now, we have from known principles, 

(o + hf = (« + &) X(a + h)=za^ + 2ab + b\ 

which result is the enunciation of the theorem in the language 
of Algebra. 

To apply this result to finding the square of the binomial 

5fl2 + Sa^b, 

we have {5a^ + Sa^bf = 25a* + SOa^b + 64a*^2. 

Also, (6«*& + 9ah^) = 36a8ft2 + I08a^b* + Sla^^ ; 

also, (8a3 +7acb)^=. 

THEOREM II. 

♦ 

The square of the difference between two quantities is equal to 
ike square of the first, minus twice the product of the first by the 
second, plus the square of the second. 

Let a represent one of the quantities and b the other : then 

a — b z= their difference. 
Now, we have from known principles, 

(a — by = (a - 6) X (a - ^) = a2 _ 2ab + b\ 

which is the algebraic enunciation of the theorem. 
To apply this to an example, we have 

(7^252 _ i2«^) = 49^4^4 — 168o3&« + 144a266. 
Abo, (403^3- 7c^)2 = 

THEOREM III. 

The product of the sum of two quantities multiplied by their 
difference, is' equal to the difference of their squares. 
Let the quantities be denoted by a and b. 
Then, a + b ^ their sum, and a — & = their difference. 
We have, from known principles, 

(a + ft) X (o - /)) = a' - b\ 

which is the algebraic enunciation of the theorem. 
To apply this principle to an example, we have 

(8a3 + 7ab^) x {Sc^ - 7ab^) = 64a« - A9a^b^. 
Also, (9a«c + Toft*) X (9a«c - 7aft») = 
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47. By considering the last three results, it will be perceived 
that their composition, or the manner in which they are formed 
from the multiplicand and multiplier, is entirely independent of 
any particular values that may be attributed to the letters a and b 
which enter the two factors. 

The manner in which an algebraic product is formed from its 
two factors, is called the law of this product ; and this law re- 
xnains always the same, whatever values may be attributed to the 
letters which enter into the two factors. 

Of factoring Polynomials. 

48. A given polynomial may often be resolved into two factors 
by mere inspection. This is generally done by selecting all the 
factors common to every term of the polynomial for one factor, 
and writing what remains of each term within a parenthesis foi 
the other factor. 

1. Take, for example, the polynomial 

ab + ac ; 
in which, it is plain, that a is a factor of both terms : hence 

ab + ac = a{b + c). 

2. Take, for a second example, the pol}'Tiomial 

c^^c + 5ab^ + ab^c^. 
It is plain that a and b^ are factors of all the terms: hence 
ab^c + 5ab^ + abH^ = aP {c + 5b + c^), 

3. Take the polynomial 250^ ■— SOa^b + 15aH^ ; it is evident 
that 5 and a^ are factors of each of the terms. We may, there- 
fore, put the polynomial under the form 

5a2 (5a2 — 6ab + 3b^), 

4. Find the factors of 3a^ + da^c + ISa^xy, 

Ans, 3a2 (^ -|_ 3(. -f 6xy). 

5. Find the factors of Sa^cx — ISaccc^ + 2ac*y — BOa^c^x. 

Ans, 2ac (4ax — Oa:^ + c^y — I5a^<^x). 

6. Find the factors of 24a2b^cx ~ 30c^b^c^y + SSa^^cd + 6abc. 

Ans, 6abc (4abx — Mb^c^y -f 6afib'^d 4-1). 

7. Find the factors of a^ + 2ah + *2. 

Ans. (a -t- i) X (a + b). 



CHAP. IIJ DIVISION. 36 

8. Find the factors of a^ -— 6*. Ans, (a + b) x {a -^ b). 

9. Find the factors of a^ -'2ab + b^. 

Ans, (a — ^) X (a — b), 

10. Find the factors of the pol3momial 6a^ + 8a%^ ^ leab"^ 
^2ab. 

11. Find the factors of the polynomial IQabc^ — 3bc^ + 9a^b^c^ 
- I2db^c^, 

12. Find the factors of the polynomial 25a^bc^ — SOa^be^d 
• 5ac* — 60a<fi, 

13. Find the factors of the polynomial 42a^b^ — 7 abed + 7abd. 

Ans, lab (6ai — cd + rf). 



DIVISION. 

i9. Division, in Algebra, explains the method of finding from 
two given quantities, a third quantity, which multiplied by the 
first shall produce the second. 

The first of the given quantities is called the divisor : the sec- 
ond, the dividend; and the third, or quantity sought, the qiwtient. 

Let us first consider the case of two monomials, and divide 
35a^^e by 7ab, 

The division may be indicated thus, 

^2^^ = 5^3-152-1^2:= 5^25^3. 

7ao 
Now, since the quotient must be such a quantity as multiplied 
by the divisor will produce the dividend, the co-efiicient of the 
quotient multiplied by 7 must give 35, the co-efiicient of the 
dividend; hence, the new co-efiicient 5 is found by dividing 35 
by 7. Again, the exponent of any letter, as a, in the quotient, 
added to the exponent of the same letter in the divisor, must 
give the exponent of this letter in the dividend: hence, the ex- 
ponent in the quotient is found by subtracting the exponent in 
the divisor from that in the dividend. Thus, the exponent of 

a is 3 — 1 = 2, and of ft, 2 — 1 = 1, 

and since c is not found in the divisor, there is nothing to be 
subtracted from its exponent. 

50. Hence, for the division of monomials, we have the following 
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RULE. 

I. Divide the coefficient of ike dividend by the coefficient of the 
divisofy for a new co-efficient, 

II. Write after this co-efficient^ aU the letters of the dividend^ 
and affect each with an exponent equal to the excess of its exponent 
in the dividend over that in the divisor. 

From this rule we find, 

AQa^^c^d , ,^ ^ 150a«^c<P ^ ,„ . 

1, Divide l6aB> by 8«. Ans, 2« 

2. Divide ISo^aey' by Say. Ans. baxy^. 

3, Divide 84a&3x by 12ft«. Ans. 7abx. 

4. Divide 96a*6V by I2a^bc. Ans. 8««^. 
6. Divide 144a9*Vd5 by 36a*6Md. Ans. At^h^cdK 

6. Divide 256€^b<^3B^ by 16a»ca». Ans. I6abcx. 

7. Divide aOOa^Mc^aja by 30a**Vx. Ans. lOabcx. 

51. It follows from the preceding rule that the exact division 
of monomials will be impossible. 

Ist. When the co-efficient of the dividend is not divisible by 
that of the divisor. 

2d. When the exponent of the same letter is greater in the 
divisor than in the dividend. 

3d. When the divisor contains one or more letters which are 
not fomid in the dividend. 

When either of these three cases occurs, the quotient remains 
mder the form of a monomial fraction; that is, a monomial ex- 
pression, necessarily containing the algebraic sign of division. 
Siidi expressions may ireqnently be reduced. 

^ ^ ^ , I2a^b^cd 3aHd 

Take, for example, -^^^^ = ^_ 

Here an entire monomial cannot be obtained for a quotient; 
for, 12 is not divisible by 8, and moreover, the exponent of c 
is less in the dividend than in the divisor. But the expression 
*^ ""Mnced, by dividing the numerator and denominator by 
i, c^f 6, and e, which are common to both the terms 
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In general, to reduce a monomial fraction, we have the fol- 
lowing 

RULE. 

Suppress all the factors common to the numerator and denomina- 
tOTf and torite those letters which are not common, with their respec' 
tive exponents, in the term of the fraction which contains them. 

From this rule we find, 

4S(^b ^cd^ __ 4a^ 37a5VJ __ 37b^c 

36aH^c^de "" Uce *^ Sa^c^d^ "™ 'S^ ' 

Ua^^c"^ Sab , 7a^b 1 

also, _ - -.. - = -—z- ; and 



16a'' b^c^ 4c2 ' I4a^^ 2ab ' 

In the last example, as all the factors of the dividend are 
found in the divisor, the numerator is reduced to unity; for, in 
fact, both terms of the fraction are divided by the numerator. 

52. It often happens, that the exponents of certain letters, are 
the same in the dividend and divisor. 

For example, - - -— = 3a, 

is a case in which the letter b is affected with the same expo- 
nent in the dividend and divisor : hence, it will divide out, and 
will not appear in the quotient. 

*» But if it is desirable to preserve the trace of this letter in 
the quotient, we may apply to it the rule for the exponents (Art. 
50): which gives 

b^ 

This new symbol b^, indicates that the letter b enters times 
as a factor in the quotient (Art. 13); or what is the same thing, 
that it does not enter it at all. Still, the notation shows that b 
was in the dividend and divisor with the same exponent, and has 
disappeared by division. 

In like manner, ^ -. _ = dcfib^c^ = 55^. 

3a^oc^ 

53. We will now show that the power of any quantity whose 
exponent is 0, is equal to unity. Let the quantity be represented 
by a, and let m denote any exponent whatever 
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■Ml tfl^ 

Then, — = rf""« = a®, by the rule of division. 

But, — = 1, since the numerator and denominator are equal: 

o « 

hence, a® = 1, since each is equal to — . 

We observe again, that the symbol cfi is only employed con- 
ventionally, to preserve in the calculation the trace of a letter 
which entered in the enunciation of a question, but which may 
disappear by division. 

Division of Polynomials* 

54. The object of division, is to find a third polynomial caUed 
the quotient, which, multiplied by the divisor, shall produce the 
dividend. 

Hence, the dividend is the assemblage, after reduction, of the 
partial products of each term of the divisor by each term of the 
quotient, and consequently, the signs of the terms in the quotient 
must be such as to give proper sigiM to the partial products. 

Since, in multipUcation, the product of two terms having the 
same sign is affected with the sign +i suid the product of two 
terms having contrary signs, with the sign —, we may conclude, 

1st. That when the term of the dividend has the sign +, and 
that of the divisor the sign of +9 the term of the quotient must 
have the sign +. 

2d. When the term of the dividend has the sign +, and that 
of the divisor the sign — , the term of the quotient must have 
the sign — ; because it is only the sign — , which, combined with 
the sign — , can produce the sign + of the dividend. 

3d. When the term of the dividend has the sign — , and that 
of the divisor the sign +> the quotient must have the sign — . 

That is, when the two corresponding terms of the dividend 
and divisor have the same sign, their quotient will be affected 
with the sign +1 and when they are affected with contrary signs, 
their quotient will be affected with the sign — ; again, for the 
sake of brevity, we say that 

+ divided by +> and — divided by — , give + ; 
— divided by +, and 4* divided by — , give — 
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Dividend, Divisor, 

a^ — 2ax + afl || a — x 

g^ — ax a — x 

— oaj-f. flJi Quotient. 

— . oo? + ac^. 



FIRST EXAMPLE. 

Divide a^ — 2aa? + a^ by a — «. 

It is found most convenient, 
in division in algebra, to place 
the divisor on the right of the 
dividend and t]ie quotient di- 
rectly under the divisor. 

We first divide the term a^ of the dividend by the term a of 
the divisor, the partial quotient is a, which we place under the 
divisor. We then multiply the divisor by a, and subtract the 
product 1^ -^ ttx from the dividend, and to the remainder bring 
down a^. We then divide the first term of the remainder, — ax, 
by a, the quotient is — a?. We then multiply the divisor by 
— a;, and, subtracting as before, we find nothing remains. Hence, 
a — » is the exact quotient. 

SECOND EXAMPLE. 

Let it be required to divide 2^a^b^ + 10a* — ASa^h + 24a&3 by 
Aah — 5a^ + 3^^. In order that we may follow the steps of the 
operation more easily, we will arrange the quantities with refer- 
ence to the letter a. 

Dividend, Divisor, 



10a* — ASa^h + 2^a^h^ + 24aft3 
4- lOo* — Sa^h - 6a252 



I — 5a» + 4a6 + 36^ 



— 2a2 -I- Bah 

- 40a36 + 32a2i2 + 24ai3 Quotient, 

- AOa^h + 32a26« + 2Aab^. 



It follows from the definition of division, and the rule for the 
multiplication of polynomials (Art. 44), that the dividend is the 
assemblage, after addition and reduction, of the partial products 
of each term of the divisor, by each term of the quotient sought. 
Hence, if we could discover a term in the dividend which was 
derived, without reduction, from the multiplication of a term of 
the divisor by a term of the quotient, then, by dividing this term 
of the dividend by ^hat of the divisor, we should obtain a term of 
the required quotient. 

Now, from the third remark of Art. 45, the term lOo*, affected 
with the highest exponent of the letter a, is derived, without re- 
duction from the two terms of the divisor and quotient, affected 
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with the highest exponent of the same letter. Hence, by dividing 
the tenn lOo* by the term — ba^y we shall have a term of the 
required quotient. 

Dividend, Divisor, 

10a* - 4Sa^ + 260^^ + 2UP \ - 5a^ + 4ab + 3b^ 

+ 10a* — 8a^ — 6a^^ — 2a^ + Sab 

_ 40^35 4. 32a2i2 + 24a63 Chu>tient. 

— 40a^ + 32a^b^ + 24aP. 

Since the terms 10a* and — 5a^ are affected with contrary 
signs, their quotient will have the sign — ; hence, lOo*, divi- 
ded by ~ 5a2, gives — 2a^ for a term of the required quotient. 

After having written this term under the divisor, multiply each 
term of the divisor by it, and subtract the product, 

lOo* — 8a^ + 6a^b^, 

from the dividend, which is done by Mrriting it below the divi- 
dend, conceiving the signs to be changed, and performing the re- 
duction. Thus, the remainder after the first partial division is 

— 40a^ + 32a^b^ + 2iab^, 

This result is composed of the partial products of each term 
of the divisor, by all the terms of the quotient which remain to 
be determined. We may then consider it as a new dividend, and 
reason upon it as upon the proposed dividend. We will there- 
fore divide the term — 40a^, affected with the highest exponent 
of a, by the term — 5a^ of the divisor. Now, from the prece- 
ding principles, 

— 40a^b, divided by — Sa^, gives + Sab 

for a new term of the quotient, which is Mrritten on the right of 
the first. Multiplying each term of the divisor by this term of 
the quotient, and writing the products underneath the second divi- 
deri:l, and making the subtraction, we find that nothing remains. 
Hence. 

~ 2a2 + Sab or Sab — 2a^ 

is the required quotient, and if the divisor be multiplied by it, 
the product will be the given dividend. 

By considering the preceding reasoning, we see that, in each 
partial operation, we divide that term of the dividend which is 
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affected with the highest exponent of one of the letters, by that 
term of the divisor affected with the highest exponent of the 
same letter. Now, we avoid the trouble of looking out these 
terms by writing, in the first place, the terms of the dividend and 
divisor in such a manner that the exponents of the same letter shall 
go on diminishing from left to right » 

This is what is called arranging the dividend and divisor with 
reference to a certain letter. By this preparation, the first term 
on the left of the dividend, and the first on the left of the divisor, 
are always the two which must be divided by each other in or- 
der to obtain a term of the quotient. 

55. Hence, for the division of polynomials we have the fol- 
lowing 

RULE. 

I. Arrange the dividend and divisor with reference to a certain 
Utter, and then divide the first term on the left of the dividend by 
the first term on the left of the divisor, for the first term of the 
quotient; mvliply the divisor by this term and subtract the prod- 
uct from the dividend, 

II. Then divide the first term of the remainder by the first term 
of the divisor, for the second term of the quotient; multiply the 
divisor by this second term, and subtract the product from the re- 
suit of the first operation. Continue the same process, and if the 
remainder is 0, the division is said to be exact, 

THIRD EXAMPLE. 

Divide 2lx^y^ + 25x^f + 68ay* — 40/ — 56a« — 18«*y by 
5y2 — 8jp* — 6ry. 

— %5 + 68xy^ + 2boR^f -f 21ar»y2 — 18a?*y — 56ar» ||5y2 _ q^ _ gaja 

- 40yg + 48agy* + 64arY - 8y3 -|- 4a:y2 — ^x^y + 7x^ 
Ist rem 20xy^ — 39a:V 4. 2\x^y'^ 

20xy* — 24a?V — 32ar3y2 

2d rem. ~ — 1 Sa-y + 53a:3y2 _ iSo^^y 

— ISxV 4- 18x3y2 + 24j:*y 



3d rem. - - - - 35a3y2 — 42a:*y — 56a?» 

35a:3y2 — 42«*y — 56i* 

Final remainder - - - - 0. 
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56. Remark. — In performing the division, it is not necessary 
to bring down all the terms of the dividend to form the first re- 
mainder, but they may be brought down in succession, as in die 
example. 

As it is important that begiimers should render themselves 
familiar with the algebraic operation, and acquire the habit of 
calculating promptly, we will treat this last example in a different 
manner, at the same time indicating the simplifications which 
should be introduced. These, consist in subtracting each partial 
product from the dividend as soon as this product is formed. 

— 40y« + 68a?y* + 25a:y + 21 ar^y? — I8a*y — 56a?« ||5y2 _ 6a?y — 8a* 

1st rem. 20ay — 39gy -f 21a:3y^ — Sf + 4xy^ — 3r»y + 7ar» 

2d rem. - — I5a^f + 53x^y^ — 18a:*y 

3d rem. - . - — 35x^y^ — 42a:*y — 56a;« 

Final remainder ,- - - - - 0. 

First, by dividing — 40y* by Sy^, we obtain — 8y3 for the quo- 
tient. Multiplying 5y^ by — 8y3, we have — 40y^, or by chan- 
ging the sign, + 40y^, which destroys the first term of the divi- 
dend. 

In like manner, — 6xy x — 8y^ gives + 48acy*, and for the 
subtraction — 48a?y*, which reduced with + 68afy*, gives 20a:y* 
for a remainder. Again, — Sx^ X -— 8y^ gives +, and changing 
the sign, — 6401^, which reduced with 25x^1/^, gives — 39x^y^ 
Hence, the result of the first operation is 20a?y* — 39a?2y3, fol- 
lowed by those terms of the dividend which have not been re- 
duced with the partial products already obtained. For the sec- 
ond part of the operation, it is only necessary to bring down the 
next term of the dividend, to separate this new dividend from the 
primitive by a line, and to operate upon this new dividend in 
the same manner as we operated upon the primitive, and so on. 

FOURTH EXAMPLE. 

Divide - - 95a — 73a^ + 56a* — 25 — 59a^ by — 3a^ 
+ 5 — lla~7a3. 



56a* — 59a3 — 73a2 + 95a — 25 
1st rein! — 35a3 + 15a2 + 55a — 25 
2d remainder - - 0. 



7a3 — 3a2 - 11a + 5 



I 



8a — 5 
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GENERAL EXAMPLES. 

" 1. Divide lOab + 15oc by 5o. Ans, 2b + 3c. 

2. Divide SOax — 54x by 6x, Ans, 5a — 9. 

3. Divide lOa^y — Iby^ — 5y by 5y. -An^. 2a!2 — 3y — 1. 

4. Divide 12a + Sax — I8ax^ by 3a. Ans, 4 + a? — 6a?*. 
6. Divide daar^ + Oa^ar + a^a:^ by ax. Ans. 6x + 9a + ax. 

6. Divide a^ + 2aa? -{- x^ by a + a:. -Aiw. a + iP. 

7. Divide o^ — Sa^y + 3ay* — 5^ by a — y. 

Ans. a* — 2ay + y^ 

8. Divide 24a25 — I2a^cb^ - 6aJ by — 6ab. 

Ans. — 4a + 2a^cb + 1. 

9. Divide 6«* — 96 by 3a?— 6. Ans. 2s(^ + 4a^+.8x+16. 

10. Divide - - a» — 6a»2c + lOa^ira 1. lOa^ajS + 5flaj* — «»' 
by a* — 2ax + ac*. Jliw. a^ — 3a*a5 + Soat^ — ac'. 

11. Divide 4Sx^ — 76aa!2 — 64aaa? + lOSa^ by 2a; — 3a. 

Ans. 24x^ — 2ax — 35o2. 

12. Divide f — 3y*a» + ^f^ — «^ by y^ — Sy^a? 4- 3ya!3 — aj». 

Ajw. f + 3y2a: + 3yar^ + x^. 

13. Divide 64a*6« — 25aH^ by Sa^ft^ + 5ab^. 

Ans. 8o2ft3 — 5aM. 

14. Divide 6a^ + 2Za% + 22ab^ + 5P by 3a2 + 4ab + b^. 

Ans. 2a + 5b. 

15. Divide 6cufi. + Sax^y^ + 42a2ac2 by oa? + 5aaf. 

^fw. a:* + ay® + Toa?. 

16. Divide — 15a* + 37aHd - 29a2c/ - 20b^cP + Uhcdf-^ 8cy» 
by 3a2 -^ 5bd + cf. Ans. — Sa^ + 4M — 8c/: 

17. Divide «* + aj^y" + y* by a* — ay + y*. 

j4n*. a* + «y + y^» 

18. Divide a^ —y^ by a — y. -4.jw. a* + a^ + ay^ + y^- 

19. Divide 3a* — 8aW + 3aV + 5ft* - 3ftV by a* - h^. 

Ans. 3a3 — 5^3 4. 3^2. 

20. Divide 6a»— 5a«y2— 6a*y* + ea^y* + 1 5a3y3 __ 9^.2^4 _|_ 1 Oa^y 
f 15y« by 3a3 + 2a«y2 + 3y2. Ans. 2a3 — 3a2y3 + 5y^ 
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Remarks on the Division of Polynomiah, 

57. When the first term of the arranged dividend is not ex- 
actly divisible by that of the arranged divisor, the complete divis- 
ion is impossible ; that is to say, there is not a polynomial 
which, multiplied by the divisor, will produce the dividend. And 
in general, we shall find that a division is impossible, when the 
first term of any one of the partial dividends is not divisible by 
the first term of the divisor. 

We will add, as to pol)momials, that^ it may often be discov- 
ered by mere inspection that they are not divisible. When the 
polynomials contain two or more letters, observe the two terms 
of the dividend and divisor, which are affected with the highest 
exponent of each of the letters. If these terms do not give an 
exact quotient, we may conclude that the total division is im- 
possible. 

Take, for example, 

12a3 — 5aH + 7ab^ - lU^ \\4a^ + Sab + 3ft« 



By considering only the letter a, the division would appeal 
possible ; but regarding the letter by the division is impossible, 
smce — 11*3 is not divisible by 3b^. 

58. One pol)Tiomial A, cannot be divided by another B con- 
taining a letter which is not found in the dividend; for, it is 
impossible that a third quantity, multiplied by B which contains 
a certain letter, should give a product independent of that letter. 

A monomial is never divisible by a polynomial, because every 
polynomial multiplied by either a monomial or a polynomial gives 
a product containing at least two terms which are not suscep- 
tible of reduction. 

59. If the letter, with reference to which the dividend is ar- 
ranged, is not found in the divisor, the divisor is said to be in- 
dependent of that letter; and in that case, the exact division is 
impossible, unless the divisor will divide separately the co-efficient 
of each term of the dividend. 

For example, if the dividend were 

3ia* + 9&a2 + 12^, 
arranged with reference to the letter a, and the divisor 36, the 



I 



I 



I 
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divisor would be independent of the letter a ; and it is evident that 
the exact division could not be performed unless the co-efficient 
of each term of the dividend were divisible by 3^. The expo- 
nents of the leading letter in the quotient would be the same as 
in the dividend. 

1. Divide ISc^x^ — SSaV — I2ax by 6x. 

Ans, 3a^x — 6a^x^ — 2a. 

2. Divide 2ba^h — 30a^h + AOab by 5i. 

Ans, 5a* — Ga^ + 8a. 

60. Although there is some analogy between arithmetical and 
algebraical division, with respect to the manner in which the 
operations are disposed and performed, yet there is this essential 
difference between them, that in arithmetical division the figures 
of the quotient are obtained by trial, while in algebraical division 
the quotient obtained by dividing the first term of the partial divi- 
dend by the first term of the divisor, is always one of the terms 
of the quotient sought. 

From the third remark of Art. 45, it appears that the term of 
the dividend affected with the highest exponent of the leading 
letter, and the term affected with the lowest exponent of the 
same letter, may each be derived without reduction, from the 
multiplication of a term of the divisor by a term of the quotient. 
Therefore, nothing prevents our commencing the operation at the 
right instead of the lefl, since it might be performed upon the 
terms afiTected with the lowest exponent of the letter, with ref- 
erence to which the arrangement has been made. 

Lastly, so independent are the partial operations required by 
the process, that after having subtracted the product of the di- 
visor by the first term found in the quotient, we could obtain 
another term of the quotient by dividing by each other the two 
terms of the new dividend and divisor, aftected with the highest 
exponent of a different letter from the one first selected. If the 
same letter is preserved, it is only because there is no reason 
for changing it, and because the two pol3n[iomials are already 
arranged with reference to it; the first terms on the left of the 
dividend and divisor being sufficient to obtain a term of the 
quotient ; whereas, if the letter is changed, it would bv^ neces- 
fHury to seek again for the highest exponent of this letter 



t 
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61. Among the different examples of algebraic division, there 
is one remarkable for its applications. It is expressed thus: 

The difference between the same powers of any two quantities is 
always divisible by the difference between the quantities. 

Let the quantities be represented by a and b; and let m de- 
note any positive whole number. Then, 

ffii — yn 

will express the difference between the same powers of a and 5, 
and it is to be proved that a^ ^l^ is exactly divisible by a — h. 
If we begin the division of a»* — i** by a •— ft, we have 






a-b 



^m-l 



1st rem. - - - - a^-^b — b^ 
or, by factoring - - - & (a^-^ — b^~'^). 

Dividing a« by a the quotient is o*»-\ by the rule for the ex- 
ponents. The product of a — b by o*"~' being subtracted from 
the dividend, the first remainder is a^''^ — ^, which can be 
put under the form b (o^-i — 5»»-i). 

Now, if the factor (a"»-i — 5«-i) of the remainder, be divisi- 
ble by a — b, it follows that the dividend a« — &« is also divisi- 
ble by a — b : that is. 

If the difference of the same powers of two qttantities be divisi- 
ble by the difference of the quantities, then, the difference of the 
powers of a degree greater by unity is also divisible by it. 

But by the rules for division, we have 

a2 - ft2 

Hence, we know, from what has just been proved, that a^ — l^ 
is divisible by a — b, and from that result we conclude that 
a* — b^ is divisible by a — b, and so on, until we reach any 
exponent at m. 
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CHAPTER III. 



OF ALGEBRAIC FRACTIONS. 



62. Algebraic fractions are to be considered in the same 
point of view as arithmetical fractions ; that is, a unit is sup' 
posed to he divided into as many equal parts as there are units in 
the denominator, and one of these parts is supposed to he taken 
as many times as there are units in the numerator. 

Thus, in the fractional expression 

o + 5 

a given miit is supposed to be divided into as many equal parts 
as there are units in c + d, and as many of these parts are 
taken, as there are units in a -\- b. 

The rules for performing Addition, Subtraction, Multiplication, 
and Division, are the same as in arithmetical fractions. Hence, 
it will not be necessary to demonstrate these rules, and in their 
application we must follow the methods already indicated in sim- 
ilar operations on entire algebraic quantities. 

63. Every quantity which is not expressed under a fractional 
form, is called an entire algebraic quantity. 

64. An algebraic expression, composed partly of an entire 
quantity and partly of a fraction, is called a mixed quantity. 

65. When the division of two monomial quantities cannot be- 
performed exactly, it is indicated by means of the known sign, 
and in this case, the quotient is presented under the form of a 
fraction, which we have already learned how to simplify (Art. 51). 

With respect to polynomial fractions, the following are cases 
which are easily reduced. 
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a3 — ^2 

Take, for example, the expression — — . 

This fraction can take the form , ,v. "^ ,! (Art. 46). 

Suppressing the factor a — b. which is common to the two terms, 

a + b 



we obtain 



Again, take the expression 



a^b' 
5a3 — 10a25+5a^ 



8a3 - Sa^b 

which can be put under the form (Art. 48) : 

5a {a^ — 2ab + b^) 



which is equal to 



8a2 (a - b) 
5a(a — Z^)2 



8«2 (a - 6) ' 

and by suppressing the common factors, a (a — b), the result is 

5(«-ft) . 

In the particular cases examined above, the two terms of the 
fraction are decomposed into factors, and then the factors com- 
mon to the numerator and denominator are cancelled. Practice 
teaches the manner of performing these decompositions, when 
they are possible. 

But the two terms of the fraction may be complicated poly- 
nomials, and then, their decomposition into factors not being so 
easy, we have recourse to the process for finding the greatest 
common divisor, which is explained at page 300. 

CASE I. 
70. To reduce a fraction to its simplest form. 

RULE. 

I. Decompose the numerator and denominator into factors, as in 
Art, 48, 

II. Then cancel the factors common to the numerator and de- 
nominator, and thb result will be the simplest form of the fraction* 
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EXAMPLES. 

1. Reduce the fraction ^ , . , ^ to its simplest form. 

3ad + 12a ^ 

We see, by inspection, that 3 and a are factors of the nu- 
merator, hence 

Sab + 6ac = 3a{b + 2c) 

We also see, that 3 and a are factors of the denominator, hence 

Sad + 12a = 3a{d+ 4) 

Sab + 6ac __ 3a {b + 2c) __ 5 + 2c 
Sad + 12a "" 3a {d + 4) ^ df + 4 * • 



Hence, 



_ Qa^b + 3ac 

2. Reduce t—t — , _ , to its simplest form. 

9ab + 3aa '^ 

2ab + e 

^"^^ W+d' 

^ „ , 255c + 55/ . , 

3. Reduce ^^-- . ,/, to its lowest terms. 

5e +/ 

^"^-Ti + a- 

4. Reduce —--= :z — ; to its simplest form. 

45a2c + 9aci ^ 

. 6b 

^'"^ 5ir+i- 

_ „ , S6aH + 12a5/ ^ . . , . 
o. Reduce ^, ,, — ^^ to its simplest form. 

Ans. — zTt 
7b 

6. Reduce ,^ ,^ . rr to its simplest form. 

I2cdf + 4c2a 

. 3a — d 

7. Reduce 4- to its simplest form. 

27aca -^ea^ ^ 

Sac — / 
9c - 2c»' 



Ans. 



CASE XL 

71. To reduce a mixed quantity tq the form of a fraction. 

4 
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RULE. 

Multiply the entire part by the denominator of the fraction : then 
connect this product with the terms of the numerator by the ruks 
for addition, and under the result -place the given denominator, 

EXAHPLES. 

1. Reduce x — -^ ^ to the form of a fraction. 

X 

a^ — x^ a:2 — (a2 — a!») 2«« — a» 
Ans. X = ^ ' = . 

XXX 

T» 1 * aap -f- ac* 

2. Reduce x to the form of a fraction. 

2a 

nap — «^ 
Ans, 



2a 



3. Reduce 5 + ?f^ to the form of a fraction. 

3a? 



17ar - 7 

Ans, — r . 

3x 



X "■" a "^ 1 

4. Reduce 1 to the form of a fraction. 

a 

2o — ar -f 1 

Ans, 

a 

a? — 3 

5. Reduce 1 + 2ap — to the form of a fraction. 

ox 

Ans, r . 

bx 

X "^ a 

6. Reduce 3a5 — 1 : to the form of a fraction. 

3o — 2 

9aap — 4a — 7a? + 2 

Ans, -: . 

3a — 2 

CASE m. 
72. To reduce a fraction to an entire or mixed quantity. 

RULE. 

Divide the numerator by the denominator for the entire part, and 
place the remainder^ if any over the denominator for the fractional 
part. 
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EXAMPLES. 

1. Reduce to a mixed quantity. 

. <ix '\- d^ .a* 
Ans, = a H . 

X X 

QX — S? 

2. Reduce to an entire or mixed quantity. 

X 

Ans. a — X, 

3. Reduce jr to a mixed quantity. 

Ans. a r-. 

o 

ft^ ^^i^V Sfi^ 

4. Reduce to an entire quantity. 

a — X 

Ans. a '\- X. 

SE^ —^ f/^ 

5. Reduce =- to an entire quantity. 

X — y 

Ans. «^ + ay + y*. 

e ^ , 10aj2 — 5a?+3 . , 

0. Reduce to a mixed quantity. 

ox 

3 

Ans. 2af — 1 + --. 

5x 

CASE IV. 
73 To reduce fractions having different denominators to eqniy- 
alcnt fractions having a common denominator. 

RULE. 

Multiply each numerator into all the denominators except its own, 
for the new numerators, and all the denominators together for a 
common denominator. 

EXAMPLES. 

1. Reduce ~ and — to equivalent fractions having a com- 
mon denominator. 



a X c = flc > 



the new numerators. 



and - b X c z=:bc the common denominator. 

2. Reduce -r- and to fractions having a common de- 
ft c 

ac , aft + ^ 
nonunator. Ans. -r— and — r — . 

be be 



92 
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„ ' , 3x 2b 

3. Reduce — -, —-, 

2a* 3c 

nominator. 

4. Reduce —-, -— , 
mon denominator. 

5. Reduce y, y, 
mon denominator. 



and df to fractions having a common de- 

. 9cx 4ab _ 6acd 

Arts, -: — , - — , and -t — . 
oac Odc DOC 

2x 
and a -\ , to fractions having a com- 



. ^^ Sax . 12a^ + 24a? 

Ans. r-r-, r-T—, and rr -• 

12a* 12a' 12a 



and 



9a 
12i 
a^ + x^ 
a + X 



, to fractions having a com- 



Ans, 



3a + 3x 2a3 + 2a»a? ^ Sa^ + Sx' 

and 



6a + 6jp* 6a + 6a? 



6a + 6* 



6. Reduce 



a -ft' 
mon denominator. 



Ans. 



a^cx 



a^ex — abcx* 



, and — , to fractions having a com- 

ax e 



at? — ahc — ftc* + c5* + €^bx — ab^x 



(j^cx — abcx 



a^cx — abcx 



CASE V. 
74. To add fractional quantities together. 

RULE. 

Reduce the fractions^ if necessary , to a common denominator : 
then add the numerators together and place their sum over the 
common denominator. 



EXAMPLES. 



a c e 

I. Find the sum of -r-, --r-, and —p, 

b a f 



Here, - 



the new numerators. 



And 
Hence, 

«. To a — 



a X d Xf=:adf 

c X b xf 

e X b X d 

b X d xf = bdf the common denominator. 



^f ^^f ^^^ «4/^+ cbf-\- ebd 



bdf "^ bdf 



3*2 
T 



add 



^ bdf 
2ax 

b-\-—: 

c 



bdf 



the sum. 



Ans, a + b + 



2abx — 3c«* 

Fc '• 
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3. Add — -, -—, and -- together. Ans. a? + — . ■ 

* o 4 12 

4. Add — — and — together. Ans. . 

5. Add X H — to 3a? H : — . 

3 4 

Ans, 4x H . 

12 

Sfl/ X I fl 

6. It 18 required to add 4a;, --— , and together. 

Ans.4x + ^^ + '^ + '^ 



2ax 

3, ^. ™. gii *• 



w T* • • J . , - 2rt 7« , 2a? 4- 1 

7. It IS required to add — , — , and together. 



. „ 49a? + 12 

Ans. 2a? + ri . 

60 

7^ a? 

8. It is required to add 4a?, ~, and 2 H together. 

•I 

Ans. 4x 4 », 

45 

2x 8x 

9. It is required to add 3a? 4- — and a? — ^ together. 

o y 

23a? 
-4iw. 3ap 4- T^. 
45 

10. What is the sum of r, r, and 



iin^ 



o — ft' a 4- ^' fl 4- «' 

a^ — aa?^ 4* ^^^ — ^a?^ 4- <»^c 4- ocx — fl^c — ^cx 4- a^<^ — ^^'s' 

fl^ 4- <f^ (^ 4" c 4- ^) — « (a?^ — ca? 4- ^c) — & (a?^ 4- ca: 4- ^«0 

^3 _^ fl2jp ^2 ^2<;p 

CASE VI. 
75. To subtract one fractional quantity fl'om another. 

RULE. 

I. Reduce the fractions to a common denominator. 

II. Subtract the numerator of the subtrahend from the numer- 
ator of the minuend^ and place the difference over the common de- 
nominator. 
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' EXAMPLES. 



1. Find the difference of the fractions —rrz — and — - — 

2b 3c 

Here, (a? — a) x 3c = 3cx — Sac 

(2a - 4a?) 

And, 2b x 3c = 6bc the common denominator. 

Sea: — Sac 4ab — 8bx 3cx — 3ac — 4ab + Sbx 



— a) X 3c = 3car — 3ac > , 

> the numerators. 

— 4x) X2b = 4ab-' Sbx ) 



Hence, 



6bc 6bc 6bc 



-, 12« 3x 39« 

2. Required the difference of -=- and — -. Ans. -rr-. 

T o3 

3. Required the difference of 5y and -J-. JLn*. -;^. 

4. Required the difference of -=- and — -. Ans, -rr* 

^ 7 9 63 

5: Required the difference of — r — and -y. 

a 

Ans. — 



bd 



.. « . , 1 :i.i» i. 3af 4- tf , 2« 4- 7 

6. Required the difference of — -r^ — and 



Ans. 



5b - 8 * 

24a? + 8a — 106a? — 356 



406 



X X ~~ a 

7. Required the difference of 3« + -r- and x : 

6 ' e 

A ^ , cx + bx — ab 

Ans. 2x 4 = . 

be 

CASE vn. 

76. To multiply fractional quantities together. 

RULE. 

If the quantities to be multiplied are mixed, reduce them to a 
fractional form ; then multiply the numerators together for a nU' 
merator and the denominators together for a denominator. 
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BXAHPLS0. 

bx c 

1. Multiply a H by -j. 

&r d^+bx 
First,- - - a-\ = ; 

afl+bx c a^c + bcx 
Hence, - _-_x-^= ^j— ; 

3x . 3a . 9ax 

2. Required the product of — and -r. Ans. —r-- 

' 2« ^ 3a2 . 3ar3 

3. Required the product of — and -— . Ans. — . 

2x Sab J 3(7C 

4. Find the continued product of — , , and —r, 

Ans, 9ax. 

bx J ^ 

5. It is required to find the product of 6 H and — . 

a X 

. ab + bx 
Ans. . 

X 

a;2 « 52 ac* + 53 

6. Required the product of — j- and -r-r — * 

ar* — M 
Ans. 



b^e + bc^' 



X + 1 J X — 1 

7. Required the product of a H , and , « 

OOB^ — ooj + a?*— 1 
er + ab - 

ooe; , fl* — x^ 

8. Reqiured the product of a H by — 7~~i* 

a """ dp * "T" * • 

0? (l + x) 

CASE YUL 
77. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities^ if there are any, to a fractional 
form; then invert the terms of the divisor and multiply the frac- 
tions together as in the last case. 
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EXAMPLES. 
b f 

1. Divide - - - « — tt- by ■s'-. 

^c g 

^ _2ac-^b 
^"" 2c "" 2c 

Hence a ^ • -^- ^^^"^^ v S ^ ^"^S^^g 
Hence, a g, - ^ - gc ^ f " 2^^' 

7x 12 91a 

2. Let -— • be divided by — •. Ans. -rr, 

5 -^ 13 60 

3. Let --— be divided by 5x, Ans. --. 

7 ^ 35 

X -i- 1 2x « -f- 1 

4. Let — - — be diAdded by -—. Ans, . 

6 -^3 4a? 

a? X 2 

5. Let r be divided by -—. Ans, 



a? -1 '2 a?-r 

6. Let — - be divided by -7. Atis, . 

3 "^ 36 2a 

7, Let — -^ be divided by ---7-. Ans, -r-r— . 

&cd ^ 4d 6c2« 

«• Let ^,_^^^^^^ be divided by — -j-. 

« 

005 — 1 a aa?(14-«) — «— 1 

9. Divide by -. Ans. — ^ . 

1— a?l — or a 

10. Divide by -, Ans* — (1 + a). 

a — 11 — fl^ 

If we have a fraction of the form 

a 

we may observe that 

— r = — c, also r = — c and — r = c ; that is, 

— a — o 

The sign of the quotient will be changed by changing the sign 
either of the numerator or denominator^ but will not be affected by 
changing the signs of both the terms, ' 
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78. We will add but two propositions more on the subject of 
fractions. 

If the same number be added to each of the terms of a proper 
fraction, the new fraction resulting from this addition will be greater 
than the first; but if it be added to the terms of an improper 
Jractxony the resulting fraction will be less than the first. 

Let the fraction be expressed by -7-, and syppose a < 6. 

Let m represent the number to be added to each term: then ' 

the new fraction becomes . 

b '\- m 

In order to compare the two fractions, they must be reduced 
to the same denominator, which gives for 

a a& 4* <zm 



the first fraction, 



and for the new fraction, 



b h^ -{■ bm 
a -\- m ab -\- hn 



Now, the denominators being the same, that fraction will be 
the greatest which has the greater numerator. But the two nu- 
merators have a common part ab, and the part bm of the sec- 
ond is greater than the part am of the first, since & > a ; hence 

ah '\- bm '^ ab -\- am ; 

that is, the second fraction is greater than the first. 

If the given fraction is improper, that is, if a > i, it is plain 
that the numerator of the second fraction will be less than that 
of the first, since bm would then be less than am, 

%If the same number be subtracted from each term of a proper 
fraction, the value of the fraction will be diminished ; but if it be 
subtracted from the terms of an improper fraction, the value of the 
fraction will be increased. 

Let the fraction be expressed by —, and denote the number 

to be subtracted by m. 

a 

Then, -r = the new fraction 

— m 
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By reducing to the satne denominator, we hare, 

a ab — am 



and 



<i — III a5 — bm 



b —m b^ — bm 

Now, if we suppose a < &, then am <ihm; and if am < &in, 
then will 

ab — am ^ ab — bm: 

that is, the new fraction will be less than the first. 
If a > i, that is, if the fraction is improper, then 

a»i > Am, and ab — am-^ab — ftm, 

that is, the new fraction will be greater than the- first. 

GENERAL EXAMPLES. 

1- Add ^ to .j-^. Ans. J\±^. 

11 2 

2. Add -— - — to . Ans, 



\+x l—x . • 1 — ««• 

^^ a 4-b . a — b . \ab 

3. From r take — -— r- -Aiw. 



a — b a + ft <r* — ^ 

. T. 1 + «» , 1 — <»* ^ 4a» 

4. From take --- — r. Aiw, 



1 - a?3 1 -I- ^2' • 1 — *** 

« *, 1 . 1 aj2 - 9a: + 20 ^ aj^ — 13aJ + 42 

5. Multiply ^,e^> by ^ , ^^ ■ 

(»a. liar + 28 

Ans. . 

a?3 

a!* — 6* a?2 -4- iap 

6. Multiply , . ^- — --75 by ^ . . Ans. n? + ft«ap. 

wT-i'-j fl + a?,a — a;, a + a; a — « 

7. Divide 1 ; — by ; — . 

a — X o + ar '' a — x a + x 

Ans. —-r . 

2aa: 

8. Divide 1 H —- by 1 -— -. Ans. n. 

n+1 "^ n+1 
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CHAPTER l\. 

OF EQUATIONS OF THE FIRST DEGREE. 

79. An Equation is the algebraic expression of two equal quan- 
ties with the sign of equality placed between them. Thus, 

x== a + b 

is an , equation, in which a; is equal to the sum of a and b. 

80. By the definition, every equation is composed of two parts, 
separated from each other by the sign =. The part on the 
left of the sign, is called the first member^ and the part on the 
right, is called the second member; and each member may be 
composed of one or more terms. 

81. Every equation may be regarded as the enunciation, in al- 
gebraic language, of a particular problem. Thus, the equation 

a? + a: = 30, 

is the algebraic enunciation of the following problem: 

To find ^ a number which, being added to itself, shall give a sum 
equal to 30. 

Were it required to solve this problem, we should first express 
it in algebraic language, which would give the equation 

a? + X z=. 30, 
by adding x to itself, - - 2a; = 30, 

9 

and dividing by 2, - - a = 15. 

Hence we see that the solution of a problem by algebra, con- 
sists of two distinct parts : viz., the statement, and the solution of 
an equation. 
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The STATEMENT consists in finding an equation which shaU ex 
press the relation between the known and unknown quantities of the 
problem. 

The SOLUTION of the equation consists in finding such a value 
for the unknown quantity as being substituted for it in the eqwh 
tion will satisfy it ; that is^ make the first member equal to the 
second, 

82. An equation is said to be verified, when such a value is 
substituted for the unknown quantity as will prove the two mem- 
bers of the equation to be equal to each other. 

83. Equations are divided into classes, with reference to the 
highest exponent with which the unknown quantity is affected. 

An equation which contains only the first power of the un- 
known quantity, is called an equation of the first degree: and 
generally, the degree of an equation is determined by the greatest 
of the exponents with which the unknown quantity is affected, 
without reference to other terms which may t;ontain the unknown 
quantity raised to a less power. Thus, 

ax -{' b =z ex + d . is an equation of the 1st degree. 
2x^ — 3x =5 — 205^ is an equation of the 2d degree. 
4a?3 __ 5aj2 = 3jr -[- n is an equation- of the 3d degree. 

It more than one unknown quantity enters into an equation, its 
degree is determined by the greatest sum of the exponents with 
which the unknown quantities are affected in any of its terms. 
Thus, 

xy + bcx = 6?* is of the second degree. 

ocyz^ + cx^ = a^ is of the fourth degree. 

84. Equations are also distinguished as numerical equations and 
literal equations. The first are those which contain numbers only, 
with the exception of the unknown quantity, which is always de- 
noted by a letter. Thus, 

4a: — 3 = 2a? 4- 5, 3*2 _ a? _ g^ 

are numerical equations. They are the algebraical translation of 
problems, in which the known quantities are particular numbers. 
A literal equation is one in which a part, or all of the known 
quantities, are represented by letters. Thus, 

fta?2 4- oa? — 3a? = 5, and ex + daf^ = e +f 
are literal equations. 
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85. It frequently occurs in Algebra, that the algebraic sign + 
or -— , which ii# written, is not the true sign of the term before 
which it is placed. Thus, if it were required to subtract — h 
from a, we should write 

a — ( — b) =z a + b, ♦ 

Here the true sign of the second term of the binomial is plus, 
although its algebraic sign, which is written in the first member 
of the equation, is — . This minus sign, operating upon the sign 
of b, which is also negative, produces a plus sign for b in the 
result. The sign which results, after combining the algebraic 
sign with the sign of the quantity, is called thejssentialsign of 
the term, and is often difierent from the algebraic sign. 

By considering^ the nature of an equation, we perceive that it 
must possess the three following properties : 

1st. The two members are composed of quantities of the same 
kind. 

2d. The two members are equal to each other. 

3d. The essential sign of the two members must be the same. 

86. An axiom is a self-evident proposition. We may here state 
the following: 

1. If equal quantities be added to both members of an equa- 
tion, the equality of the members will not be destroyed. 

2 If equal quantities be subtracted from both members of an 
equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same 
number, the equality will not be destroyed. 

Solution of Equations of the First Degree. 

87. The transformatton of an equation is any operation by 
which we change the form of the , equation without afleciing the 
equality of its members 

First Transformation* 

88. Whfen some of the terms of an equation are fractional, to 
reduce the equation to one in which the terms shall be entire. 
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Take the equation, 

2a? 3 . « 
3 4^6 

First, reduce all the fractions to the same denominator, by the 
K^own rule; the equation then becomes 

48af ^ 54a? 12^ _ 
■72" "" "72" "72" "■ ' 

If now, both members of this equation be multiplied by 72, the 
equality of the members will be preserved, and the common de- 
nominator will disappear ; and we shall have 

48ar -- 54a? + 12a; = 792 ; 
or dividing by 6, 8a? — 9a? + 2a? = 132. 

89. The last equation could have been found in another man- 
ner by employing the least common multiple of the denominators. 

The common multiple of two or more numbers is any number 
which each will divide without a remainder; and the least com- 
mon multiple, is the least number which can be so divided. 

The least common multiple can generally be found by inspec- 
tion. Thus, 24 is the least common multiple of 4, 6, and 8 ; and 
12 is the least common multiple of 3, 4, and 6. 

Take the last equation, 

2a? 3 a? 

We see that 12 is the least common multiple of the denomina- 
tors, and if we multiply each term of the equation by 12, divi- 
ding at the same time by the denominators, we obtain 

8a? — 9a? + 2a? = 132, 
the same equation as before found. 

r 

90. Hence, to transform an equation involving fractional terms 
to one involving only entire terms, we have the following 

RULE. 

Form the least common multiple of all the denominators, and then 
multiply every term of the equation by it, reducing at the same 
time the fractional to entire terms. 
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EXAMPLES. 

1. Reduce -z- + -^ 3 = 20, to an equation involTing entire 

5 4 

terms. 

We see, at once, that the least conmion multiple is 20, by 
which each term of the equation is to be multiplied. 

OP 20 

Now, —- X 20 = a; X -r = 4a?, 

5 o ' 

X 20 

and — -X 20 = a;x-r = 5a?; 

4 4 

that is, we reduce the fractional to entire terms, by multiplying 
the numerator by the quotient of the common multiple divided by 
the denominator^ and omitting the denominators. 
Hence, the transformed equation is 

4aj + 5a; — 60 = 400. 

2. Reduce -— + -=- — 4 = 3 to an equation involving only 

T 

entire terms. Ans, 7a? + 5ap — 140 = 105. 

a c 

3. Reduce — — ■^+f=:g to an equation involving only en- 

tire terms. Ans. ad — be + bdf=z bdg. 

4. Reduce the equation 

1- 4a = 1 J 3i 

b ab a^ b^ a 

to one involving only entire terms. 

Ans. a*bx — 2a^c^x + 4a^b^ = U^c^x — 5a« + 2a^b^(^ -« 3aW. 

Second Transformation. 

91. When the two members of an equation are entire polyno- 
mials to transpose certain terms fron^ one member to the other. 

Take for example the equation Sa? — 6 = 8 + 2«. 

If, in the first place we subtract ) 
2x from both members, the equality > 5a? — 6 — 2ap = 8 + 2x — 2at; 
will not be destroyed, and we have ) 
or, by reducing the terms in the 
second member. 



> 5af — 6 — 2x = 8. 
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Whence we see tliat the term 2ap, which was additive in the 
second member, becomes subtractive in the first. 

In the second place, if we add 6 ^ 
to both members, the equality will > 5ap— 6 — 2ap+6 = 8 + 6| 
still exist, and we have ) 

or, since — 6 and + 6 destroy each other Sap — 2ap = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign plus. 

For a second example, take the equation 

ax + b =z d — ex. 

If we add ex to both ^ 
members and subtract 6, > oaj + fc + co? — ft=:J — car + c» — 5; 
the equation becomes ) ' 

or reducing - - - ax + cxz=:d — b. 

Hence, we have the following pi:inciple: 

Any term of an equation may be transposed froTti one member 
to the other by changing its sign. 

92. We will now apply the preceding principles to the resolu- 
tion of equations. 

1. Take the equation 4x — 3 = 2« + 5. 

By transposing the terms ~ 3 and 2x, it becomes 

4a? — 2a? = 5 + 3 ; 
and by reducing 2rr = 8 : 

Q 

dividing by 2 ap = - = 4. 

2 

Now, if 4 be substituted in the place of a? in the given equa- 
tion, it becomes 

4x4-3=2x4 + 5, 

that is, 13 = 13. 

Hence, 4 is the true value of x; for, being substituted for x in 
the given equation, that equation is verified. 

2. For a second example, take the equation 

5a? 4x 7 13x 

12 3 8 6 
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By making the denominators disappear, we liave 

IOjc — 32a; — 312 = 21 — 52a? 
by transposing 10a? — 32a? + 52a? = 21 + 312 
by reducing 30a? = 333 

dividing by 30 a; = — = — = 11.1 ; 

a rpsult wMch, being substituted for a?, will verify- the given 
equation. 

3. For a third example let us take the equation 

(3a — a?) (a — 5) + 2aa? =z4b{x + a). 

It is first necessary to perform the multiplications indicated, in 
order to reduce the two members to polynomials, and thus be 
able to disengage the unknown quantity a? from the known quan- 
tities. Having performed the multiplications, the equation be<% 
comes, 

3a* ^ax — Sab + bx + 2aa? = 4ia? + 4aft ; 

by transposing — oop + ft« + 2aj: — 4bx = 4ab + Sab — 3a?, 

by reducing ax — 3bx = 7ab — 3a^ ; 

or, (Art. 48), (a — 3b)x = 7ab — 3a*. 

Dividing both members by a — 3ft, we find 

^ _ 7ab - 3aa 

a? — _ - • 

a — 3b 

93. Hence, in order to resolve any equation of the first de- 
gree, we have the following general 

RULE. 

I. If the equation contains fractional terms, reduce it to one in 
wikich all the terms shall be entire, and then transpose all the terms 
affected with the unknown quantity into the first member^ and all 
the known terms into the second. 

II. Reduce to a single term all the terms involving the unknovon 
quantity : this term will be composed of two factors, one of which 
will be the unknown quantity, and the other all its co-efficients con- 
nected by their respective signs, 

III. Then divide both members of the eqwUion by the multiplier 
of the unknown quantity. 
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EXAMPLES. 

1. GiYon 3a; — 2 + 24 = 31 to find x. Ans. x = 3. 

2. Given a? + 18 = 3x — 5 to find. x. Ans, 9 = 11^. 

3. Given 6 — 2aj + 10 = 20 — 3x — 2 to find a?. 

Ans» 0? = 2. 

4. Given x + ~x + —x =11 to find x, Ans. ac = 6. 

1 fi 

5. Given 2a? — --ap+lrsSaf— 2 to find x, Ans. a? = — . 

6. Given 3aa? + -5 3 = &ap — a to find «. 

6 --3a 

^..3 « « — 19 ^, 

7. Givev — ^ + — = 20 j-- to find x. 



Ans. « = 23j. 



^^. X + 3 ^ X ^ a? — 5 ^, 
8. Given — f- -;;r = ^ z — ^ ^^'^ *• 

2 o 4 



iin^. « = 3t«* 



TS 



^-_. oa? — ft.o bx *^ — <»*isj 
9. Given — - — "^ T ~ T 3 — *' 



An^. « = 



3a - 2b' 



^ ^. 3aa: 2bx ^ g. ^ , 
10. Given -5 4 =/, to find a?. 

C CI 



edf+4cd 

Ans. X = -~ — -7-. 

3a<i — 2bc 



- - -TM. 8<Mf — b 3b — c ^ _ ^- 

11. Given — = ;; — = 4—6, to find ar. 



56 -r 9* '¥7€ 
Ans. X z= — 



12. Given — 1- -^r = "tt* to find x. 

00 2 o 



I611 



Ans. OP = 10. 



13. Given r- H r =/> to find ar. 

abed 

abfidf 
Ans. X z=z "^ 



ocd — acd + adb — abc 
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3j. — 5 4x — 2 

14. Given x - — — f- — -- — = a? + 1, to find x. 

Ans. a? =: 6. 

OR oOR SB ^~ M 

15. Given -=- - -^ r— = — 12 Jf, to find se. 

Ans. CO =z ]4. 

16. Given 2x = — - — , to find x. 



Ans. 0? = 3. 



uX **" u 

17. Given Sac H — = x + a, to find x. 



3a -f <i 
Ans, X = 7. 

6 + i 
18. Find the value of. x in the equation 

{a + b)(x--b) ^ 4ah — b^ ^ a^ -- bx 

Z : i 3fl = —. --rr 2X H ^ . 

a — b a + b 

a* + Sa^b + ia^b^ — 6ab^ + 2^ 



Ans. X 



2b (2a2 ^ ab — b^) 



Questions producing Eqnations of the First Degree^ involving 

bvt one Unknown Quantity. 

94. It has already been observed (Art. 81), that the solution 
of a problem by Algebra, consists of two distinct parts. 

1st. The statement; and 

2d. The solution of the equation. 

We have already explained the methods of solving the equa<- 
tion ; and it only remains to point out the best manner of making 
the statement. 

This part cannot, like the second, be subjected to any well- 
defined rule. Sometimes the enunciation of the problem furnishes 
the equation immediately; and sometimes it is necessary to dis- 
cover, from the enunciation, new conditions from which 'an equa- 
tion may be formed. 

The conditions enunciated are called explicit conditions^ and 
those which are deduced from them, implicit conditions. 

In almost all cases, however, we are enabled to discover the 
equation by applying the following 
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RULE. 



Represent the unknown quantity by one of the final letters of the 
alphabet, and then indicate, by means of the algebraic signs, the 
same operations on the known and unknown quantities, as would 
verify the value of the unknown quantity, were such value known. 



QUESTIONS. 



1. Find a number such, that the sum of one half, one third, 
and one fourth of it, augmented by 45, shall be equal to 448. 
Let the required number be denoted *by - - - - « . 



T 
T 



Then, one half of it will be denoted by - 
one third of it - - - - by - 

one fourth of it- - - - by- 

OB X {£ 

And by the conditions, "5" + -5- + -t-''''*^~ ^^^* 
Now, by subtracting 45 from both members, 

- + - + - = 403. 

By making the terms of the equation entire, we obtain 

6ap + 4ar + 3af = 4836 ; 

or - - 13af = 4836. 

TT 4836 

Hence - a = -— - = 372. 

Let us see if this value will verify the equation of the prob- 
lem. We have 

372 372 372 

V + ^T- + -7- + 45 = 186 + 124 + 93 + 45 =r 448. 
2 3 4 

2. What number is that whose third part exceeds its fourth, 

by 16. r* 

Let the required number be represented by x. Then 

— ar = the third part. 

— X = the fourth part. 
4 
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And by the question -— oc r- * = l^* 

3 4 

or, - - - - 4af — 3a? = 192. 

xz=z 192. 

Verification. 

192 192 

^ - :^ = 64 - 48 = 16. 
3 4 

3. Out of a cask of wine which had leaked away a third part, 
21 gallons were afterward drawn, and the cask being then 
gauged, appeared to be half full : how much did it hold ? 

Suppose the cask to have held x gallons. 
Then, — = what leaked away. 

And "o"^ 21 = what leaked out, and what was drawn 

X 1 

Hence, -5" + 21 = — a by the question. 

or 2x + 126 = 3a?. 

or — a? = — 126. 

or 0? = 126, 

by changing the signs of both members, which does not destroy 
their equality. 

Verification. 

126 126 

— + 21 = 42 + 21 = — = 63. 

4. A fish was caught whose tail weighed 9lb, ; his head weighed 
as much as his tail and half his body, and his body weighed 
as much as his head and tail together: what was the weight of 
the fish? 

Let - - 2a; == the weight of the body. 
Then - - 9 + a? = weight of the head. 

And since the body weighed as much as both head and tail 

2a? = 9 + 9 + x 

or - - - 2a? — X = 18 

and - - - X z=. 18. 
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3 



Hence, 



Verification, 

2x = 36lb =z weight of the body. 

weight of the head, 
weight of the tail. 
72 lb = weight of the fish. 



9+; a? = 27/5 = 
9lb = 



5. A person engaged a workman for 48 days. For each day 
that he labored he received 24 cents, and for each day that he 
was idle, he paid 12 cents for his board. At the end of the 48 
days, the account was settled, when the laborer received 504 
cents. Required the number of working days, and the number of 
days he was idle. 

If these two numbers were known, by multiplying them respec- 
tively by 24 and 12, then subtracting the last product from the 
first, the result would be 504. Let us indicate these (^rations 
by means of algebraic signs. 



Let - - X z=z 

Then 48 - ar = 

24 X a? = 

l2 (48 - x) = 

Then 



or 
or 



and 
whence, 



the number of working days, 
the number of idle days, 
the amount earned, and 
the amount paid for his board. 
24a: — 12 (48 — a?) = 504 what he received. 
24a; — 576 + 12x = 504. 
36a; = 504 + 576 = 1080 
1080 



X = 



= 30 the working days. 



^ 36 
48 — 30 = 1 8 the idle days. 



Verification. 

Thirty day's labor, at 24 cents a day, 
amounts to - - - - - - - 30 x 24 = 720 cts. 

And 18 days' board, at 12 cents a day, 
amounts to 18x 12 = 216 cts. 

And the amount received is their difference 504. 
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General Solution. 

Let, n = the whole number of working and idle days, 

a = the amount received for each day he worked, 

b = the amount paid for his board, for each idle day, 

c =: the balance due, or the result of the account, 

X = the number of working days, 

n — ap = the number of idle days. 

Then, ax = what he earned ; 

and, b(n — x)z=: the amount deducted for board. 

The equation of the problem will then be, 

a» — ft (n — a?) = c 

whence ax — bn + bx ^ e 

(a + ft) Of = c + ftn 

c + bn 
a + b 

c + ftn an + bn — c — bn 



X = 



and consequently, n — x z^n — 



OS n — a? = 



a + ft a + b 

an — c 



a + b 

6. A fox, pursued by a greyhound, has a start of 60 leaps. 
He makes 9 leaps while the greyhound makes but 6; but 3 
leaps of the greyhound are equivalent to 7 of the fox. How 
many leaps must the greyhound make to overtake the fox? 

From the enunciation, it is evident that the distance to be 
passed over by the greyhound, is equal to the 60 leaps of the 
fox, plus the distance which the fox runs after the greyhound 
starts in pursuit. 

Let X = the number of leaps made by the greyhound from 
the time of starting till he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound makes 

3 

6, the fox will make 1^, or --- leaps while the greyhound 

« 

makes 1 ; and, therefore, while the greyhound makes x leaps, the 

fox will make —x leaps. Hence, 

3 

eo + —x=: 
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the number of leaps made by the fox, in passing over the entire 
distance. 

It might, at first, be supposed that the equation of the problem 
would be obtained by placing this number equal to a?; but in 
doing so, a manifest error would be committed; for the leaps of 
the greyhound bto greater than those of the fox, and we should 
thus equate numbers referred to different units. Hence, it is ne- 
cessary to express the leaps of the fox by means of those of 
the greyhound, or reciprocally. 

Now, according to the enunciation, 3 leaps of the greyhound 

are equivalent to 7 leaps of the fox; and hence, 1 leap of the 

7 
greyhound is equivalent to — leaps of the fox; consequently, 

d 

7x 
X leaps of the greyhound are equivalent to — of the fox : that 

is, had the leaps of the greyhound been no longer than those of 

7« 
the fox, he would have made -^ leaps instead of a; leaps. 

7a: 3 

Hence the true equation is, -r- = 60 + -^ « ; 

3 2 

or, by making the terms entire I4a? = 360 + 9jr, 

whence 5a? = 360 and x = 72. 

Therefore, the greyhound will make 72 leaps to overtake the fox, 

3 
and during this time the fox will make 72 x — =108. 

Verification. 

The 72 leaps of the greyhound are equivalent to 

72 X 7 

— - — = 1 68 leaps of the fox = the whole distance. 

And 60 + 108 = 168, the leaps which the fox made from the 
beginning. 

7. A can do a piece of work alone in 10 days, and B in 13 
days : in what time can they do it if they work together ? 
Denote the time by x, and the work to be done by 1. Then 

in 1 day A could do -- of the work, and B could do — of 
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ar . , , , _ « 



it ; and in x days A could do — of the work, and B — : 
bence, by the conditions of the question, 

- + --1 
10^13-^' 

which gives . 13ar + lOx = 130 : 

130 
bence, 23« =130, a? =^ -—■ = 5^§- days. 

8. Divide $1000 between A, B, and C, so that A shall have 
$72 more than B, and C $100 more than A. 

Ans, A's share = $324, B's = $252, C's = $424. 

9. A and B play together at cards. A sits down with $84 
and B with $48. Each loses and wins in turn, when it ap- 
pears that A has five times as much as B. How much did A 
win? ^ Ans, $26. 

10. A person d5dng leaves half of his propeity to his wife, one 
sixth to each of two daughters, one twelfth to a servant, and the 
remaining $600 to the poor: what was the amoimt of his prop- 
erty? Ans. $7200. 

11. A father leaves his property, amounting to $2520, to four 
sons. A, B, G, and D. C is to have $360, B as much as C 
and D together, and A twice as much as B less $1000: how 
much does A, B, and D, receive? 

Ans. A $760, B $880, D $520. 

12. An estate of $7500 is to be divided between a widow, two 
sons, and three daughters, so that each son shall receive twice as 
much as each daughter, and the widow herself $500 more than 
all the children: what was her share, and what the share of 
each child ? r Widow's share $4000. 

Ans, < Each son $1000. 

( Each daughter $500. 

13. A company of 180 persons consists of men, women, and 
children. The men are 8 more in number than the women, and 
the children 20 more than the men and women together: how 
many of each sort in the company? 

Ans. 44 men, 36 women, 100 children. 
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14. A father divides $2000 among five sons, so that each elder 
should receive $40 more than his next younger brother : what is 
the share of the youngest ? Ans. $320. 

15. A purse of $2850 is to be divided among three persons, 
A, B, and C; A's share is to be to B's as 6 to 11, and C is 
to have $300 more than A and B together : what is each one's 
share? Ans. A's $450, B's $825, C's $1575. 

16. Two pedestrians start from the same point; the first steps 
twice as far as the second, but the second makes 5 steps while 
the first makes but one. At the end of a certain time they are 
300 feet apart. Now, allowing each of the longer paces to be 3 
feet, how far will each have travelled? 

Ans, 1st, 200 feet; 2d, 500. 

17. Two carpenters, 24 journeymen, and 8 apprentices, re» 
ceived at the end .of a certain time $144. The carpenters 
received $1 per oa^'^, each jourtieyman half a dollar, and each 
apprentice 25 cent*: -how many days were they employed? 

Ans, 9 days, 

18. A capitalist receives a yearly income of $2940: four fifths 
of his money bears an interest o^ 4 per cent., and the remainder 
of 5 per cent. : how much has he at interest ? v Ans. $70000. 

19. A cistern contamiri, 60 gallons of water has three unequal 
cocks for discharging i* , the largest will empty it in one hour, 
the second in two hours, and the third in three : in what time 
will the cistern be eriiptied ?f they all run together ? 

(/•y- [('-,)/ (■'■ ' Ans. 32^ min. 

20. In a I'^irtam orchard } are apple-trees, J peach-trees, 
J plun\-treo>5, 20 cherry-trees, and 80 pear-trees : how many 
trees in the ui ovarii *? A /is. 2400. 

21. A farmer being ask^d how many sheep he had, answered 
that he had them in hve fields ; in the 1st he had -J, in the 
2d J, in the 3d -J^, in the 4th ^, and in the 5th 450 : ho^ 
maijy had he ? Ans. 1200. 

22. My horse and saddle together are wor*b $132, and the 
horse is worth ten times as much as the saddle : what is the 
value of the horse? Ans. $120. 
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23. The rent of an estate is this year 8 per cent, greater than 
it was last. This year it is $1890: what was it last year? 

Ans. $1750. 

24. What number is that from which, if 5 be subtracted, ^ of 
the remainder will be 40 ? Ans. 65. 

25. A post is ^ in the mud, ^ in the water, and ten feet above 
the water : what is the whole length of the post ? 

Ans, 24 feet, 

26. After paying \ and J of my money, I had 66 guineas left 
in my purse : how many guineas were in it at first? 

Ans. 120. 

27. A person was desirous of giving 3 pence apiece to some 
beggars, but found he had not money enough in his pocket by 8 
pence ; he therefore gave them each two pence and had 3 pence 
remaining: required the number of beggars. Ans. 11. 

28. A person in play lost J of his money, and then won 3 
shillings ; after which he lost ^ of what he then had ; and this 
done, found that he had but 12 shillings remaining: what had 
he at first? Ans. 20s. 

29. Two persons, A and B, lay out equal sums of money in 
trade; A gains $126, and B loses $87, and A's money is now 
double of B's : what did each lay out ? Ans. $300. 

30. A farmer bought a basket of eggs, and offered them at 7 
cents a dozen. But before he sold any, 5 dozen were broken 
by a careless boy, for which he was paid. He then Isold the re- 
mainder at 8 cents a dozen, and received as much as he would 
have got for the whole at the first price. How many eggs had 
he in his basket ? Ans. 40 dozen. 

31. A person goes to a tavern with a certain sum of money in 

his pocket, where he spends 2 shillings ; he then borrows as 

much money as he had left, and going to another tavern, he 

there spends 2 shillings also; then borrowing again as much 

money as was left, he went to a third tavern, where likewise 

he spent 2 shillings and borrowed as much as he had left; and 

again spending 2 shillings at a fourth tavern, he then had nothing 

remaining. What had he at first? 

Ans. 3s. 9d 
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Of Eqtuitions of the First Degree, involving two or more 

Unknown Quantities. 

95. Although several of the previous questions contained in their 
enunciation more than one unknown quantity, we have neverthe- 
less resolved them all by employing but one symbol. The rea- 
son of this is, that we have been able, from the conditions of the 
enimciation, to represent the other unknown quantities by means 
of this symbol and known quantities ; but this cannot be done 
in all problems containing more than one unknown quantity. 

To explain the methods of resolving problems of this kind, let 
us take some of those which have been resolved by means of 
one unknown quantity. 

1. Given the sum of two numbers equal to a, and their differ 
ence equal to 5; it is required to find the numbers. 

Let X = the greater, and y the less number. 
Then by the conditions x -{- y r= a\ 

and X '— y =zh. 

By adding (Art. 86, Ax. 1), 2a? = o + ft. 

By subtracting (Art. 86, Ax. 2), 2y = a — ft. 

Each of these equations contains but one unknown quantity 

0+ ft 



From the first we obtain x = 



And from the second y = 



2 
a-ft 



Verification. 

a'\-h , a — ft 2a . a -\- h a — ft 2ft . 

f- — - — = -— - = a : and = — = ft. 

2 2 2' 2 22 

2. A person engaged a workman a number of days, denoted 

by n. For each day that he labored he was to receive a cents, 

and for each day that he was idle he was to pay ft cents for his 

board. At the end of the n days, the account was settled, when 

the laborer received c cents. Required the number of working 

days and the number of days he was idle. 

Let X = the number of working days. 

y = the number of idle days. 

Then, ax = what he earned, 

and hy = what he paid for his board ; 



• t 
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and by the%iiestion, we have < _^ 

• (^ ax — by = c. 

It has ahready been shown that the two meinbers of an equa- 
tion can be multiplied by the same number, without destroying 
the equality; therefore, multiply both members of the first equa- 
tion by h, the co-efficient of y in the second, and we have 

the equation - - - - - bx + by =ihn^ 
which, added to the second - cue — by = c, 
gives - - - - - - €uo + bx = bn + c. 

Whence - - - - -- ap = ;- 

a + 

m 

In like manner, multiplying the two members of the first equa- 
tion by a, the co-efficient of a? in the second, it becomes 

^ ax + ay = an; 

firom which, subtract the second equation, ax —- hy •= c, 
and we obtain - - - - - - ^ ay -\- by =^ an — c. 

an — c 

a + h' 

By introducing a symbol to represent each of the unknown 
quantities of the problem, the above solution has the advantage 
of making known the two required numbers, independently of each 
other. 

What will be the numerical values of x and y, if we suppose 

» = 48, a = 24, 5 == 12, and e = 504. 

Elimination, 

96. The method which has just been explained, of combining | 
two equations, involving two unknown quantities, and deducing 
therefrom a single equation involving but one, may be extended 
to three, four, or any number of equations, and is called Elimtna" 
tipn, 

Tnere are three principal methods of elimination : 

1st. By addition and subtraction. 

2d. By substitution. 

3d. By comparison. 

We shall discuss these methods separately. 



Whence y = 
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...... ..-..^ 

97. Before considering the case of Elimination, we will ex- 
plain a new notation which is about, to be used. 

It often happens, in Algebra, that some of the known quantities 
of an equation or problem, though entirely independent of each 
other in regard to their values, have, nevertheless, certain rela- 
tions which it is desirable to preserve in the discussion. In such 
case, the second quantity is represented by the same letter, with 
a small mark over it. Thus, if the first quantity was denoted by 
a, the second would be denoted by o^, and is read, a prime. 
If there were a third, it would be denoted by af\ and read, 
a second, <&c. i , 

Let us now take the two equations, 

ax -]- by s= e 
a'x + &^y = c'. 

If the co-efficients of either of the unknown quantities were the 
same in both equations ; that is, if a were equal to fi/, or i 
to y, we might by a simple subtraction form a new equation that 
would contain but one unknown quantity ; and from this equa- 
tion, the value of that unknown quantity could be deduced. 

If, now, both members of the first equation be multiplied by V^ 
the co-efficient of y in the second, and the two members of the 
second by 6, the co-efficient of y in the first, we shall obtain 

ah'x + hh'y = \/c 

afhx + hh'y = hcf ; 

and by subtracting the second from the first, 

whence, x = — r- . 

ab^ — ab 

If we multiply the first of the given equations by a', and (he 
second by a, we shall have 

aafx + of by = afc 
aafx + ab^y = ac/; 

and by subtracting the second from the first. 
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- afc — aicf 

or, if we wish the value for y to have the same denominator 
with that for a;, we change the signs of the numerator and de- 
nominator, and write 

acf — o^c 

The method of elimination just explained, is called the methoa 
by addition and subtraction, because the unknown quantities dis- 
appear by additions and subtractions, after having prepared the 
equations in such a manner that the same unknown quantity shall 
have the same co-efficient in both equations. 

__ - - b^e — bi/ ac< — afe 

The formula. , « = -^,-_^, y = -^.—^ 

deduced from the equations 

ax +by =sc 

afx + b'y = </ 

will enable us to write *the values of x and y immediately, with- 
out the trouble of elimination. They contain the germe of a gen- 
eral rule, not before given, for the solution of all similar equations. 

RULE. 

I. The first term in the numerator for the value of x, is found 
by beginning at \/ and crossing up to c— giving \/g ; the secomd 
term is found by crossing from b to cf — giving be'. 

II. For the first term in the numerator of the value for y, begin 
at a and cross down to c^ — giving ac' ; and for the second term^ 
cross from 2! to c — giving a'c. 

III. The first term of the common denominator is found by crosS' [ 
ing from a to W — giving al/; and the second^ by crossing from 
a' to h— giving ^fh. 

The manner of obtaining these formulas will be easily remem- 
bered, and their applications will be found very simple. 
1. What are the values of x and y in the equations, 

5a; + 7y = 43 
r lla; + 9y = 69. 



( 
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We write immediately, 

_ 9 X 43 — 7 X 69 _ 387 - 483 _ — 96 _ 
* " 5 X 9- 11 X 7 "" 45-77 " - 32 " 
- 5 X 69 - 11 X 43 345 - 473 _ ~ 128 _ 
^ "" —32 "~ — 32 "~ — 32 " ' 

2. What are the values of x and y in the equations, 

3ar - -^ = 14 
4 

ce — 4y = — 11. 
We write 

-4 X 14-(-}x -11) -.56-V ^ 
3x-4-lX-i -12+} 

3X -11-1 Xl4 -33-14 
y- -12 + i --12+}""* 

Elimination by Stthstitution. 

98. Let us take the two equations 

5a? + 7y = 43 and 11a? + 9y = 69. 
Find the value of x in the first equation, which gives 

43 - 7y 

0?=-^ 

Substitute this value of a? in the second equation, and we hare 

43 — 7y . ^ 
11 X ^— ^ + 9y = 69. 

or 473 - 77y + 45y = 345 : 

or — 32y = — 128. 

Hence y = 4. 

43-28 ^ 

And X = = 3. 

5 

This method, called the method by substitution, consists in find- 
mg in one equation the value of one of the unknown quantities, 
as if the others were already determined, and then substituting 
this value in the other equations. In this way, new equations 
are formed from which one of the unknown quantities has been 
eliminated. We then operate in a similar manner, fin the new 
equations. 



^^ 
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Elimination by Comparison. 
99. Let us take the two equations, 

5a? + 7y = 43 and 11a: + 9y = 69. 

Finding the value of x in the first equation, we have 

43 -7y 

X = 

5 

And finding the value of x in the second, we obtain 

69 — 9y 

Let these two values of x be placed equal to each other, and. 

43 — 7y 69 — 9y 
we have, — - = ; 

or, • 473 — 77y = 345 — 45y ; 

or, — 32y = — 128. 

Hence, y = 4 

- 69 - 36 ^ 

and, x = — — — == 3. 

This method of elimination is called the method by compari- 
son, and consists in finding the value of the sam'e unknowR 
quantity in all the equations, and then placing those values equal 
to each other, two and two. This will give rise to a new set of 
equations containing one less unknown quantity, and upon which 
we operate as on the given equations. 

The new equations which arise, in the last two methods of 
elimination, contain fractional terms. This inconvenience is avoid- 
ed in the first method. The method by substitution is, however, 
advantageously employed whenever the co-efficient of either of 
the unknown quantities in one of the equation^ is equal to miity, 
because then the inconvenience of which we have just spoken 
does not occur. We shall sometimes have occasion to employ 
this method, but generally the method by addition and subtraction 
is preferable. When the co-eflicients are not too great, we can 
perform the addition or subtraction at the same time with the 
multiplication which is made to render the co-efficients of the 

same unknown quantity equal to each other. 

6 
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100. Let US now consider the case of three equations involving 
three unknown quantities. 

• (5a!' — 6y + 4;? = 15. 

Take the equations, < 7a? + 4y — 3;? = 19. 

( 2a; 4- y + 6z = 46, 

To eliminate z from the first two equations, multiply the first 
equation by 3 and the second by 4; and since the co-efficients 
of z have contrary signs, add the two results together : this gives 
a new equation ----- 43aj — 2y = 121 

Multiplying the second equation by 2, a fac- 
tor of the co-efficient of z in the third equa- 
tion, and adding them together, we have 16a? + 9y = 84^ 

The question is then reduced to finding the values of a? and y, 
which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and the 
results be added together, we find 

419a; = 1257, whence re = 3. 

By means of the two equations involving x and y,'we may de- 
termine y as we have c^jetennined x ; but the value of y may be 
determined more simply, by observing, that by substituting for x 
its value found above, the last of the two equations becomes, 

.« . /^ «. ,- 84 — 48 , 
48 + 9y = 84, whence y = = 4. 

In the same manner, by substituting the values of x and y, the 

first of the three proposed equations becomes, 

24 
15 — 24 + 4;? = 15, whence jj = -— = 6. 

4 

101. Hence, if there are m equations involving a like number 
of unknown quantities, the unknown quantities may be eliminated 
by the following 

RULE. 

I. To eliminate one of the unknown quantities, combine any one 
of the equations with each of the m — 1 others ; there will thus 
he obtained m — 1 new equations containing m — 1 unknown quan- 
tities. 

II. Eliminate another unknown quantity by combining one of these 
new equations with the m — 2 others ; this will give m — 2 equa- 
tions containing m — 2 unknovm quantities. 
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III. Continue this series of operations until a single equation is 
obtained containing but one unknown quantity, the value of which 
eon then be found. Then by going back through the series of equa- 
tions the values of the other unknown quantities may be successively 
determined, 

102. It often happens that some of the proposed equations do 
not contain all the unknown quantities. In this case, with a 
little address, the elimination is very quickly performed. 

Take the four equations involving four unknown quantities, 



+ 22r = 13 ^ 
— 2a: = 30 3 



2x — 3y + 2z= 13 
4u 



- - (1) 4y + 2z = U - - (3). 

- - (2) 5y + 3tt = 32 - - (4). 

By examining these equations, we see that the elimination of 
z in equations (1) and (3), will give an equation involving « 
and y; and if we eliminate u in the equations (2) and (4), we 
shall obtain^ a second equation, involving x and y. In the first 
place, the elimination of z, in (!) and (3) gives 7y -— 2a? = 1 
that of «, in (2) and (4), gives 

Multiplying the first of these equations by 
3, and and adding, we have - - - - 

whence ------- 

Substituting this value in 7y — 2ap = 1, we 
find 

Substituting for x its value in equation (2), 
it becomes, 4tt — 6 = 30, whence 

And substituting for y its value in equation 
(3), there results «=5 



- 20y + 6a; = 38 



41y = 41 

«= 3 
tt= 9 



Off indeterminate Problems. 

103. In all the preceding reasoning, we have supposed the 
number of equations equal to the number of unknown quantities. 
This must be the case in every problem, in order that it may be 
determinate; that is, in order that it may admit of a finite num- 
ber of solutions. 

Let it be required, for example, to find two quantities such, 
that five times one of them, diminished by three times the other, 
shall be equal to 12. 
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If we denote the quantities sought by x and y, ,we shall have 
the equation 

5a! — 3y = 12, 

whence, x = — =■• 

« 5 

Now, by making successively, 

y = 1, 2, 3, 4, 5, 6, <fec., 

18 21 24 27 
there results, ap == 3, -—, -— , -— , -— 6, &c., 

5 5 5 5 

and any two corresponding values of x, y, being substituted in the 
given equation, 

5a: — 3y = 12 

will satisfy it equally well: hence, there are an infinite number 
of values for x and^y which will satisfy the equation, and conse- 
quently, the prob^m is indeterminate ; that is, it admits of an in- 
finite ifSjmber of solutions. 

If, however, we impose a second condition, as for example, 
that the sum of the two quantities shall be equal to 4, we shall 
have a second equation, 

a? + y=4; 

and this, combined with the equation already considered, will 
give determinate values for x and y. 

If we have two eqfUations, involving three unknown quantities, 
we can eliminate one \oi the unknown quantities, and thus ob- 
tain an eqtiation containing two unknown quantities. This equa- 
tion, like the preceding, . would be satisfied by an infinite num- 
ber of values, attributed in succession, to the unknown quanti- 
ties. Since each equation expresses one condition of a problem, 
therefore, in order that a problem may he determinate, its enun- 
ciation mast contain at least as many different conditions as there 
are unknovon quantities, and these conditions must he such, that each 
of them may he eocpressed by an independent equation ; that is, an 
equation not produced by any combination of the others of the system. 

If, on the contrary, the number of independent equations ex- 
ceeds the number of unknown quantities involved in them, the 
conditions which they express cannot be fulfilled. 
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For example, let it be required to find two numbers such that 
their sum shall be 100, their difference 80, and their product 700. 
The equations expressing these conditions are, 

a? + y = 100 
« -- y = 80 
and X X y = 700. 

Now, the first two equations determine the values of x and y, 
viz., 

« = 90 and y = 10. 

The product of the two numbers is therefore known, and equal 
to 900. Hence, the third condition cannot be fulfilled. 

Had the product been placed equal to 900, all the conditions 
would have been satisfied, in which case, however, the third would 
not have been an independent equation, since the condition ex- 
pressed by it, is implied in the other two. 



EXAMPLES. 



1. Given 2aj + 3y = 
of X and y. 

2. Given — + -f 
values of x and y. 



16, and 3af — 2y = ll to find the values 

Ans. « = 5, y = 2. 



9 , 3x ,2y 61 

— , and — ^ = 

20' 4^5 120 



to find the 



Ans. a? == y, y = Y* 



X V 

3. Given -— - + 7y = 99, and -^ + 7af = 51 to find the values 

7 ^ 7 

of X and y. Ans, op = 7, y = 14. 

4. Given -1-12 = 4+8, and *-±y + -|-8 = ??^ + 27 

2 4 DO 4 

to find the values of x and y. Ans. « =: 60, y =: 40. 

*+ y+ z :=29 ~ 



_ ^. x+ 2y+ 3z = 62 

6. Given •< ^ 

— X -\ V H z = 10 

2 ^ 3 ^^ 4 



>> to find Xf y, and m 



Ans. a? = 8, y = 9, j» = 12 
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6. Given 



2x+ 4y — 
4ap — 2y + 
6x+ 7y- 



*> to find «, y, and ? 



30 = 22 
5z = 18 
= 63 
.Aji*. « = 3, y = 7, = 4. 



7. Given -< 



— * H V + — 0=15 

— xH vH = 12 



>- to find «, y, and 5. 



8. Given <l 



Am. x=zl2, y = 20, = 30. 

7* -- 20 + 3tt = 17 
4y- 20+ ^=11 
5y — 3a! — .2tt = 8 
4y — 3tt + 2^ = 9 
30 + 8u = 33 
iif». 0! = 2, y = 4, = 3, tf = 3, 1 = 1. 



»> to find «, y, 0y i| 
and L 



QUESTIONS. 



1. What fraction is that, to the numerator of which, if 1 be 
added, its value will be one third, but if one be added to its de- 
nominator, its value will be one fourth. 



Let the fraction be represented by — . 

«« , , « + 1 1 , « 

Then, by the question = -— and — --=• 

y 3 y+ 1 



4 



Whence 3ir + 3 = y, and 4aj = y + 1. 

Therefore, by subtracting, a? — 3 = 1 or « = 4; 
and 3 X 4 + 3 = 15 = y. 

2. A market woman bought a certain number of eggs at 2 for 
a penny, and as many more, at 3 for a penny, and having sold 
them again altogether, at the rate of 5 for 2 J., found that she 
had lost 4J.: how many eggs had she? 
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Let 2x == the whole number of eggs ; 

then X = the number of eggs of each sort ; 

and o ^ ^ ^^^ ^^^^ ^^ ^^ ^^^ ^^^ ' 

1 

and Q ^ ~ ^® ^^^^ ^^ ^® second sort ; 

But 5 : 2 : : 2a? : —- ; 

5 

hence, -— the amount for which the eggs were sold. 
Hence, by the question, 

therefore 15af + lOar — 24a? = 120. 

Or, X =s 120 the number of eggs of 

each sort. 

3. A person possessed a capital of 30,000 dollars, for which he 
drew a certain interest per annum ; but he owed the sum oi' 
20,000 dollars, for which he paid a certain interest. The inter- 
est that he received exceeded that which he paid by 800 dollars. 
Another person possessed $35,000, for which he received interest 
at the second of the above rates ; but he owed 24,000 dollars > 
for which he paid interest at the first of the above rates. The 
interest that he received exceeded that which he paid by 310 
dollars. Required the two rates of interest. 

Let X and y denote the two rates of interest : that is, the in- 
terest of $100 for one year. 

To obtain the interest of $30,000 at the first rate, denoted by «, 

we form the proportion 

30,000a: 
100 : a? : : 30,000 : : ' or 300a?. 

And for the interest $20,000, the rate being y, 

20,000v 
100 : y : : 20,000 : i -^K^ O' 200y. 

But from the enunciation, the difference between these two in 
terests is equal to 800 dollars. 
We have, then^ for the first equation of the problem, 

300a? — 200v = 800. 
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By expressing the second condition of the prohlem algehndcally, 
we obtain the other equation, 

.350y — 240.r = 310. 

Both members of the first equation being divisible by 100, and 
those of the second by 10, we may put the following, in place 
of them: 

3a? — 2y = 8, 35y — 24a: = 31. 

To eliminate x, multiply the first equation by 8, and then add 
it to the second; there results 

19y=95, whence y=5. 

Substituting for y its value in the first equation, this equation 
becomes 

3ap — 10 = 8, whence x = 6; 

Therefore, the first rate is 6 per cent., and the second 5. 

Veri/i cation. 

$30,000, placed at 6 per cent., gives 300 X 6 = $1800. 
$20,000 do. 5 do. 200 X 5 = $1000. 

And we have 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. There are three ingots formed by mixing together three 
metals in different proportions. ^ 

One pound of the first contains 7 ounces of silver, 3 ounces of 
copper, and 6 ounces of pewter. 

One pound of the second contains 12 ounces of silver, 3 ounces 
of copper, and 1 ounce of pewter. 

One pound of the third contains 4 ounces of silver, 7 ounces 
of copper, and 5 ounces of pewter. 

It is required to form from these three, 1 pound of a fourth 
ingot which shall contain 8 ounces of silver, 3} ounces of copper, 
and 4^ ounces of pewter. 

Let X =2 the number of ounces taken from the first. 

y := the number of ounces taken from the second. 

M = the number of ounces taken from the third. 
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Now, since 1 pound or 16 ounces of the first ingot contains 7 

ounces, of silver, one ounce will contain tt of 7 ounces: that 

7 
is, ~ ounces ; and 

7a: 
a? ounces will contain --^ ounces of silver. 

10 

y ounces will contain -—^ ounces of silver. 

16 

z ounces will contain —- ounces of silver. 

16 

But since 1 pound of the new ingot is to contain 8 ounces of 

silver, we have 

7x . 12y . ^z 

A = 8: 

16 ^ 16 ^ 16 ' 

or, reducing to entire terms, 

Ix + \2y + 4z = 128. 

For the copper, 3x + 3y + 7^: = 60 ; 

and for the pewter, 6a: + y + 5z =. 68. 

As the co-efficients of y in these three equations, are the most 

simple, we will eliminate this unknown quantity first. 

Multiplying the second equation by 4 and subtracting the first, 

gives 

5x + 24z = 112. 

Multiplying the third equation by 3 and subtracting the second, 

gives 

15ar + Sz = 144. 

Multiplying the last equation by 3 and subtracting the first, gives 

40a; = 320, 
whence a: = 8 

Substituting this value of x in the equation 

5a;+24;&= 112, 
it becomes 40 + 24z =112, whence z = 3. 

Lastly, the two values a; = 8 and r = 3, being substituted 

in the equation 

6x -{- y + 5z = 68 

give , 48 + y + 15 = 68, whence y = 5 
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Therefore, in order to form a pound of the fourth ingot, we 
must take 8 ounces of the first, 5 ounces of the second, and 3 
of the third. 

Verification. 

If there be 7 ounces of silver in 16 ounces of the first ingot,^ 
in 8 ounces of it, there should be a number of ounces of silvy 

A K 7X8 

expressed by — rr^- 

12 X 5 4x3 

In like manner, — — — and will express the quan- 

tity of silver contained in 5 ounces of the second ingot, and 3 
ounces of the third. Now, we have 

7 X 8 12 X 5 ,4 X 3 128 
16 ^ 16 ^ 16 16 

therefore, a pound of the fourth ingot contains 8 ounces of silver, 
as required by the enunciation. The same conditions may be veri- 
fied relative to the copper and pewter. 

5. What two numbers are those, whose difierence is 7, and 
sum 33? Ans, 13 and 20. 

6. To divide the number 75 into two such parts, that three 
times the greater may exceed seven tim^s the less by 15. i 

^ Ans. 54 and 21. 

7. In a mixture of wine and cider, I of the whole plus 25 gal- 
lons was wine, and ^ part minus 5 gallons was cider ; how many 
gallons were there of each? 

Ans. 85 of wine, and 35 of cider. 

8. A bill of jE?120 was paid in guineas and moidores. and the 
number of pieces of both sorts that were used was just 100; if* 
the guinea were estimated at 21^., and the moidore at 27^., how 
many were there of each? Ans. 50 of each. 

9. Two travellers set out at the same time from London and 
York, whose distance apart is 150 miles ; one of them goes 8 
miles a day, and the other 7; in what time will they meet? 

Ans. In 10 da3r8. 

10. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 ; how many 
voted for each? Ans. 233 for one, and 142 for the other. 
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11. A's age is double of B's, and B's is triple of G's, and the 
sum of all their ages is 140 ; what is the age of each ? 

Ans. A's = 84, B's = 42, and C's = 14. 

12 A person bought a chaise, horse, and harness, for J&60; 
the horse came to twice the price of the harness, and the chaise 
to twice the price of the horse and harness ; what did he give 
for each? (£\^ 6^. M. for the horse. 

Alts, < jG 6 13 J. Ad, for the harness. 
( jB40 for the chaise. 

f 13. Two persons, A and B, have both the same income. A 
saves \ of his yearly ; but B, by spending £bO per annum more 
than A, at the end of 4 years finds himself J^lOO in debt; what 
is the income of each? Ans. £\2b. 

14. A person has two horses, and a saddle worth j£50; now, 
if the saddle be put on the back of the first horse, it will make 
his value double that of the second ; but if it be put on the back 
of the second, it will make his value triple that of the first; 
what is the value of each horse ? 

Ans, One £ZQ, and the other £\0, 

15. To divide the number 36 into three such parts, that ^ of 
the first, j- of the second, and \ of the third, may be all equal to 
each other. Ans. 8, 12, and 16. 

16. A footman agreed to serve his master for £B a year and 
a Uvery, but was turned away at the end of 7 months, and re- 
ceived only £2 13^. Ad. and his Uvery ; what was its value ? 

An^. JE4 16^. 

y 17. To divide the number 90 into four such parts, that if the 

first be increased by 2, the second diminished by 2, the third 

multiplied by 2, and the fourth divided by 2, the sum, difference, 

product, and quotient so obtained, will be all equal to each other. 

Ar^. The parts are 18, 22, 10, and 40. 

pi8. The hour and minute hands of a clock are exactly together 
at 12 o'clock; when are they next together? 
^^J^:!,^ Ans. Ih. 5T\min. 

^ '* \^i y 

19. A aian and his wife usually drank out a cask of beer in 
12 days ; but when the man was from home, it lasted the woman 
30 days ; how many days would the man be in drinking it alone ? 

Ans. 20 days. 
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20. If A and B together can perform a piece of work in 8 
days, A and C'"^ together in 9 days, and B and C in 10 days; 
how many days would it take each person to perform the same 
work alone? Ans. A 14f} days, B 17 Jf, and C 23 yV 

21. A laborer can do a certain work expressed by a, in a time 
expressed by 6; a second laborer, the work c in a time d; a 
third, the work 6 in a time /. Required the time it would take 
the three laborers, working together, to perform the work g. 

Application. 
a = 27; ft=:4|c = 35; J = 6|« = 40; /= 12 15-= 191 ; 

X will be found equal to 12. 

22. If 32 pounds of sea water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new mix- 
ture shall be reduced to 2 ounces, or j of a pound? 

Ans, 224 lbs. 
\23. A number is expressed by three figures ; the sum of these 
> figures is 11 ; the figure in the place of units is double that in 
^ the place of hundreds ; and when 297 is added to this number, 
1 1 the sum obtained is expressed by the figures of this number re- 
^_ versed. What is the number ? Ans. 326. 

L 24. A person who' possessed 100,000 dollars, placed the greater 
,. part of it out at 5 per cent, interest, and the other part at 4 per 
% .' " -*cent. The interest which he received for the whole amounted 
^to 4640 dollars. Required the two parts. 
'^\ Ans, $64,000 and $36,000. 

• 25. A person possessed a certain capital, which he placed out 
at a certain interest. Another person possessed 10,000 dollars 
more than the first, and putting out his capital 1 per cent, more 
advantageously, had an income greater by 800 dollars. A third, 
possessed 15,000 dollars more than the first, and putting out his 
capital 2 per cent, more advantageously, had an income greater 
by 1500 dollars. Required the capitals, and the three rates of 
interest. 

Sums at interest, $30,000, $40,000, $45,000. 
Rates of interest, 4 5 6 per cent 
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26. A banker has two kinds of money ; it takes a pieces of 
the first to make a crown, and b of the second to make the 
same sum. Some one offers him a crown for c pieces. How 
many of each kind must the banker give him? 

Ans. ist kind, i^^lll^ ; 2d kind, i^zA. 

a — b a — b 

27. Find what each of three persons, A, B, C, is worth, know- 
ing, Ist, that what A is worth added to / times what B and G 
are worth, is equal to p\ 2d, that what B is worth added to m 
timSs what A and C are worth, is equal to q ; 3d, that what C is 
worth added to n times what A and B are worth, is equal to r. 

If we denote by x what A, B, and C, are worth, we introduce 
into the calculus an auxiliary unknown quantity, and resolve the 
question in a very simple manner. The term calculus^ in its gen- 
eral sense, denotes any operation performed on algebraic quantities, 

28. Find the values of the estates of six persons, A, B, C, D, 
E, F, from the following conditions : Ist. The sum of the estates 
of A and B is equal to a ; that of C and D is equal to b ; and 
that of E and F is equal to c. 2d. The estate of A is worth m 
times that of C ; the estate of D is worth n times that of E, and 
the estate of F is worth p times that of B. 

This problem may be resolved by means of a single equation, 
involving but one imknown quantity. 

Explanation of Negative Results, 

104. The algebraic signs are an abbreviated language. They 
indicate certain operations which are to be performed on the quan- 
tities before which they are placed. 

The operation indicated by a particular sign, must be per- 
formed on every quantity before which the sign is placed. In- 
deed, the principles of Algebra are all established upon the 
supposition, that each particular sign which is employed means 
always the same thing ; and that whatever it requires is strictly, 
performed. Thus, if the sign of a quantity is +, we understand 
that the quantity is to be added ; if the sign is — , we under- 
stand that it is to be subtracted. 

For example, if we have — 4, it indicates that this 4 is to 
be subtracted from some other number, or that it is the result of 
a subtraction but partially made. 
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If it were required to subtract 20 from 16, the subtraction could 
not be made by the rules of arithmetic, since 20 is greater than 16. 
By observing that ; 

20 = 16 + 4, 

we may express the subtraction thus, 

16 — 20 = 16 - 16 - 4 = — 4. 

We thus make the subtraction of 20 from 16 as far as it is 
possible, and obtain a remainder 4 with a minus sign, which in- 
dicates that 4 is still to be treated as a subtractive quantity. 

To show the necessity of giving to this remainder its proper 
sign, let us suppose that 10 is to be added to the difference of 
16 — 20 ; or what is the same thing, that 20 is to be subtracted 
from 26. 

The numbers would then be written 

16 — 20 = — 4 
+ 10 = + 10 



26 - 20 = + 6 ; 

and had the — sign not been preserved in the first subtraction, 
the second result would have been +14 instead of + 6. 

105. If the sum of the negative quantities in the first member 
of the equation, exceeds the sum of the positive quantities, the 
second member of the equation will be negative, and the verifica- 
tion of the equation will show it to be so. 

For example, if a — A = c, 

and we make a = 15 and & = 18, c will be = — 3. 

Now, the essential sign of c is difierent from its algebraic sign 
in the equation. This arises from the circumstance, that the 
equation 

a — b = c 

expresses generally^ the difierence between a and b, without in- 
dicating which of them is the greater. When, therefore, we at- 
tribute particular values to a and b, the sign of c, as well as its 
value, becomes known. 

We will illustrate these remarks by a few examples. 
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1. To find a number, which added to the number b^ will give 
a sum equal to the number a. 

Let X = the required number. 
Then, by the conditions 

a: + b m a, whence x =z a — b. 

This expression, or formula, will give the algebraic value of 
X in all the particular cases of this problem. 

For example, let a = 47 and ^ = 29 ; 

then, 05 = 47 — 29 = 18. 

Again, let a = 24 and 6 = 31 ; 

then, a? = 24 — 31 = — 7. 

This last value of x, is called a negative solution. How is it 
to be interpreted? 

If we consider it as a purely arithmetical result, that is, as 
arising from a series of operations in which all the quantities are 
regarded as positive, and in which the terms add and subtract 
imply, respectively, augmentation and diminution, the problem will 
obviously be impossible for the last values attributed to a and b ; 
for, the number b is already greater than 24. 

Considered, however, algebraically, it is not so; for we have 
found the value of a; to be — 7, and this number added, in the 
algebraic sense, to 31, gives 24 for the algebraic sum, and there- 
fore satisfies both the equation and enunciation. 

2. A father has lived a number a of years, his son a number 
of years expressed by b. Find in how many years the age of 
the son will be one fourth the age of the father. 

Let a? = the required number of years. 

Then a + x =• the age of the father > at the end of the re- 
and b + X = the age of the son ) quired time. 
Hence, by the question 

— - — = + x; whence, . x = — - — , 
Suppose a = 54, and b =z9; then x = = — = 6. 
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The father being 54 years old, and the son 9, in 6 years 
father will be 60 years old, and his son 15; now 15 is the 
fourth of 60 ; hence, x=z 6 satisfies the enunciation. 

Let us now suppose a ^ 45, and 6 = 15; 

45 — 60 
then, X = 5 = — 5. 

. If we substitote this value of « in the equation of condition, 

a + X 



4 



= b+x. 



45 — 5 
we obtain, — - — = 15 — 5 ; 

4 

and 10 = 10. 

Hence, — 5 substituted for x, verifies the equation, and therefore 
is a true answer. 

Now, the positive result which was obtained, shows that the 
age of the father will be four times that of the son at the ex- 
piration of 6 years from the time when their ages were con- 
sidered ; while the negative result, indicates that the age of the 
father was four times that of his son, 5 years previous to the 
time when their ages were compared. 

The question, taken in its general, or algebraic sense, demands 
the time, at which the age of the father was four times that of 
the son. In stating it, we supposed that the age of the father 
was to be augmented ; and so it was, by the first supposition. But 
the conditions imposed by the second supposition, required the 
age of the father to be diminished, and the algebraic result con- 
formed to this condition, by appearing with a negative sign. If 
we wished the result, under the second supposition, to have a 
positive sign, we might alter the enunciation by demanding, how 
many years since the age of the father was four times that of the 
son. 

If » = the number of years, we shall have 

a — a? , , 46 — a 

— - — = — x: hence, x ■=. — p-r — . 

If a = 45 and 6 = 15, x will be equal to 5. 

Reasoning from analogy, we establish the following general 
principles, 
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■ • 

Ist. Every negative value found for the unknown quantity in a 
problem of the first degree^ will, when taken with its proper sign^ 
verify the equation from which it was derived, 

2d. That this negative value, taken with its proper sign, will also 
satisfy the enunciation of the problem, understood in its algebraic 
sense. 

3d. The negative result shows that the enunciation is impossible, 
regarded in its arithmetical sense. The language of Algebra de- 
tects the error of the arithmetical enunciation, and indicates tJie gen- 
eral relation of the quantities. 

4th. The negative result, considered without reference to its sign^ 
may be regarded as the answer to a problem of which the enuncia- 
tion only differs from the one proposed in this: that certain quan- 
tities which were additive have become subtractive, and reciprocally. 

106. As a further illustration of the change which an alge- 
braic sign may produce in the enunciation of a problem, let us 
resume that of the laborer (page 76). 

Under the supposition that the laborer receives a sum c, we 
have the equations 

X + y = n} . bn + c an — c 

/ > whence, x = -^, y = -—r- . 

or — by =z e y a + b a + b 

If at the end of the time, the laborer, instead of receiving a 
sum c, owed for his board a sum equal to c, then, by would be 
greater than ax, and under this supposition, we should have the- 
equations 

X -{- y = n and ax — iy = — c. 

Now, it is plain that we can obtain immediately the values of 

X and y, in the last equations, by merely changing the sign of 

c in each of the values found from the equations above ; this 

gives 

bn — c an + e 

a-^-b' ^ ~ aA-b' 

The results for both enunciations, may be cunipreucCvied in the 
same formulas, by writing 

bn ± c an ^ e 

a -\- b a + b 

The double sign db, . '•ead plus or minus, and qp, is read, mi 
nus or plus. The upper signs correspond to the case in whick 



x = 



98 ELEMENTS OF ALGEBRA. [CHAP. K. 

the laborer received, and the lower signs, to the case in which 
he owed a sum c. These formulas also comprehend the case in 
which, in a settlement between the laborer and his employer, 
their accounts balance. This supposes c = 0, which gives 

hn an 

Discussion of Problems. Explanatum of the terms 

Nothing and Infinity. 

107. When a problem has been resolved generally, that is, by 
means of letters and signs, it is often required to determine what 
the values of the unknown quantities become, when particular sup- 
positions are made upon the quantities which are given. The 
determination - of these values, and the interpretation of the pe- 
culiar results obtained, form what is called the discussion of the 
problem. 

The discussion of the following question presents nearly all 
the circumstances which are met with in problems of the first 
degree. 

108. Two couriers are travelling along the same right line and 
in the same direction from R"" toward R. The number of miles 
travelled by one of them per hour is expressed by m, and the 
number of miles travelled by the other per hour, is expressed 
by n. Now, at a given time, say 12 o'clock, the distance be- 
tween them is equal to a number of miles expressed by a: re- 
quired the time when they will be together. 

R^ A B R. 

. . _^— ____ t 

At 12 o'clock suppose the forward courier to be at B, the other 
at A, and R to be the point at which they will be together. 
Then, AB = a, their distance apart at 12 o'clock. 
Lei t = the number of hours which must elapse, be- 

fore they come together ; 
and X = the distance BR, which is to be passed ovei 

by the forward courier. 
Then, since the rate per hour, multiplied by the number of 
hours, will give the distance passed over by each, we have, 

txm = a + x=: AR 
t X n z=x = BR 



\ 

\ 
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Hence by subtracting, \ 

t(m — n) = a, 

and hence, t = 



m — n 



Now, so long as m > n, t mtIII be positive, and the problem 
will be solved in the arithmetical sense of the enunciation. For, 
if m > n, the courier from A will tra>tel faster than the courier 
from B, and will therefore be continually gaining on him : the 
interval which separates them will diminish more and more, un- 
til it becomes 0, and then the couriers will be found upon the 
same point of the line. 

In this case, the time t, which elapses, must be added to 12 
o*clock, to obtain the time when they are together. 

But; if we suppose m < n, then, m — n will be negative, and 
the value of t will be negative. How is this result to be inter- 
preted ? 

It is easily explained from the nature of the question, which 
considered in its most general sense, demands the time when the 
couriers are together. 

Now, under the second supposition, the courier which is in ad- 
vance, travels the fastest, and therefore will continue to separate 
himself from the other courier. At 12 o'clock the distance be- 
tween them was equal to a : after 12 o'clock it is greater than a ; 
and as the rate of travel has not been changed, it follows that 
previous to 12 o'clock the distance must have been less than a. 
At a certain hour, therefore, before 12, the distance between them 
must have been equal to nothing, or the couriers were together at 
some point R^. The precise hour is found by subtracting the 
value of t from 12 o'clock. 

This example, therefore, conforms to the general principle, that, 
if the conditions of a problem are such as to render the unknown 
quantity essentially negative, it will appear in the result with the 
minus sign^ whenever it has been regarded as positive in the enun- 
ciation. 

If we wish to find the distances AR and BR, passed over by 
the two couriers before coming together, we may take the equation 



m — n 



m — 


n 


na 




m — 




ma 




m — 


n 


na 





100 ELEMENTS OF ALGEBRA. [CHAP. lY. 

and miiltiply botli members by the rates of travel respectively: 
this will give 

AR=mt = and 



Alflo, AR^ = — m* = 

and BR' = — n^ = , 

m — n 

from which we see, that the two distances AR and BR, will 
both be positive when estimated toward the right, and that AR' 
and BR' will both be negative when estimated in the contrary 
direction. 

109. To explain the terms nothing and infinity, let us consider 

the equation 

a 

t = . 

m — n 

If the couriers travel at different rates, m -— n will be a finite 
quantity, and its sign will depend on the relative values of m 
and n. Designate this quantity by A. 

Now, if we suppose a = 0, we shall have 

« = —-; or*ixA = 0; 
A 

an equation which can only be satisfied by making ^ = 0. 

To interpret this result, let us go back to the enunciation of 

the problem. If a = 0, the couriers are together at 12 o'clock; 

and since they travel at difierent rates, they can never be again 

together: hence, t can have no other value than 0. Therefore, 

we conclude that, the quotient of divided hy a finite quantity, is 0. 

110. Let us resume the equation 



t=z 



m — n 

If in this equation we make m = n, then m — n =: 0, and 
the value of t will reduce to 

i = — or t X =:a; 

an equation^ which cannot be satisfied for any finite value of t. 
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In order to interpret this new result, let us go back to the 
enunciation of the question. We see at once, that it is abso- 
lutely impossible to satisfy the enunciation for any finite value 
for t; for, whatever time we allow to the two couriers, they can 
never come together, since being once separated by an inter- 
val a, and travelling equally fast, this interval will always be pre- 
served. 

Hence, the result, — may be regarded as a sign of impossi- 
bility for any finite value of t. 

Nevertheless, algebraists consider the result, 

a 

' = -0' 

as forming a species of value, to which they have given the 

name of infinite value, for this reason : 

When the difference m — n, without being absolutely nothing, 

is supposed to be very small, the result , 

a 

m — n 
b very great. 

Take, for example, m — n = 0,01. 

'^^^'^ *=-;;ii; = ok -'''"■ 

Again, take m — n s 0.001, and we have 

a a 



1000a. 



m — » 0.001 

In short, if the difference between the rates is not zero, the 
couriers will come together lit some point of the line, and the 
time will become greater and greater, as this difference is dimin- 
ished. 

Hence, from analogy, if the difference between the rates is less 
than any assignable number, the time expressed by 

a a 

"~ m — n 0* 

toill be greater than any assignMe or finite number. Therefore 
for brevity, we say, when m — n = 0, the result, 

a a 



t =z 



m — n 
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lal to infinity^ which we designate by the chaiac- 

Hence we conclude, that a finite quantity divided by 0, gives 
a quotient greater than any assignable quantity^ which we cdRf 

INFINITY. 

111. Again, let A represent any finite number: then, since the 
value of a fraction increases as its numerator becomes greater 
with reference to its denominator, the expression 

A 

0' 
la a proper symbol to represent an infinite quantity ; that is, a 
quantity greater than any assignable quantity. 

Since the value of a fraction diminishes as its denominator be- 
comes greater with reference to its numerator, the expression 

A 

00 

ia a proper symbol for a quantity less than any assignable quan- 
tity. Hence, 

-r- and 00 


are synonymous symbols ; and so likewise, are 

— and 0. 

00 

We have been thus particular in explaining these ideas of m- 
finity, because there are some questions of such a nature, that 
infinity'' may be considered as the true answer to the enunciation. 

In the case just considered, where m = n, it will be perceived 
that there is not, properly speaking, -any solution infinite and de- 
terminate numbers ; but the value of the unknown quantity is found 
to be infinite. ' 

• 

112. If, in addition to the hypothesis m = n, we also sup{X)se 

that a = 0, we have f = — , or < X = 0; a result which will 

be satisfied by any value of t. 

To interpret this result, let us consider again the enunciation, 
from which it is perceived, that if the two couriers travel equally 
fast, and are once at the same point, they ought, ever afler, to 
be together, and consequently the required time is entirely undO' 
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termined. Therefore, the expression — is, in this case, the 

83rmbol of an indeterminate quantity. 

The preceding suppositions are the only ones that lead to re- 
markable results ; and they are sufficient to show to beginners 
the manner in which the results of Algebra answer to all the cir- 
cumstances of the enunciation of a problem. 

113. It should be observed, that the expression — is not a 

certain symbol of indetermination, but frequently arises from the 

existence of a common factor in each term of the fraction, which 

factor becomes nothing, in consequence of a particular hypothesis. 

For example, suppose the value of the unknown quantity lo be 

_ a3 — *3 
a^ -b^ 
If, in this formula, a is made equal to &, there results 


" = -0 
Bvt observe (Art. 48), that 

a^-^P=z{a- b) {a^ + ab + b^) 

and o2 — ^2 = (a — b) (a -|- b), 

hence, we have 

_ (a-b) (gg + ab + b^) 

Now, if we suppress the common factor a — b, and then sup- 
pose a = &, we shall have 

_ a^ + ab -\-P _ 3a« _ 3a 
~ a~T~b ~" 2a" "" 2"' 

Let us suppose, that in another example, we have 

If we suppose a = b, we have 



If, however, we suppress the factor common to the numerator 
and denominator, in the value of a?, we have, 

_(a-\-h) (a - h) _a-\-b _2b _ 
~ {a — b)[a — h) ~~ a — b ^ "o" "" °°* 



I 



I 
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Therefore we conclude, that before pronouncing upon the true 
value of the fraction, 

"o" 

it is necessary to ascertain whether the two terms do not contain 
a common factor. If they do not, we conclude that the fraction is 
really indeterminate. If they do contain one, suppress it, and then 
make the particular hypothesis ; this will give the true value of 
the fraction, which will assume one of the three forms 

A A ^ 

B"' T' "o"' 

that is, it will be determinate, infinite, or indeterminate. 

This observation is very useful in the discussion of problems. 

Of Lieqicalities. 

114. In the discussion of problems, we have often occasion to 
suppose quantities unequal, and to perform transformations upon 
them, analogous to those executed upon equalities. We some- 
times do this, to establish the necessary relations between the 
given quantities, in order that the problem may be susceptible of 
a direct, or at least, of a real solution. We often do it, to fix the 
limits between which the particular values of certain given quan- 
tities must be found, in order that the enunciation may fulfil a 
particular condition. Now, although the principles established for 
equations are, in general, applicable to inequalities, there are nev- 
ertheless some exceptions, of which it is necessary to speak, in 
order to put the beginner upon his guard against some errors that 
he might commit, in making use of the sign of inequality. These 
exceptions arise from the introduction of negative expressions into 
the calculus, as quantities. 

In order to be clearly understood, we will give examples of 
.the different transformations to which inequalities may be sub- 
jected, taking care to point out the exceptions to which these 
transformations are liable. 

115. Two inequalities are said to subsist in the same sense, 
when the greater quantity stands at the left in both, or at the 
right in both ; and in a contrary sense, when the greater quan- 
tity stands at the right in one, and at the left in the other. 
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Thus, 25 > 20 and 18 > 10, or 6 < 8 and 7 < 9, 

are inequalities which subsist in the same sense ; and the in- 
equalities 

15 > 13 and l5 < 14, 

subsist in a contrary sense. 

\, If we add the same quantity to both members of an inequality^ 
Of subtract the same quantity from both members^ the resulting t«- 
eguality will subsist in the same sense. 

Thus, take 8 > 6 ; by adding 5, we still have 

fl + 5>6 + 5; 

and subtracting 5, we have 

8 — 5 > 6 — 5. 

When the two members of an inequality are both negative, that 
one is the least, algebraically considered, which contains the great- 
■ est number of units. Thus, — 25 < -— 20 ; and if 30 be added 
to both members, we have 5 < 10. This must be understood 
entirely in an algebraic sense, and arises from the convention be- 
fore established, to consider all quantities preceded by the minus 
sign, as subtractive. 

The principle first enunciated, serves to transpose certain terms 
from one member of the inequality to the other. Take, for ex- 
ample, the inequality 

a^ + ft2 > 3ft2 - 2a2 ; 
there will result, by transposing, 

a2 + 2a2 > 3*2 _ j2^ or 3a^ > 2b^. 

2, If two inequalities subsist in the same sense, and we add them 
member to member, the resulting inequality will also subsist in the 
same sense. 

Thus, add a > *, c > rf, <? >/: and ^ 

there results a + c + e'^b + d -\-f 

But this is not always the case, when we subtract, member from 
member, two inequalities established in the same sense. 

Let there be the two inequalities 4 < 7 and 2 < 3, we have 

4 — 2 or 2 < 7 — 3* or 4. 



'' ' ' -V ' 7 
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But if we have the inequalities 9 < 10 and 6 < 8, by sub- 
tracting we have 

9 — 6 or 3 > 10 — 8 or 2. 

We should then avoid this transformation as much as possible, 
or if we employ it, determine in which sense the resulting in- 
equality exists. 

3. If the two members of an inequality he multiplied hy a positive 
number, the resulting inequality will exist in the same sense. 

Thus, a<b, will give 3a < 3^ ; 

and, — a < — - 6, •— 3a < — 3ft. 

This principle serves to make the denominators disappear. 

From the inequality — --z — > — , we deduce, by mul- 
tiplying by Body 

3a (a2 - ft2) > 2d {c^ - cP), 

and the same principle is true for division. 

But, when the two members of an inequality are multiplied oi 
divided by a negative number, the inequality will subsist in a con 
trary sense. 

Take, for example, 8 > 7 ; multiplying by — 3, we have 

— 24< —21. 

8 8 7 ' 
In like manner, 8 > 7 gives — ^, or — —■ < . 

Therefore, when the two members of an inequality are multi- 
plied or divided by a number expressed algebraically, it is ne- 
cessary to ascertain whether the multiplier or divisor is negative ; 
for, in that case, the inequality will exist in a contrary sense. 

4. It is not permitted to change the signs of the two members of 
an inequality, unless we establish the resulting inequality in a con- 
trary sense ; for this transformation is evidently the same as mul- 
tiplying the two members by — 1. 

5. Both members of an inequality between positive numbers can 
be squared, and the inequality will ea^st in the same sense. 

Thus, from 5 > 3, we deduce, 2b > 9 ; from a-^- h'^ c, we 

find 

(a + by > c3. 
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6. When the signs of both members of the inequcHity are not 
known, toe cannot tell btfore the operation is performedy in which 
sense the resulting inequality will exist. 

For example, — 2<3 gives (—2)2 or 4<9; but 3>— 5 
gives, on the contrary, (3)^ or 9< (— 5)2 or 25. '• 

We must, then, before squaring, ascertain the signs of the two 
members. 



EXAMPLES. ' 



1. Find the limit of the value of x in the expression 

5ar — 6 > 19. Ans, a? > 5. 

2. Find the limit of the value of x in the expression 

14 
3ar + -~- ar — 30 > 10. Ans. ar > 4. 

3. Find the limit of the value of x in the expression 

1 1 . a? .13 ^ 17 

6 322^^2 

4. Find the limit of the value of x in the inequalities 

ax . , a* 

-r- + oa? — ao > -— . 

5 d 

-_. _ fla? + aft < y . 

5. The double of a number diminished by 5 is greater than 
25, and triple the number diminished by 7, is less than double 
the number increased by 13. Required a number which shall 
satisfy the conditions. 

By the question, we have 

2a: — 5 > 25. 

3ar — 7 < 2ar + 13. 

Resolving these inequalities, we have ap > 15 and x < 20. 
Any number, therefore, either entire or fractional, comprised be- 
tween 15 and 20, will satisfy the conditions. 
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CHAPTER V. 

BXTRACTION OF THE SQUARE ROOT OF NUMBERS. ^FORMATION OF 

THE SQUARE AND EXTRACTION OF THE SQUARE ROOT OF ALOE- 
BRAIC QUANTITIES.^-CALCULUS OF RAOICAI.S OF .THE SECOND 
DEOREE. 

116. The square or second power of a number, is the product 
which arises from multiplying that number by itself once : for 
example, 49 is the square of 7, and 144 is the square of 12. 

The square root of a number, is that number which multiplied 
by itself once will produce the given number. Thus, 7 is the 
square root of 49, and 12 the square root of 144 : for, 7 x 7 = 49, 
and 12 X 12 = 144. 

The square of a number, either entire or fractional, is easily 
found, being always obtained by multiplying the number by itself 
once. The extraction of the square root is, however, attended 
with some difficulty, and requires particular explanation. 

The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 

and their squares, 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100: 

and reciprocally, the numbers of the first line are the square roots 
of the corresponding numbers of the second. We may also re- 
mark that, the square of a number expressed by a single figure^ tottt 
contain no figure of a higher denomination than tens. 

The numbers of the last line, 1, 4, 9, 16, &c., and all other 
numbers which can be produced by the multiplication of a num- 
ber by itself, are called perfect squares' 

It is obvious, that tl^re are but nine perfect squares among aO 
the numbers which can be expressed by one or two figures : the 
square roots of all other numbers expressed by one or two figures 
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wUl be found between two whole numbers differing from each 
other by unity. Thus, the square root of 55, comprised between 
the perfect squares 49 and 64, is greater than 7 and less than 8. 
Also, the square root of 91, comprised between the perfect squares 
81 and 100, is greater than 9 and less than 10. 

Cvery number may be regarded as made up of a certain num- 
ber of tens and a certain number of units. Thus 64 is made up 
of 6 tens and 4 units, and may be expressed under the form 

60 + 4 = 64. 

Now, if we represent the tens by a and the units by i, we 
shall have 

a + 6 = 60 + 4, 
and (a + hj' = (60 + 4)^, 

and consequently, 

fl2 + lah + 62 = (60)2 -^ 2 X 60 X 4 + (4)a = 4096. 

Hence, the square of a number composed of tens and units con- 
tains, the square of the tens^ plus twice the product of the tens by 
the units, plus the square of the units, 

117. If now, we make the units 1, 2, 3, 4, &c., tens, by an- 
nexing to each a cipher, we shall have, 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100; 

and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000, 

from which we see that the square of one ten is 100, the square 
of two tens, 400, &c. : and hence, the square of tens will contain no 
figure of a less denomination than hundreds^ nor of a higher name 
than thousands. 

Let us now take any number, as 78, and square it. We have 

78 = 70 + 8 ; 

thai is, equal to 7 tens, or 70, plus 8 units. 

Seven tens, or 70 squared - - (70)^ = 4900 

twice the tens by the units is, 2 x 70 x 8 = 1120 

square of the units is, - - - (8)^ = 64 

hence, (78)^ = 6084. 

Let us now reverse this process an(f find the square root of 
6084. 
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6084 



7 X 2 = 14 8 



60 84 1 78 
49 

nil 

1184 




Since this number is composed of more than two 
places of figures, its roots will contain more than one. 
But since it is less than 10000, which is the square 
of 100, the root will contain but two figures; that is, units and 
tens. ^ 

Now, the square of the tens must be ftund in the two left- 
hand figures which we will separate from the other two, by 
placing a point over the the place of units, and another over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two squares 
49 and 64, of which the roots are 7 and 8 : hence, 7 is the figure 
of the tens sought ; and the required root is ccwiposed of 7 tens 
and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 
number, from which we separate 
it by a vertical line : then we 
subtract its square 49 from 60, 
which leaves a remainder of 11, 
to which we bring down the two 
next figures 84. The result of this operation is 1184, and this 
number is made up of tuoice the product of the tens by the units 
plus the square of the units. 

But since tens multiplied by units cannot give a product of a 
less name than tens, it follows that the last figure 4 can form no 
part of the double product of the tens by the units : this double 
product is therefore found in the part 118. 

Now, if we double the tens, which gives 14, and then divide 
118 by 14, the quotient 8 is the units* figure of the rooty or a 
figure greater than the units' figure. This quotient figure can 
never be too small, since the part 118 will be at least equal to 
twice the product of the tens by the units : but it may be too large ; 
for, the 118 besides the double product of the tens by the units, 
may likewise contain tens arising from the square of the units. 

To ascertain if the quotient 8 expresses the units, we write the 
8 to the right of the 14, which gives 148, and then we multiply 
148 by 8. Thus, we evidently form, 1st, the square of the units, 
and 2d, the double product of the tens by the units. This mul- 
tiplication being efiected, gives for a product 1 1 84, a number equal 
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to the result of the first operation. Having subtracted the prod- 
uct, we find the remainder equal to : hence 78 is the root 
required. 

Indeed, in the operations, we have merely subtracted from the 

iven number 6084, Xst, the square of 7 tens or of 70 ; 2d, twice 

ibe product of 70 by 8 ; and 3d, the square of 8 : that is, the 

ihree parts which enter into the composition of the square of 78. 

Remark. — The operations in the last example have been per- 
formed on but two periods. It is plain, however, that the same 
reasoning is equally applicable to larger numbers ; for, by chan- 
ging the order of the units, we do not change the relation in 
which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, have 
the same relation to each other, as in the number 6084 ; and 
hence, the methods pursued in the last example are equally ap- 
pUcable to larger numbers. 

Hence, for the extraction of the square root of numbers, we 
have the following 

RULE. 

I. Separate the given number into periods of two figures each, he^ 
ginning at the right hand: the period on the left will often contain 
but one figure. 

II. Find the greatest square in the first period on the left, and 
place its root on the right after the manner of a quotient in division. 
Subtract the square of the root from the first period, and to the 
remainder bring down the second period for a dividend, 

III. Double the root already found and place it on the left for a 
divisor. Seek how many times the divisor is contained in the divi" 
dend, exclusive of the right-hand figure, and place the figure in the 
root and also at the right of the dim^. 

IV. Multiply the divisor thus augmented, by the last figure of 
the root, and subtract the product from the dividend, and to the re* 
mainder bring down the next period for a new dividend. 

V. Double the whole root already found, for a new divisor, and 
continue the operation as before, until all the periods are brought 
dawn. 

I. Remark. — If, after all the periods are brought down, there is 
no remainder, the proposed number is a perfect square. But if 
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there is a remainder, we have only found the root of the greatest 
perfect square contained in the given number, or the aUire part 
cf the root sought. 

For example, if it were required to extract the square root of 
168, we should find 12 for the entire part of the root and a re- 
mainder of 24, which shows that 168 is not a perfect square. 
But is the square of 12 the greatest perfect square contained in 
168? That is, is 12 the entire part of the root? To prove this, 
we will first show that, the difference between the squares of ttoo 
consecutive numbers^ is equal to twice the less number augmentei 
by unity. 

Let a = the less number, 

and a + 1 = the greater. 

Then ' (a + l)^ =a^ + 2a + I 

and (a)* = a* 

Their difference is = 2a + I bs enunciated. 

Hence, the entire part of the root cannot be augmented 5y 1, im* 
less the remainder is equal tOy or exceeds twice the root found, plus 
unity. 

But, 12 X 2 + 1 = 25 ; and since the remainder 24 is less 
than 25, it follows that 12 cannot be augmented by a number as 
great as unity: hence, it is the entire part of the root. 

The principle demonstrated above, may be readily applied in 
finding the squares of consecutive numbers. 

If the numbers are large, it will be much easier to apply tJie 
above principle than to square the numbers separately. 

For example, if we have (651)2 = 423801; 

and wish to find the square of 652, we have 

(651)2 = 42.3801 

+ 2X6510= 1302 

+ 1 = I 

and (652)2 -_ 425104. 

Also, (652)2 = 425104 

+ 2 X 652 = 1304 

4-1 = 1 

(653)2 = 426409. 
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II. Remark. — The number of figures in the root will always 
be equal to the number of periods into which the given number 
is separated. 

EXAMPLES. 

1. To find the square root of 7225. 

2. To find the square root of 17689. 

3. To find the square root of 994009. 

4. To find the square root of 85678973. 

5. To find the square root of 67812675. 

Of Incommensurahle Numbers, 

118. If a number is not a perfect square, its square root is 
said to be incommensurahle. or irrationaL because it cannot be ex- 

pressed in terms of the numerical unit. Thus, v2 > V^> V '^ > 
are incommensurable numbers. They are also sometimes called 
radicals or surds. 

Two or more numbers are said to be prime with respect to 
each other, when there is no whole number except unity which 
will divide each of them without a remainder. Thus, the num- 
bers 3 and 5 are prime with respect to each other ; and so also 
are 4 and 7 and 9. 

In order to prove that the root of an imperfect power cannot 
be expressed by exact parts of unity, we must first show that, 

Every number P, which mil exactly divide the product A X B 
of two numbers^ and which is prime with one of them^ will divide 
the other. 

Let us suppose that P will npt divide A, and that A is greater 
than P. 

Let us now find the greatest common divisor of A and P. If 

we represent the entire quotients by Q, Q'', Q^^, &c., and the 

remainders, respectively, by R, R\ W\ &c. ; we shall have 

A IIP 

hence, A = PQ + R, 

hence, P = RQ' + R% 

« 

hence, R = R'Q^' + R'%- 



Q 

II R 



R 11^ 



^ '^1, hence, R^= R^^Q^''+ R'^^ 



8 
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Now, since Ue emainders R, R', R^', Ac, constantly dimin- 
ish, if the division be continued sufficiently far, we shall obtam 
a remainder equal to unity ; for the remainder cannot be 0, since 
by hypothesis A and P are prime with each other. Hence, we 
have the following equations : 

A =P Q +R 
P = R Q^ + R' 
R = R' Q^^ + R'' 
R' =r W'Q''' + R''' 



Multiplying the first of these equations by B, and dividing by 
P, we have 



AB 
But, by h3rpothesi8, is an entire number, and since B 

and Q are entire numbers, the product BQ^ is an entire number. 

Hence, it follows that ^ is an jentire number. 

If we multiply the second of the above equations by B, and 
divide by P, we have 

^ BRQ^ ^ BR' 

BR 
But we hare already shown, that is an entire number; 

hence — — — is an entire number. This being the case, -p- 

must also be an entire number. If the operation be continued 
until the number which multiplies B becomes 1, we shall have 

— 15 — equal to an entire number, which proves that P will di- 
vide B. 

In the operations above we have supposed A > P ; but if 
P > A, we should first divide P by A. 

Hence, if a number P will exactly divide the product of two num' 
bers, and is prime with one of them, it will divide the other. 
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We see from what has preceded that, xf P is prime with re- 
spect to any number as a, it will also he prime with respect to 2? 
and the higher powers of a. 

For, if P will divide a^ =zax a^ it must divide one of the fac- 
tors a or a. But this would be contrary to the supposition ; hence, 
P cannot divide a^. In the same way it may be proved that it 
cannot divide the higher powers of a. 

We will now show that the square root of an imperfect square 
cannot be expressed by a fractional number. 

Let c be an imperfect square. Then if its exact root can be 
expressed by a fractional number, we can assume 

in which the fraction -r- is in its lowest terms : that is, in 



which a and h are prime with respect to each other. 

Now, if we square both members of the equation, we have 

a^ 

in which c is an entire number \ and hence, if the equation is 
true, a^ must be divisible by h^. 

But if a^ is divisible by h^, the product a x a z=z <t^^ must be 
divisible by ft; for the division would be effected by dividing 
twice by ft. iBut we have seen that a^ is not divisible by ft; 
therefore, we cannot express the square root of an imperfect 
square by a fractional number. 

Extraction of the Square Root of Fra^ctions. 

119, Since the second power of a fraction is obtained by squar- 
ing the numerator and denominator separately, it follows that the 
square root of a fraction will be equal to the square root of the 
numerator divided by the square root of the denominator. 



For example, 



JZ-± 
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But if tlie numerator and the denominator are not both perfect 
squares, the root of the fraction cannot be exactly found. We 
can, however, easily find the exact root to within less than ooe 
of the equal parts of the fraction. For this purpose, 

Multiply both terms of the fraction by the denominator — this makes 
the denominator a perfect square. Then extract the square root of 
the perfect square nearest the value of the numerator, and place the 
root of the denominator under it — this fraction will be the approxi- 
mate root. 

3 

Thus, if it be required to extract the square root of —-, we 

5 

15 
multiply both tprms by 5, which gives — : the square nearest 

4 
15 is 16: hence, — is the required root, and is exact to with- 
in less than —-. 

5 

120. We may, by a similar method, determine, approximatively, 
the roots of whole numbers which are not perfect squares. Let . 
it be required, for example, to determine the square root of an 

entire number o, nearer than the fraction — ; that is to say, to 

n 

find a number which shall differ from the exact root of a, by a 

quantity less than — . It may be observed that, 

n ,1 



a = 



an^ 
IF 



If we designate by r the entire part of the root of cn^, the 
number ar^ will then be comprised between r* and (r + 1)^; and 

— ;r- will be comprised between ^- and ^ 5—^; and conse 

tt* r^ fir 

quendy the true root of a is comprised between 



VI -^s/^- 



r r + 1 

that is, between — and . But the difference between 

n n 

1 r 

^ese numbers is — : hence — will represent the square root 

n n 



I 
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of a within less than the fraction — . Hence to obtain the root : 

n 

Multiply the given number by the square of the denominator of 

the fraction whidi determines the degree of approximation : then ex" 

tract the square root of the product to the nearest unit, and divide 

this root by the denominator of the fraction, 

1. Suppose, for example, it were required to extract the square 

root of 59, to within less than ■— -. 

First, (12)2 = 144; and 144 x 59 = 8496. 

Now, the square root of 8496 to the nearest unit, is 92 : hence 

92 1 

-- = 7^®y, which is true to within less than -—. 



2. To find the yll to within less than — . 

^ 15 



3 To find the -v/223 to within less than — . 

^ 40 



Ans, 3--. 
15 



37 
Ans, 14- 



121. The manner of determining the approximate root in deci- 
mals, is a consequence of the preceding rule. 

To obtain the square root of an entire niunber within — , 

11 . . * 

— — , , &c., it is only necessary according to the preceding 

rule, to multiply the proposed number by (10)^, (100)^, (lOOO)*; 
or, which is the same thing, 

Annex to the number, two, four, six, <^c,, ciphers : then extract 
the root of the product to the nearest unit, and divide this root by 
10, 100, 10.00, &c., which is effected by pointing off one, two, three^ 
^.y decimal places from the right hand, 

EXAMPLES. 

1 



1. To find the square root of 7 to within 



100 
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Having multiplied by (lOO)^, that is, 
having annexed four ciphers to the right 
hand of 7, it becomes 70000, whose 
root extracted to the i^earest imit, is 
264, which being divided by 100 gives 
2.64 for the answer, which is tnie to 

1 
100' 

1 



within less than 



70000 
4 



2.64 



46 



524 



300 
276 

2400 
2096 



2. Find the -/^O to within 



100' 



3. Find the \/227 to within 



10000 



304 Rem. 



Ans. 5.38. 



Ans. 15.0665. 



Remark. — ^The number of ciphers to be annexed to the whole 
number, is always double the number of decimal places required 
to be found in the root. 

122. The manner of extracting the square rgot of decimal firac- 
tions is deduced immediately from the preceding article. 

Let us take for example the nimiber 3.425. This fraction is 

3425 
equivalent to . Now 1000 is not a perfect square, but the 

denominator may be made such without altering the value of the 

34250 
fraction, by multiplying both the terms by 10; this gives -rrzz 

10000 



or 



34250 

(Too)2* 



Then extracting the square root of 34250 to the 



nearest unit, we find 185 ; hence 



185 

Too 



or 1.85 is the required 



root to within 



1 
100' 



If greater exactness be required, it will be necessary to add to 
the number 3.4250 so many ciphers as shall make the periods 
of decimals equal to the number of decimal places to be found in 
the root. Hence, to extract the square root of a decimal fraction : 

Annex ciphers to the proposed number until the number, of deei' 
mal places shall be equal to double the number required in th^ root. 
Then extract the root to the nearest unit, and point off from tkt 
right hand the required number of decimal places. 
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EXAMPLES. 

1. Find the -y/ 3271.4707 to within .01. Ans. 57.19. 

2. Find the >/ 3 1.027 to within .01. Ans, 5.57. 



3. Find the -/ 0.01001 to within .00001. Ans. 0.10004. 

123. Finally, if it be required to find the square root of a vui 
gar fraction in terms of decimals : 

Change the vulgar fraction into a decimal and continue the di- 
vision until the number of decimal places is double the number re- 
quired in the root. Then extract the root of the decimal by the last 
rule. 

EXAMPLES. 

1. Extract the square root of — - to within .001. This num- 

14 

Der, reduced to decimals, is 0.785714 to within 0.000001. The 

root of 0.785714 to the nearest unit, is .886 : hence 0.886 is the 

root of -- to within .001^ 
14 



/I 



2. Find the \/ 2— to within 0.0001. Ans, 1.6931. 

15 



Extraction of the Square Root of Algebraic Quantities. 

124. Let us first consider the case of a monomial. In order 
to discover the process for extracting the square root, let us see 
how the square of a monomial is formed. 

By the rule for the multiplication of monomials (Art. 41), we 
hare 

(5o2ft3c)2 = 5a2j3c X ba^h^c = 25a^b^(^ ; 

that is, in order to square a monomial, it is necessary to square 
its co-efficient, and double the exponent of each letter. Hence, to 
find the square root of a monomial, 

1st. Extract the square root of the co-ejicient and divide the ex- 
ponent of each letter by two. 2d. To the root of the co-efficient 
annex each letter with its new exponent, and the result mil be the 
' required root. 
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Thus, -/64a6^ = SaW ; for, Sa^A^ X Sc^h^ = 64a66*, 
and, ^625^2^ = 25aMc3 ; for, (2bab^(?Y =i&2,baH^e^. 

125. From the preceding rule, it follows, that, when* a monomial 
is a perfect square, its numerical co-efficient is a perfect square, and 
the exponent of every letter an even number. Thus, 250^6^ is a 
perfect square, but 9Sab^ is not a perfect square; for, 98 is not 
a perfect square, and a is affected with an uneven exponent. 

An imperfect square is introduced into the calculus by affecting 

it with the radical sign y , and written thus, y 98aA*. Quan- 

tities of this kind are called radical quantities, or irrational quan- 
tities, or simply radicals of the second degree. 

These expressions may sometimes be simplified. For, by the 
definition of the square root, we have 

V a X V a = (ya )^ = ^» 

V^ X ^/~ab = {y/^y = ab, 

^J abc X y/abc = {^J ahcY = abc^ 

^ abed X ^ abed = (yahcdY = abcd\ 

and the same would be true for any number of factors. 

Again, 
(/7. -yfb . yr. ^/lf = (>/T)2 , (/7)2 . (^7)2 . (yT)2 = abed, 
by the rule for multiplying monomials (Art. 41). 

Now, since, (yabcdy = abed, 

and, (y a . yb . ^ c . y dy = abed ; 
it follows, that the quantities themselves are equal: hence, 

yf abed z=i ^ a . y/ b . yf c . '^ d ', that is, 

The square root of the product of two or more factors is equal to 
the product of the square roots of those factors. 

This being proved, we can write 

V'QSflM = y/^^b^ X 2o = yf^^ X V^a- 
But, V49J* = 752 : 

hence, ^/^Bab^ = Ib^ y/2a. 



CHAP, v.] SQUARE ROOT .OF ALGEBRAIC QUANTITIES. 121 

In like manner, 

^ ^^a^hHH = -y/^c^hH^ X 5bd = ScAcy/bbd, 

V^Seia^^ = V^144a2^,V0 X 6bc = 12ab^c^ y^dbc. 

The quantity which stands without the radical sign is called 
the co-efficient of the radical. Thus, 7b^, Sabc, and I2ab^c^, are 
c(hefficients of the radicals. 

In general, to simplify a radical of the second degree : 

Divide the quantity under the radical sign by the smallest mono- 
mial, with reference to its co-efficients and exponents, that will give 
for a quotient a perfect square. Then, extract the root of the per- 
fect square and place it without the radical sign, under which, write 
the monomial used as a divisor. 

EXAMPLES. 

1. To reduce ^75a^bc to its simplest form. 

2. To reduce ^/l28b^aPd^ to its simplest form. 

3. To reduce y32a^b^c to its simplest form. 

4. To reduce y256aH^c^ to its simplest form. . 

5. To reduce '^I024a^'^c^ to its simplest form. 

6. To reduce y72Si^^^d to its simplest form. 

126. Since like signs in both the factors give a plus sign m 
the product, the square of — a, as well as that of + «» will be 
a^ : hence, the root of a^ is either -{- a or —a. Also, the square 
root of 250^6* is either + 5aJ* or — 5ab^. Whence we may con- 
clude, that if a monomial is positive, its square root may be af 
fected either with the sign + or — ; 

thus, -/9a* = lb 3a\ 

for, + Sa^ or — 3a^, squared, gives 9a*. The double sign ± 
with which the root is affected, is read plus or minus. 

If the proposed monofnial were negative, it would have no square 
root, since it has just been shown that the square of every quan- 
tity, whether positive or negative, is essentially positive. There- 
fore, 

-/— 9, y34^ -/- 8a% 

are algebraic symbols which indicate operations that cannot be 
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performed. They are called imaginary quantities^ or rather, im 
aginary expressions, and are frequently met with in the resolution 
of equations of the second degree. 

127. Let us now examine the law of formation of the. square 
of a polynomial ; for, from this law, the rule is deduced for ex- 
tracting the square root. 

It has already been shown (Art. 46), that, 

(fl + bf = fl^ + 2ah + h^ ; that is, 

The square of a binomial is equal to the square of the first term 
plus twice the product of the first term by the second^ plus thi 
square of the second. 

The square of a polynomial, is the product arising from multi- 
plying the polynomial by itself once : hence, the first term of the 
product, arranged with reference to a particular letter, is the 
square of the first term of the polynomial arranged with reference 
to the same letter. Therefore, the square root of the first term 
of such a product will be the first term of the required root. 

128. Let us now extract the square root of the polynomial 

28a« + 49a* + 4a^ + 9 + 42a^ + I2a^ , 
which arranged with reference to the letter a, becomes, 



4a6 + 28a« + 49a* + 12a3 + 42a2 + 9 
4a6 



R = 28a5 + 49a* + 12a3 + 42a2 + 9 
28a5 + 49a* 



R^ = - - 12a3 + 42a2 + 9 

12a3 + 42a2 + 9 



R^'= - - 



2a3+ 7a2 + 3 



4a3+ 7a2 
7a2 

28a5+ 49a* = {2r+ Or' 
4a3+14a2+3 
3 



12a2+ 42a2+ 9 = (2n + r^Y 



Now, since the square root of 4a® is 2a^, it follows that 2(^ 
is the first term of the required root. Designate this term by f, 
and the following terms of the root, arranged with reference to a, 
by /, r^^j r^^\ &c. 

Now, if we denote the given polynomial by* N, we shall have 

N = (r + r' + r^'+ r"'' -f <fec. ;)« 

or, if we designate all the terms of the root, after the first, by s 

N == (r + 5)2 = r* + 2r5 + s^ 

= r* + 2r (r^ + r^' + r"'' + &c.) + s^. 
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If now we subtract r^ = 4a®, from N, and designate the re- 
mainder by R, we shall have 

R = N — 4a« = 2r (K + r^'' + f" + &c. ) + *^ ; 

in which the first term 2rr^ will contain a to a higher power 
than either of the following terms. Hence, if the first term of 
the first remainder be divided by tvnce the first term of the root^ 
the quotient will be the second term of the root. 

If now, we place r + r^ =i n 

and designate the remaining terms of the root, r^\ r^'\ &c., by ^, 
we shall have 

N = (n + O* = «* + 2ny + ^ ; and 

R' = N - »2 = (2r + 2r^) {/' + r''' + Ac.) + ^'2 . 

in which, if we perform the multiplications indicated in the sec- 
ond member, the term 2rr^^ will contain a higher power of a than 
either of the following terms. Hence, if the first term of the 
second remainder be divided by twice the first term of the root^ the 
quotient will be the third term of the root. 

If we' make 

r + r' + r^' — n', and r^'^ + r^ + Ac. = y'-', 

WQ shall have 

N = (»' + s'y = n^ + 2ny '+ ^^ ; and 

R'^ = N - n^2 = 2 (r + K + r"') {f" + r^ + <fcc.) + ^\ 

from which we see, that the first term of any remainder, divided 
by twice the first term of the root, will give a new term of the re* 
quired root. 

It should be observed, that instead of subtracting n^ from the 
given pol3momial, in order to find the second remainder, that that 
remainder could be found by subtracting (2r + r^) r' from the 
first remainder. So the third remainder may be found by sub- 
tracting (2n + r^^) r^^ from the second, and similarly for the re- 
mainders which follow. 

In the example above, the third remainder is equal to zero, 
and hence the given pol3momial has an exact root. 

Hence, for the extraction of the square root of a polynomial, 
we have the following 



« 
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RULE. 

I. Arrange the polynomial with reference to one of its letters, 
and then extract the square root of the first term, which will give 
the first term of the root. Subtract the square of this term from 
the given polynomial. 

II. Divide the first term of the remainder by twice the first term 
of the root, and the quotient will be the second term of the root, 

III. From the first remainder subtract the product of twice the 
first term of the root plus the second term, by the second term, 

IV. Divide the first term of the second remainder by twice the 
first term of the root^ and the quotient will be the third term of 
the root, 

Y. From the second remainder subtract the product of twice the 
first and second tertns of the root, plus the third term by the third 
term, and the result will be the third remainder, from which the 
fourth term of the root may be found ; and proceed in a similar 
manner for the remaining terms of the root. 

EXAMPLES. 

1. Extract the square root of the polynomial 

49^2^2 __ 24a63 + 25a* — ^Oa% + 16&*. 

First arrange it with reference to the letter a, 
25a* — 30a36 + 49^252 _ ^Aab^ +166* 



25a* 



R =— 30a36 + 49a262 — 24a63 + 166* 

— 30a36+ ^aW 
R' = + 40a252 _ 24a63 + 166* 

+ 40a2^2 _ 24a63 + 166* 

R'^= . . T : i : 



5a2 — 3a6 + 46^ 

10a2 — 3a6 
— 3a6 

30a36 + 9a262 

10a2 — 6a6 + 46^ 

463 

40^2^2 _ 24a 6 3 + 166* 



2. Find the square root of 

a* + 4a3a; + Qa^x^ + Aas^ + «?♦. 

3. Find the square root of 

a* — 2a3ar + ^a^!j^ — 2aa^ + a*. ^ 

4. Find the square root of 

4x« + 12x« + 5a?* — 2:r3 + 7«3 — 2a? + 1. 



V 



CHAP, v.] SQUARE ROOT OF ALO£BRAIC QUANTITIES. 125 

5. Find tlie square root of 

9a* — I2a^ + 2BaW — l^ah^ + 16K 

6. Find tlie square root of 

25a*&2 _ 40^3*2^ + rea^ftV — ABaV^t? + 36*^ _ 30^4^^ + 2U%g^ 

— 36a2ic3 + 9a*c2. 

. 129. We will conclude this subject with the following remarks : 
1st. A binomial can never be a perfect square. For, its root 
cannot be a monomial, since the square of a monomial will be a 
monomial ; nor can the root be a polynomial, since the square of 
the simplest polynomial, viz., a binomial, will contain at least 
three terms. Thus, an expression of the form 

^2 H- ^2 

can never be a perfect square. 

2d. A trinomial, however, may be a perfect square. If so, 
when arranged, its two extreme terms must 'be squares, and the 
middle term double the product of the square roots of. the other 
two. Therefore, to obtain the square root of a trinomial, when it 
is a perfect square, 

Extract the roots of the two extreme terms, and give these roots 
the same or contrary signs, according as the middle term is post' 
tive or negative. To verify it, see if the double product of the two 
roots is equal to the middle term of the trinomial. Thus, 

9a^ — 48a*J2 ^ Q4a^h^ is a perfect square, 

for, y/~9^ = 3a3, and y/64aH^ = — 8aP, 

and also, 2 X Sa^ x — 8ab^ = — 4Sa*b^, the middle term. 

But 4aa + I4ab + 9b^ 

is not a perfect square : for, although 4a^ and + 9^^ are the 
squares of 2a and 35, yet 2 X 2a x 3b is not equal to 14a6. 

3d. When, in extracting the square root of a pol)nriomial, the 
first term of any one of the remainders is not exactly divisible 
by twice the first term of the root, we may conclude that the 
proposed polynomial is not a perfect square. This is an evident 
consequence of the course of reasoning, from which the general 
rule for extracting the square root was deduced. 
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4th. When the poljraQinial is not a perfect square^ the express 
sion for its square root may sometimes be simplified. 

Take, for example, the expression 

The quantity under the radical is not a perfect square : bnt h 
can be put under the form 

ab (a2 + 4ab + 4b^). 

Now, the factor within the parenthesis is evidently the square of 
a + 26, whence we have 

y/c^b + 4a^b^ + 4ab^ = (a + 2b) -/o^. 

Of the Calculus of Radicals of the Second Degree* 

130. A radical quantity is the indicated root of an imperfect 
power. If the root indicated is the square root, the expression is 
called a radical of the second degree. Thus, 

are radicals of the second degree. 

131. Two radicals of the second degree are simil ar ^ when the 
quantities under the radical sign are the same in both. Thus, 

3 y 6 and bc-s/ b are similar radicals ; and so also, are 9 y2 

and 7y2] 

Addition and Subtraction. 

132. In order to add or subtract similar radicals, add or suJh 
tract their co-ejfficients, and to the sum or difference annex the eo»r 
mon radical. 

Thus, Za yfb + 5c ^fT = (3a + be) -/T; 

and 3a -/T — be -y/T = (3a — 5c) ^/T . 

In like manner, 

7 -/ia + 3 -y/^a = (7 + 3) V^ = 10 V^t 
and 7 -/ia — 3 -/ia = (7 — 3) ^/2a = 4 ^/2a. 

Two radicals, which do not appear to be similar, may beccnw 
so by simplification (Art. 125). 
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For example, 

and 2^45 — 3y^ = 6 \/T — 3 y^ = 3 V^- 

When the radicals are not similar, their addition or subtraction 
can only be indicated. Thus, to add 3 yX to 5 ya > ^^ write 

5 -v/T + 3 -y/T- 

MultipliccUion. 

133. To multiply one radical by another, let us observe that 

(ya X ybY = ^^ '» ^'^ 
thaty {yaby =a6; hence, 

(-vAfl X \^y = (v^)^ 5 ^'^d consequently, 

ya^ X \b = vW: that is 

The product of two radicals of the second degree is equal to the 
square root of the product of the quantities under the radical signs 

When there are co-efficients, we first multiply them together y and 
write the product before the radical sign. Thus 

3 -y/^ X 4 y/20a z= 12 yioOa^Tzr 120a -y/ b 

2a V^ X 3o V^ = 6«^ V^ = ^^^*^- 

2fl y^M^ X — 3a ^a2 + b^ = — Ga" (a" + ^). 

Division, 

134. To divide one radical by another, let us observe that 

that (Vt) "^T* ^®^®®» 

^^7=^ = V^- : that is, 

^/b ^ * 

The quotient of two radicals is equal to the square root of the 
q*wtient of the quantities under the radical signs* 



128 ELEMENTS OF ALGEBRA. ICHAP. 7. 

When there are co-efficients, torite their quotient as the c(hep 
dent of the radicals. 
For example, 

5a JT -r 2h yT= 7;tV— • 

2h ^ e 

And \2ae ^/Ebc-^ 4c -/ift = 3a v/ 1^17 = 3a ^/3e. 

135. There are two transformations of frequent use in finding 
the numerical values of radicals. 

The first transformation consists in passing the co-efficient of 
a radical under the radical sign. Take, for example, the ex- 
pression 3a V 56. By applying the rules for the multiplication of 
radicals we may write, 

3a -/Eh = >/9a2 x -/H^ = ^/^^FxTb = ^/46aH, 

Therefore, the co-efficient of a radical may he passed under the roir 
teal sign, as a factor, hy squaring it. 

The principal use of this transformation, is to find an approxi- 
mate value of any radical, which shall differ from its tru^ value, 
by less than unity. 

For example, take the expression 6 yl3. Now, as 13 is not 
a perfect square, we can only find an approximate value for itt 
square root ; and when this approximate value is multiplied by 6, 

the product will differ materially from the true value of 6 y 13. 
But if we write, 

6 ^/Ti = >/62 X 13 = V'Se X 13 = ^468, 

we find that the square root of 468 is the whole number 21| 
plus an irrational number less than unity. Hence, 

6 V 13 = 21 plus an irrational number .less than 1. 
In a similar manner we may find, 

12y7'=31 plus an irrational number less than 1. 

136. Having given an expression of the form, 

a a 

or 



P + yfq P - W 

in which a and p are any numbers whatever, and q not a per- 
fect square, it is the object of the second transformation to ren- 
der the denominator a rational quantity. 
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This object is attained by multiplying both terms of tlie frac- 
tion by p — yq, when the denominator is j9 + y^, and by 
P -f Vy > when the denominator is /> — \q\ and recollecting 
that the sum of two quantities, multiplied by their difference, is 
equal to the difference of their squares: hence, 

p + VT (;> + VT) (;> - VT) f-2 f^ — 9. 

in which the denominators are rational. 

As an example to illustrate the utility of this method of ap- 
proximation, let it be required to find the approximate value oC 

7 
the expression ■==.. We write 

3- y/b 

7 7 (3 + ^5) 21 + 7 VT 



3 — yr 9 — 5 4 

But, 7 -/ 5 = '/49 X 5 = -v/iis = 15 + an irrational 

number less than unity. Therefore, 

7 21 + 15 + irr. number < 1 _ ^ ^ I 



3 — V 5 4 4 

heneef 9 differs from the true value by less than one fourth. 

If we wish a more exact value for this expression, extract tha 
square root of 245 to a certain number of decimal places ^ add 21 
to this root, aTid divide the result by 4. 

For another example, take 

7V^5 

-/TT + ^/i' 

ftnd find its value to within 0.01. 
We have, 

7yT 7 v^( yiT - y/T) _ 7 ^55 - 7 yii 

/IT + yi "" 11-3 "" 8 
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Now, 7 -/55 = y5Fx'49'= -/2695 = 51.91,' within 0.01, 

and 7 ^15 = V^15 x 49 = -/735 = 27.11 - - - ; 

therefore, 

7 a/5" 51.91 ~ 27.11 24.80 ^ ,^ 
— = 3.10. 



^11 + -/S 8 8 

Hence, we have 3.10 for the required result. This is exact t» 
1 



within ^^^- 
800 

By a similar process, it will be found that 

3 4-2 W 
^ — ^ = 2,123, exact to within 0.001. 

5 y 12 — 6 V 5 

Remark. — The value of expressions similar to those above, may 
be calculated by approximating to the value of each of the rad- 
icals which enter the numerator and denominator. But as the 
value of the denominator would not be exact, we could not deter- 
mine the degree of approximation which would be obtained, where- 
as by the method just indicated, the denominator becomes rational, 
and we always know to what degree the approximation is made, 

Examples in the Calcultcs of Radicals. 

We make the reductions in the examples which follow, accord- 
ing to the methods indicated in Art. 125 ; though, it is sometimes 
necessary to multiply the quantity under the radical sign, instead 
of dividing it. ^j 

1. Reduce y 125 to its simplest form. ^ 

We first seek the largest perfect square that will exactly di- 
vide 125. We try, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, and 
144. We find that 25 is the only one that will give an exact 
quotient : hence, 

125 = ^25 X 5 = 5 y/1 . 



/50 
2. Reuuce ^ — - to its simplest form. 

We observe that 25 will divide the numerator, and hence 

/so ^iiTa rr 
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Since there is no perfect square which will divide 147, we 
must see if we can multiply it by any number which, will give 
a perfect square for a product. Multiplying by 2 we have 284, 
which is not a perfect square. Then trying 3, we find the prod- 
uct 441, whose square root is 21. Hence, we have 



^ 147 V 147 X 3 V 441 ^ " 21 ^ 

3. Reduce y98^^ to its most simple form. 

Arts. 7a y2x. 

4. Reduce -/(x^^-o^i^ to its most simple form. 

6. Required the sum of V^ and yl28 . 

Ans. 14 yr. 

6. Required the sum of -^27 and yl47 . 

Ans. 10-\/T. 

/T 727 

7 Required the sum of 'y — and ^ — . 

19 /— 
30^ 



8. Required the sum of 2 yaH and 3 y646jr*. 

9. Required the sum of 9 ^243 and 10 ^363. 

10. Required the difference of 'y — and y 5=' 



5 ^27 



Ans. ^V16. 
45 




11. Required the product of 5 yS and 3 y6 • 

Ans. 30-v/lO. 

2 /T" 3 /"t" 

12. Required the p];|^uct of ■«" V "Sr "^^ "T V Tft* 

Ans. j^V^ 

13. Divide 6 -/lO by 3y/T. 

14. What is the sum of -y/^Sab^ + h -yfna. 

15. What is the sum of -/lia*^ + ^/Hoi^. 

Ans. (3a>& + bob) V^2a^. 
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CHAPTER VI. 

EQUATIONS OF THE SECOND DEOREB. 

137. An Equation of the second de^ee is one in which the 
greatest exponent of the unknown quantity is equal to 2. If the 
equation contains two unknown quantities, it is of the second de- 
gree when the greatest sum of the exponents with which the 
unknown quantities are affected, in any term, is equal to 2. 

138. Equations of the second degree are divided into two 
classes. 

1st. Equations which involve only the square of the unknown 
quantity and known terms. These are called incomplete eqtuUions. 

2d. Equations which involve the first and second powers of the 
unknown quantity and known terms. These are called compku 
equations. 

Thus, sfi + 2x^--5=z7 

and 5a?* — 3a5* — 4 = a, 

are incomplete equations ; and 

3ap2 — 5a? —3a^ + a=zb 

2x^ — 8a:* — X -^ e :=z df 
are complete equations. 

Of Incomplete Eqimtions. 

139. The following is the most general form of an incomplete 
equation: viz., 

acfi — = <f . 

c 6 

If we reduce this to an equation containing only entire termSi 
we have, 

6aca^ — 6bx^ — 7c = 6cd • 
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hence, «^ (6ac — 6b) = 6cd + 7c, 

, 6cd-{- 7c 

by substituting m, for the known terms which compose the sec- 
ond member. Hence, every incomplete equation can be reduced to 
an equation involving but two terms, of the form 

x^ := m; 

and from this circumstance, the incomplete equations are often 
called, equations involving two terms. 
There is no difficulty in resolving equations of this form ; for, 

we have x z= y m. 

If m is a perfect square, the exact value of x can be found 
by extracting its square root, and the value will be expressed 
either algebraically or in numbers. 

If m is an algebraic quantity, and not a perfect square, it must 
be reduced to its simplest form by the rules for reducing radi- 
cals of the second degree. If m is a number, and not a perfect 
square, its square root must be determined approximatively by the 
rules already given. 

But the square of any number is +» whether the number it- 
self have the + or — sign : hence, it follows that 

(+ ^/my = mj and (— yOT)* = ^> 

and therefore, the unknown quantity x is susceptible of two dift- 
tinct values, viz. 

ap = + yffi » and a? = — y m ; 

and either of these values being substituted for x will verify the 
given equation. For, 

ap X a? = a?^ = + ym X + ym = «i; 

and X X X =z x^ -=: — ym X — ym = m. 

The root of an equation is any expression which, being substi- 
tuted for the unknown quantity, will satisfy the equation ; that is, 
make the two members equal to each other. Hence, every incom- 
plete equation of the second degree has two roots which are numeri- 
cally equal to each other; one having the sign plus, and the other 
the sign minus. 
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I. Let US take, as an exan^le, the eqaatum 

1 5 7 299 

3 ^12 24 ^24" 

wbich, by making the terms entire, becomes 

8*2 — 72 + 10a^» = 7 - 24a» + 299, 

and by transposing and reducing 

378 
42a» = 378 and «a=^ = 9; 



hence, «= + y9 = + 3; and «=— y9 =—3. 

2. As a second example, let us take the equation 

3a^» = 5. 
Dividing by 3 and extracting the square root, we have 

in which the values must be determined approximativelj. 

3. What are the values of a? in the equation 

ll(a» — 4)=r5(a2 + 2). -Ajw. «=s±3. 

4. What are die values of jt in the equation 



= n ^n*. « = =b 



V^l +n» 

(y Complete Equations of the Second Degree. 

140. The most general complete equation of the second degree « 
can be expressed under the form 

oa^ + hx — 3« — c=J; 
which may be put under the form 

aaj2 + (6 — 3)a? = </ + c; 
and by dividing by the co-efficient of oe^, we have 

A-.3 d+c 
a a 

If now, we substitute 2p for the co-efficient of x^ and represent 
the value of the second member by ^, we shall have, 

x^ + 2px = q. 
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The reduction to the above form is made : 

1st. By transposing all the terms involving o^ and a; to the 
first member, and all the known terms to the second. 

2d. If the term involving ar^ should be negative, the signs of 
ail the terms of the equation must be changed to render it posi- 
tive, and then divide both members by the co-efficient of a:^. Hence, 
every complete equation of the second degree can be reduced to an 
equation involving but three terms, and of the above form. The 
quantity q is called the absolute term. 

If we compare the first member of the equation 

a^ + 2px = q, 
with the square of a binomial 

(x + ay = x^ + 2ax + tfi 

we see that it needs but the square of j9 to render, it a perfect 
square. If then, p^ be added to the first member, it will become 
a perfect square ; but. in order to preserve the equality of the 
members, p^ must also be added to the second member. Making 
these additions, we have 

x^ + 2px -{- p!^ = q -{- p^ ; 

this is called completing the square, which is done by adding the 
square of half the co-efficient of or to both members of the equa- 
ticSI 
Now, if we extract the square root of both members, we have, 

X +p= =b y/q + J^s 
and by transposing />, we shall have 

ap = — /> -f y y + P^9 *^^ «=—/> — yq+^' 
Either of these values being substituted for x in the equation 

a* + 2px = q 
will satisfy it. For, we have from the first value, 

and 

2px =2p X {- p + ^/q + p^) = - 2p2 + 2p yfq+f 

hence ^ + %px = q. 
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For the second value, we have 

«^ = ( - p - ^/q+f? = p' + ^p Vq+f + q + f 

and 



2p« = 2p(-p--/H-p') =~2p2 -2^77+7^; 

hence, x^ + 2px = q ; 

and consequently, the values found above, are roots of the equa- 
tion. 

In order to refer readily, to either of these values, we shall call 
the one which arises from using the + sign before the radical, 
the first value of ar, or the first root of the equation ; and the 
other, the second value of ar, or the second root of the equation. 

Having reduced a complete equation of the second degree to 
the form 

a^ + 2px = ^, 

we can write immediately the two values of the unknown quan- 
tity by the following 

RULE. 

The first value of the unknown quantity is equal to half the cth 
efficient of x taken with a contrary sign, plus the square rootjif 
the absolute term increased by the square of half the co-efficient of x. 

The second value of the unknown quantity is equal to half the 
co-efficient of x taken with a contrary sign, minus the square root 
of tlie absolute term increctsed by the square of half the co-effidaA 
of X. 

1. Let us take as an example the equation 

flc^ - 7x + 10 = 0. \; 

By transposing 10, we have ^ 

a?2 — 7a? = — 10. 
Hence, a? = 3.5 + -/— 10 + (3.5)2 _. 3.5 ^ ^2.25 = 5, 

and a? = 3.5 — -/— 10 + (3.5)2 = 3.5 __ ^2.25 = 2. 

2. As a second example, let us take the equation 

^2 1.3 ft 2 o , 273 

Reducing to entire terms, we have 

10a;2 — 6« + 9 = 96 — 8x — 12*2 + 273, . 
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and transposing and reducing, 

22a?2 + 2a? = 360, 
and dividing both members by 22, 

^ . 2 360 
^22 22 ' 



hence, -=-^+\/^ + Q' 

22 V 22 ^ \22/ 

It oflen occurs, in the solution of equations, that p^ and q are 
fractions, as in the above example. These fractions most gen- 
erally arise from dividing by the co-efficient of a^ in the reduc- 
tion of the equation to the required form. When this is the case, 
we readily discover the quantity by which it is necessary to mul- 
tiply the terms of q, in order to reduce it to the same denominator 
with p^ ; after which, the numerators may be added together and 
placed over the common denominator. After this operation, the 
denominator will be a perfect square, and may be brought from 
under the radical sign, and will become a divisor of the square 
root of the numerator. 

To apply these principles in reducing the radical part of the 
values of j?, in the last example, we have 

/360 /iT^ _ /360 X 22 1 _ / 7920 + 1 

V 22 "*■ \22/ - V (22)2 "^ (22)« "" V (22)a 

22 ^ 22 

and therefore, the two values of x become, 

*'~""22"'"22""^"~' 

- - -L — — - - ?2 - -. 15 

"^""22 2 "" 22- 11 "' 

either of which values being substituted for x in the given equa- 
tion, will satisfy it. 

3. What are the values of x in the equation 

ax^ — acz=z ex — bx^. 
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We have, hy transposing and reducing, 

(a + ft) a* — ex z= ac; 

c oe 

hence, at* -— =• « = 



a + b a + i* 
and consequently. 



« = + „, "■ .x + V-^ + 



2{a + «) * a + ft 4(o + 6)«' 



and, « = + -— — -^^ — V — — Y + 



2(a+ b) ^ a + b^ 4{a+bY' 

If now, we multiply both terms of y by 4 (a + b), it will be 
reduced to a common denominator with /i^, kad we shall have 



V i^pT "^ 4 (a + bf "" V 4 (fl + 6)2 "" 2{a + b) * 

. " cd= y/4a^c + 4abe + c* 

hence, as =i •— -; — ■ — — . 

2 (a + 6) 

4. What are the values of a;, in the equations, 

6ar» — 37a; = -- 57. 

By reducing to the required form, we have 

. 37 57 

6 6 

. , 37 ^ / 57 . /37\2 

hence, .. = + _ ^ V ^ ^ + (12) ^ 

We observe, that if we multiply both terms of q by 2, and 
then by 12, that q and p^ will have the same denominator ; hence, 

, 37 ^ ^ /- 114 X 12 . (37)2 
^12 V (12)2 ^ (12)2- 

But, 114 X 12 = 1368 ; and (37)2 _, 1359 . 



, . 37 ^ /- 1368 + 1369 37 1 

hence, a? = H ± \/ — — =: -i ± — : 

^12 V (12)2 ^12 12* 

, . 37 , 1 38 19 
hence, ap= -\ = — = — , 

^12^12 12 6' 

J . 37 1 36 ^ 

and af= H = — = 3. 

^ 12 12 12 
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5. What are tlie values of or in the equation 

In this equation, the term which contains the second power of 
the unknown quantity^ is negative ; and since that term already 
stands in the first member of the equation^ it can only be ren- 
dered positive by changing the sign of every term of the equa- 
tion. Doing this, tr^sposing, and dividing by 2. we have 

a^ — ax=i2a^'-9ab+9b^i 



a* 



whence, x =-|- ± \J 2a^ — 9a6 + 9^ + -^ 



and the root of the radical part is equal to -^r — 36. Hence, 

« /3a „.v i_ f « = 2fl — 36. 



EXAMPLES. 



X 4 

1. Given, -r — 4 — a:* — 2« — a?* = 45 — 3a", to find or. 

3 5 

Ans, 5 * "■ • ( to within 0.01. 
i a = — 5.73 5 

2. Given, a^ — Sop + 10 = 19, to find a. 

Ans. a = 9, and a = — 1. 

3. Given, o^ — a; — 40 = 170, to find x. 

Ans, a = 15, and a = — 14. 

4. Given; 3a* + 2a — 9 = 76, to find a. 

A7is, a = 5, and a = — 5}. 

6. Given, ^ — ^ + 7f = 8, to find a. 

5 
Ans. X = 1^, and a = — ^. 

6. Given, nuc^ — 2mx y » = na* — mn, to find a... 




^ -y mn V ^^ 

Ans, a = — =:^ ==., a =r 



yw — y» y m -\- ^ n 
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7. Given -— -— - = 0, to find «. 

Ans. « = 4y jp = — — . 

ae * 

8« Given o*^ -—r 3= «r — ftjt», to find «. 

o + A 

A«*. J = — —^^ — — -r — . 

2{a + b) 

9 Given abafl H x = r , to find x. 

. 2a — 6 3« + 2ft 

Ans* X = , « = ; . 

ae DC 

ll|2j<2 

10. Given a* + ft* — 2&ar + a^ = — —, to find a. 

^n^. X = -T r (ftn ± V ^f^* + ft^'w^ — a%'). 



QITESTIONS. 

1. To find a number such, that twice its square added to three 
times the number, shall be equal to 65. 

Let X represent the number. Then, 

^ 2«2 + 3a? = 65, 



3 , /65 9" 3 23 

whence, or = - - ± Vy + ^^ = --j- 'T' 

therefore, 

a?— ^ + ^— ,anda?— — ^_ — ^. 

Both these values will satisfy the" question, understood in its 
algebraic sense. We have, 

3 X (5)2 + 3x5 = 2x25+15 = 65; 

« / 13\^ . o 13 169 39 130 ^^ 

and ^-_)+3x-y= — -- = ^=65. 

SupposflPFe had stated the question thus : — To find a number 
such, that three times the number subtracted from twice its square, 
shall give a product equal to 65. 
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If we denote the number by x we shall have 

2«2 — 3a? = 65 ; 

, 3 ^ ^ /65 . 9 3 23 

whence, x = - d.y/-^+ j^ = -^±-; 

, . 3 . 23 13 , 3 23 

therefore, ap = •—- + —- = —-, and a? = = — 5, 

4 4 2' 4 4 ' 

values which differ firom those found before, only in their signs. 

If the last enunciation be understood in its algebraic sense, the 

13 
— 5 equally with the + --- will satisfy both the enunciation 

and the equation. It is true that the second term — 3x will 
be added to the first term ; for, the subtraction of 3 times — 5, 
will give + 15. 

. A person purchased a number of yards of cloth for 240 
If he had received 3 yards less, for the same sum, it 
d have cost him 4 cents more per yard. How many yards 
di4l|ie purchase ? 

Let X = the number of yards purchased. 

Then, the price per yard will be expressed by — . 

If, for 240 cents, he had received 3 yards less, that is, x ^ B 
yards, the price per yard, under this hypothesis, would have been 

Lp^„.d b, J^, Bu, b, *e Z^M^ ^ ■»■ c». 

X — 3 

would exceed the. first, by 4 cents. Therefore, we have the equa* 

tion 

240 240 

X — 3 X 
whence, by reducing, sc^ -^ 3x = 180, 

3 , f9~~ 3 ± 27 
and a. = _.d= Y-j- + 180=s— ^ — ; 

therefore, ap = 15, and x= — 12. 

The value x =z 15 satisfies the enunciation understood in its 

240 
arithmetical sense ; for, 15 yards for 240 cents, gives -—, or 

16 cents for the price of one yard, and 12 yards for 240 cents, 
gives 20 cents for the price of one yard, which exceeds 16 by 4 



s. 



> 



\ I 
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The ~ 12 will satisfy the question in its algebraic sense, and 
considered without reference to its sign, will be the answer to 
the following arithmetical question : — A person purcliased a number 
of yards of cloth for 240 cents : if he had paid the same sum for 3 
yards more, it would have cost him 4 cents less per yard, Horn 
many yards did he purchase ? 

Remark. — In the solution of a problem, both roots of die equa^ 
tion will satisfy the enunciation, understood in its algebraic sense. 

If the enunciation, considered arithmetically, admits of a double 
interpretation, when translated into the language of Algebra, the 
solution of the equation will make known the fact: and hence, 
while one root resolves the question in its arithmetical sense, the 
other resolves another similar question also in its arithmetical 
sense ; and both questions will be stated by equations of the same 
general form, having equal numerical roots with contrary si 

3. A man bought a horse, which he sold for 24 doUan 
the sale, he lost as much per cent, on the price of his purc^se^ 
as the horse cost him. What did he pay for the horse ? W 

Let X denote the number of dollars that he paid for the }idtii|^ 
then, 0? — 24 will express the loss he sustained. But as he lofl|^ 

per cent, by the sale, he must have lost —- upon each dollar, andri 

upon X dollars he loses a sum denoted by rr^; we have then 

the equation 

x^ 
-— = a? — 24, whence «» — 100* = — 2400 ; 

and ap = 50 ± -/— 2400+2500 = 50 d: 10. 

Therefore, a? = 60 and x = 40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave 60 dollars for 
the horse and sold him for 24, he then loses 36 dollars. But^ 
from the enimciation he should lose 60 per cent, of 60, that is, 

60 ^ ^^ 60 X 60 ^^ . r ^r. ' ^ ^ 

of 60 = — — — — = 36 ; therefore 60 satisfies the enun- 



100 100 

ciation. 

If he pays 40 dollars for the horse, he loses 16 by the sale; 
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■•'1. : 

40 -^ '' * 

for, he should lose 40 />cr cent, of 40, or 40 x rr^ = 16 ; there- 

« 

fore 40 yerifies the enunciation. 

4. A grazier bought as many sheep as cost him jETGO, and after 
reserving 15 out of the number, he sold the remainder for JS54; 
and gained 2^. a head on those he sold : iiow many did he buy ? 

Ans. 75. 

5. A merchant bought cloth for which he paid jETSS 15^., which 
he sold again at £^ 8^. per piece, and gained by ' the bargain 
as much as one piece cost him; how many pieces did he buy? 

Ans. 15. 

6. What number is that, which, being divided by the product 
of its digits, the quotient is 3 ; and if 18 be added to it, the 
digits will be inverted ? An^, Hl^ # 

7. To find a number such that if you subtract it from 10, and 
malt^|ly the remainder by the number itself, the product shall be 21. 

^" Ans, 7 or 3. 

ite^ Two persons, A and B, departed from different places at the 
8a%D time, and travelled toward each other. On meeting, it ap- 
peared that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15f days, but B would have been 
28 days in performing A's journey. How far did each travel ? 

( A 72 miles. 
c B 54 miles. 
J,;</w®« A company at a tavern had £% 15*. to pay for their reck- 
\^ y'oning ; but before the bill was settled, two of them left the room, ' ^ 
and then those who remained had 10*. apiece more to pay than «, 

before : how many were there in the company ? Ans, 7. ' ^ 

10. What two numbers are those whose difference is 15, and '^^- 
of which the cube of the lesser is equal to half their product ? ^ / 
^ Ans, 3 and 18. 

J I. Two partners, A and B, gained $140 in trade: A's money 
was 3 months in trade, and his gain was $60 less than his stock ; 
B's money was $50 more than A's, and was in trade 5 months : 
.what was A's stock? Ans, $100. 




\ 



12. Two persons, A and B, start from two different points and 
travel toward each other. When they meet, it appears that A has 
travelled 30 miles more than B. It also appears that it will take A 




-X- 






% 
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4 days to travel the road that B had come, and B 9 days to travel 
the road that A had come. What was their distance apart when 
they set out ? iln^. 150 miles. 

Discussion of Eqtuitions of the Second Degree^ c;^' - 

141. Thus far, we Kave only resolved particular problems in- 
volving equations of the second degree, and in which the known 
quantities were expressed by particular numbers. 

We propose now, to explain the general properties of these 
equations, and to examine the results which flow firom all the sup- 
positions that may be made on the values and signs of the known 
quantities which enter into them. 

142. It has been shown (Art. 140), that every complete equa- 
tion of the second degree can be reduced to the form 

x^ + 2px=:q (1), 

in which p and q are numerical or algebraic quantities, whole 
numbers, or fractions, and their signs plus or minus. 

If we make the first member a perfect square, by adding jp* to 

both members, we have 

a^ + 2px+p^ = q+p^^ 

which may be put under the form 

Whatever may be the value of ^ + pl^, its square root may be 
represented by m, and the equation put under the form 

(a? + p)^ =s m^f and consequently, (a? + />)* — m* = 0. 

But, as the first member of the last equation is the difference 
between two squares, it may be put under the form 

{x+p--m)(x+p + m) = 0, (2) 

in which the first member is the product of two factors, and the 
second 0. Now we can make the product equal to 0, and con- 
sequently satisfy equation (2), only in two different ways: viz., 
making 

X + p -^ m = Oy whence, « = — /) + m, 
or, by making 

X + p + m =s 0, whence, a? = -^ p -- tn; 



<d 
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and by substituting for m its value, we have 



X =: — p + \q+^9 and x = — j> — y y + p^. 

Now, either of these values being substituted for x in its cor- 
responding factor of equation (2), will satisfy that equation, and 
coDsequently, will satisfy equation (1), from which it was derived. 
Hence we conclude, 

1st. That every equation of the second degree has two roots, and 
only two, 

2d. That every equation of the second degree may he decomposed 
into two binomial factors of the first degree with respect to x, having 
X for a first term^ and the two roots, taken with their signs changed, 
for the second terms. 

For example, the equation 

0)2 + 3a? — 28 = 

being resolved gives op = 4 and ac = — 7 ; either of which values- 
will satisfy the equation. We also have 

{x - 4) (« + 7) = jc2 + 3a. — 28. 

If the roots of an equation are known, we readily form the bi- 
nomial factors and the equation. 

1. What are the factors, and what is the equation, of whicb 
the roots are 8 and — 9 ? 

« — 8 and re + 9 

are the binomial factors, and 

(ar-8)(«-f9) = a:3 + jj_72 = 
is the equation. 

2. What are the factors, and what is the equation, of which 
the roots are — 1 and + 1. 

(a? + l)(T- l) = x«- 1 =0. 

3. What are the factors and what is the equation, whose roots 
are 



7 4. ^ -_ 1039 , 7 - -/ - 1039 

— n[6 — ^""^ 16 — • 

= 8ar2 — 7x -h 34 = 0. 
10 



/ 
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143. If we designate the two roots of any equation by a/ and 
9^\ we shall have 

o/^—p + y/q + ^y and a^'rr — p— V7+7^ 
by adding the roots, we obtain, 

ar' + ar'^zs — 2p; 
and by multiplying them together, 

ge^ae^^ = — ^. Hence, 

1st. The algebraic sum of the two roots is equal to the eo-^jffUmt 
of the second term of the equation^ taken with a eontranf sign 

2d. The product of the two roots is equal to the absoltUe term, 
taken also with a contrary sign, 

144. Thus far, we have regarded p and q as algebraic quanti- 
ties, without considering the essential sign of either, nor have we 
at all regarded their relative values 

If we first suppose p and g to be both essentially positive, the: 
to become negative in succession, and after that, both to become 
negative togc^ '^r, we shall have all the combinations of sign? 
which can arib and the complete equation of the second de- 
gree will, therefo. always be expressed under one of the four 
following forms: — 

r^ + 2px^ q (1). 

^'^ - 2pa: = q (2), 

ap2 f 2m = — 5- (3), 

ac^ — 2^;r = — jr (4). 

These equations being resolved, give 

x^^pzhy/ qJtf (1), 
« = + j> ± yf q^^f (2), 

«=-;i=4=V^+Jp' (3), 

OP = -f ;> ± -/— ^-f 1^ (4). 

In order that the value of or, in these equations, may be found 
either exactly or approximatively, it is necessary that the quan- 
tity under the radical sign be positive (Art. 126). 

Now, p^ being necessarily positive, whatever may be the sign 
of p, it follows, that in the first and second forms all the values 
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of X will be real. They will be determined exactly, when the 
quantity q + p^ is a perfect square, and approximatively, when it 
is not so. 
Since q and p^ are both positive, the numerical value of the 

radical expression ± y ^ + p'^ will be greater than p, and hence 
the second member of the equation will have the same sign as 
the radical. Therefore, in the first form, the first root of the equa- 
tion will be positive, and the second root negative. 

The positive root will, in general, as already observed, alone 
Batisfy the problem understood in its arithmetical sense ; the neg- 
ative value, answering to a similar problem, differing from the first 
only in this ; that a certain quantity which is regarfcd as addi- 
tive, in the one, is sublractive in the other, and the reverse. 

In the second form, the first value of x is positive, and the 
second negative, the positive value being the greater. 

In the third and fourth forms, the values of x will be imaginary 
when q > p^, and real when q < j^. 

And since \ — q+p^<ip, it follows that the real values of 
g will both be negative in the third form, and both positive in the 
fourth. 

145. The last properties which have been proved, may be shown 
from the two properties of an equation of the second degree, de- 
monstrated in Art. 143. They are : 

The algebraic sum of the roots is equal to th^ co-efficient of the 
second term, taken with a contrary sign, and their product is equal 
to the absolute term, taken also with a contrary sign. 

In the first two forms, q being positive in the second member, 
it follows that the product of the two roots is negative : hence, 
they will have contrary signs. But in the third and fourth forms, 
q being negative in the second member, it follows that the prod- 
uct of the two roots will be positive : hence, they will have like 
signs, viz., both negative in the third form, where 2p is positive, 
and both positive in the fourth form, where 2p is negative. 

Moreover, since the sum of the roots is affected with a sign 
contrary to that of the co-efficient 2p, it follows that the nega- 
Hoe root mil be the greatest in the first form, and the least in ph$ 
second. 



148 ELEMENTS OF ALGEBRA. [CHAP. VI. 

146. We will now show, that when in the third and fourtli 
forms the roots become imaginary, that is, when q > p\ that the 
conditions of the question will be incompatible with each other, 
and therefore, the values of x ought to be imaginary. 

Before showing this, it will be necessary to establish a propo- 
sition on which it depends: viz., 

If a given number he decomposed into two parts, and those parts 
multiplied together^ the product toill be the greatest possible when the 
parts are equal. 

Let a be the number to be decomposed, and d the diflerence 
of the parts. Then 

* a d 

— + -— = the greater part (Art. 32). 

and ■:: :r- = the less part. 

2 2 ^ 

a^ d^ 
and — = P, their product (Art. 46). 

Now it is plain, that P will increase as d diminishes, and that 
it will be the greatest possible when ^ = ; that is, 

a a a^ , . ^ . ^ 

-^ X — = --- 18 the greatest product 

147. Now, since in the equation 

a^ — 2px = — q 

2p is the sum of the roots, and q their product, it follows that.^ 
cannot be greater than p^. The relations between p and q, there- 
fore, fix a limit to the value of q ; and if we assume, arbitrarily, 
q > />^, we express by the equation a condition which cannot be 
fulfilled, and this contradiction is made apparent by the values of 
X becoming imaginary. Analogy would lead us to conclude that. 

When the value of the unknown quantity is found to be iftK^n- 
ary, the conditions expressed by the equation are intompcUibU tntk 
each other. 

Remark. — Since the roots, in the first and second forms, have 
contrary signs, the condition that their sum shall be equal 'to a 
given number 2p, does not fix a limit to their product : hence, ifl 
those two forms the roots are never imaginary. 



-^ 
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148. We riiall conclude this discussion by the following re 
marks: — 

Ist. If, in the third and fourth forms, we suppose q =j]^, the 
radical part of the two values of a? becomes 0, and both the values 
reduce to x = =p p : the two roots are then said to he equal. 

In fact, by substituting p^ for q in the equation, it becomes 

a^ zb 2^05 = — />2j whence 
«2 ± 2px +p^ = 0, that is, (a? ztpY = 0. 

Under this . supposition, the first member becomes the product 
of two equal factors. Hence, the roots of the equation are equal, 
since the two factors being placed equal to zero, give the same 
value for x. ' 

2d. If, in the general equation, 

X^ + 2pae = q, 

we suppose q =^0, the two values of x reduce to 

a?= — j>+/> = 0, and x = -^ p -^ p =z — 2p. 

Indeed, the equation is then of the form 

x^ + 2px =0, or x{x + 2p) = 0, 

whicli can only be satisfied, either by making 

a? = 0, or X + 2p = 0; 

whence, ap = 0, and a? = — 2p; 

Uiat is, one of the roots is 0, and the other the co-efiicieat of «, 
:. taken with a contrary sign. 

. .3d. If, in the general equation 

x'^ dt 2px z=. :iz q^ 

we suppose 2p = 0, there will result 

ap^ = =b ^, whence, a? = ± y±q; 

. that is, in this case the two values of x are equal, and have con- 
trary signs, real in the first and second forms, and imaginary in 
the third and fourth. 

. The equation then belongs to the class of equations involving 
two terms, treated of in Art. 139. 

4th. Suppose we have at the same time /» = 0, ^ = ; the equa- 
tion reduces to «^ = 0, and gives two values of x, equal to 0. 
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149. There remains a singular case to be examined, which is 
often met with in the resolution of problems involying equatkms 
of the second degree. 

To discuss it, take the equation 

, . , . — Art -v/PT^ 

which sives x = ^- . 

^ 2a 

Suppose, now, that from a particular hypothesis made upon the 

given quantities of the question, we have a = ; the expression 

for X becomes 



r ^ 



X zz r • whence, ^ _^ 

Let us first interpret the first root of x = -r-. 

By multiplying the numerator and denominator of the second 
member of the equation 

X = -i~| — ^ by — 5 — V *' 4- 4«: 

we obtain 



X = 



2o (-- A — yA»+ 4ac) 2a {-^ h — ^h^ + Aac) 



hence, x = , , by dividing by 2fl. 

^h^^b^ + Aac 

c 
and consequently, x = — , by making a = 0. 

Hence we see that the apparent indetermination arises from s 
common factor in the numerator and denominator. 
In regard to the second root 

*"" 0' 
we see that it is presented under the form of infinity. By making 
a = 0, in the equation 

aa^ + 5ap = c, 

it reduces to an equation of the first degree, 

5a? = c. 
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It is the|tfore impossible that it can have tu>o roots ; and hence, 
such a supposition gives one of the values of x infinite. 

We have already seen (Art. 147), that imaginary values of the 
unknown quantity indicate the introduction, into the equation, of 
contradictory conditions. By considering the ahove discussion, and 
that of Art. 110, we would conclude, that a result which is in- 
finite, indicates the introdttction into the equation of a condition that 
is absolutely impossible. 

If we had at the same time 

a = 0, 5 = 0, c = 0, 

the proposed equation would he altogether indeterminate. This is 
the only case of indetermination that the equation of the second 
degree presents. 

We are now going to apply the principles of this general dis- 
cussion to a problem which will give rise to most of the circum- 
stances that are commonly met with in problems involving equas 
tions of the second degree. 



Problem of the Lights. 

/ / /_ 

a' A C B c 

150. Find upon the line which joins two lights, A and B, of 
different intensities, the point which is equally illuminated ; ad- 
mitting the following principle of physics, viz : The intensity of 
the same light at two different distances^ is in the inverse ratio of 
the squares of these distances. 

Let the distance AB, between the two lights, be expressed by 
e ; the intensity of the light A, at the units distance, by a ; that 
of the light By at the same distance, by h. Suppose C to be the 
eq[ually-illuininated point, and make AC =z x, whence BC = c — x. 

By the principle we have assumed, the intensity of A, at the 
unity of distance, being a, its intensity at the distances 2, 3, 4, 

Ac, will be — -, -—, -— , &c. ; hence, at the distance x it will 

4 9 16 

be expressed by — r. In like manner, the intensity of B at the 

a?* 

distance c — a?, is r r^r ; but, by the conditions, these two 

(c — xy 
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Q" A c B cy ^ 

<->ci — y 
intensities are equal to each other, and therefore we have the 

equation 

a__ A 

which can be put under the form 

(c^xy _ h 
^ a' 

Hence, = "~ Y= — ; whence, 

1st root IS, ag= . — ^«b, which gives, c-^a?g- . — — » 

2d root IS, Of = —7= 7=, which gives, c — « = ^ ^ . 

1st. Suppose a > 5. 
The first value of a; is positive ; and since 

Y a 



yfa -V-yfT 



<1, 



it will be less than c, and consequently, the required point C, 
will be situated between the points A and B. We see moreover 
that the point will be nearer B than A ; for, since a > &, we 
have 

y/a + ya or, 2 ya > (va + v^> whence, 

V a 1 _ , e 'U a c 

'-j==- 7= > — ; and consequently, . — j==, > — . 

-/(/♦+ V* 2 ^ a +y/ b 2 

Indeed, this ought to be the case, since the intensity of A was 
supposed greater than that of B. 

The corresponding value of c — ar, as may be easily shown, i» 
also positive, and less than one half of c ; that is, 

c y/b ' c 

■v/T+ VT 2* 
The second value of x is also positive ; but since. 



OHAP. TI.] EQUATIONS OF THE SECOND DEOREB. IS3 



y o — ^/ h 



>1, 



it will be greater than c ; and consequently, the required point 
will be at some point C\ on the prolongation of AB^ and at the 
right of the two lights. 

We may, in fact, conceive that since the two lights exert their 
illuminating power in every direction, there should be upon the 
prolongation of AjB, another point equally illuminated; but this 
point must be nearest that light whose intensity is the least. 

We can easily explain, why these two values are connected 
by the same equation. If, instead of taking A C for the unknown 
quantity x, we had taken AC^, there would have resulted 
BC^ z=z X — c ; and the equation 

a__ ^ 

a* "" (a? — e)^' 

Now, Hs {x — e)' is identical with (c — a?)^, the new equation is 
identical with that already estsfblished, which consequently should 
have given AC^ as well as AC, 

And since every equation is but the algebraic enunciation of a 
problem, it follows that, when the same equation enunciates several 
problems, it ought by its different roots to solve them alL 

When the line AC is represented by the unknown quantity x 
both members of the equation 



c — « = 



y a — y A 



are negatived, as they ought to be, since a; > c. 
By changing the signs of both members, we have 

x-e= '^^ = BC'. 
y a — \ b 

2d. Let a<ft. 
This supposition gives a positive value for 



X = 



v« + yb 
and since ya + yb > y/a + yo/ that is, > 2 ya 
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. e 




it follows that, 

and consequently, 

and therefore, under this hypothesis, the point C, situated between 
A and B, will be nearer to A than Jff, as indeed it ought, since 
the feebler light is at A, 

The second value of or, that is, 

ya — y& \ b — ya 

is essentially negative. How is it to be interpreted t 

Let us suppose that we had considered C^\ at the left of X, 
as the point of equal illumination, and that we had represented 
AC' by - X. 

Then, Ba' = BA + A(y'', 

that is, BC^^ =:c+ (—«) = « — «; 

and the equation of the problem would be 

that IS, — ^ = 



X = 



and therefore, this equation ought to give the point C^' which lies 
to the left of A, as well as the points C and C^ which lie to the 
right. 

It should be observed, that we have regarded — a?, which rep- 
resents AC^\ as a mere symbol, without reference to the essential 
sign of X. Indeed, the essential sign of the unknown quantity is, 
in general, only made known in the final result. 

If it appears, in the final result, that x itself is negative, the 
numerical value of 

jBC'^ = c + (— ar) becomes BC'' = c + x\ 

that is, BC^^ .will be equal to c plus the numerical value of «, 
or to c minus its algebraic value. Hence, 

\ b — ^/ a yf b — ya 
a quantity which is essentially positive. 
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3d. Let a z= b. 
Under this supposition, the value of x, and that of e — x, for 
the point C between A and B, both reduce to — ; that is, when 

the lights are of equal intensity, the point of equal illumination is 
at the middle of the line AB, 

The value of x, and that of c — a?, for the points C and C, 
which lie on the prolongation of AB, both reduce to 

+ c yfa — c y/h - . ' . 
^r^ , or, to ~ , that is, to mfimty; 

which indicates, that the conditions of the question are absolutely 
impossible. It is evident, indeed, that they are so; for, when the 
intensity of the two lights is equal, no part lying on the prolon- 
gation of AB could be as much illuminated by the distant as by 
the nearer light : hence, the supposition of equal illumination, from 
which the equation of the problem is derived, is impossible; and 
this is shown in the analysis by the corresponding values of the 
unknown quantity becoming infinite. 

4th. Let a = 5, and c = 0. 

Under these suppositions, the value of x and of c — x, for the 
point of equal illumination between A and B, both reduce to 0, 
as indeed they ought to do, since the points A, B, and C, are 
then united in one. 

The value of x, and of c — a?, for the points C^ and 0^^, re- 
duce to the indeterminate form 



Restuning the equation of the problem 

(a — i) re* — 2acx =z — c*^, 

we see that it becomes, under the above suppositions, 

0.x^ — 0.x = 0, 

which may be satisfied by giving to x any value whatever: hence, 
it is a case of indetermination. Indeed, since the two lights are 
of the same intensity, and are placed at the same point, they ought 
to illuminate equally every point of the straight line. 
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5tli. Let c = 0, and a and h be unequal. 

Under this supposition, both values of a?, and both values of 
c — 0?, will reduce to ; and hence, there is but one point of the 
line that will be equally illuminated, and that t^ ih£ point at wkich 
the two lights are placed. 

In this case, the equation of the problem reduces to 

(a-ft)a:2=.o, 
.which gives twb values, 

a? = 0, and x = 0. 

The preceding discussion presents a striking example of the 
precision with which the algebraic analysis responds to all the 
relations which exist between the quantities that enter into the 
enunciation of a problem. 

Examples involving Radicals of the Second Degree* 
1. Given, a; + yo^ + x^ =z — — , to find x. 

V 

By reducing to entire terms, we have 

X -yja^ + a^ + a2 + aj2 = ^a\ 

by transposing, x -yj a? + ^^ = a^ — op*, 

and by squaring, c^x^ + ic* = a*— 2c^t:^ + «*, 

hence, Sa^a:^ = a*. 

and consequently, a? = =fc 




2. Given, x/-^ + &« - \/4 - *^ = *, to find x. 
By transposing, y -^ + b^ =^\/ -i — b^ -\- b ; 



X* ^ XT 



and by squaring, ~ + ^2 - ^ _ 52 4. 26 \/-l__ ^2 4. ft3; 

x^ x^ ' ^ ar 

hence, p=^2b\/^-b\ and ^=:2\/-^-5«; 
and by squaring, i^ = --5- — 4^^ 5 
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and hence, ac^ = — , and « = d: 



^. GiTcn, — + V — '^ = y ' to find x, 

Ans. X =z ±: ^J'lah — h^, 
S. Given, y^^ + 2 v/-^- = *^V-4-, to find a?. 



« ^ac + a ^ X + a 

a 



Ans, x = 



(b =F ir 



5. Given, ^ — = i, to find a. 

o + V «^ — a?^ 



. ^ 2a yr 

AiW. OP = d= ^-r-. 

1 +6 



.2^ 



6. Given, -51== — ^ = ^, to find x. 

V a? — yx • 



a X — a 



a(l±n)2 
I ±2n 

7. GiH^,|^ -^--~= h -1 — ^= — = Y — , to find a?. 

-y/ X . y a? i 

' Ans. a? = ± 2 -/ai — R 
V- a Given. a + «+7^^+^^^ ^ ^^ ^ 



=b «. (1 =F -vg r- &») 

^&7»0« fib •^— * — ^— « 

Of Trinomial Eqtiations, 

151. Every equation which can be reduced to the form 

a?" 4- 2pa?" = q, 

in which m and n are positive whole numbers, and 2p and q, 
known quantities, is called a trinomial equation. 

Hence, a trinomial equation contains three kinds of terms : viz., 
terms which contain the unknown quantity affected with two dif- 
ferent exponents, and one or more known terms. 
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If we suppose m = 2 and n = 1, the eqoatioii becomes 

a trinomial equation of the second degree. ^ 

152. The resolution of trinomial equations of the second degree, 
has already been explained, and the methods which were pursued 
are, with some slight modifications, applicable to all trinomial equ^ 
tions in which m = 2n, that is, to all equations of the form 

a:^* + 2px* = q. 

Let us take, as an example, the trinomial equation of the fourth' 
degree, * 

COP* — dx^ — ax* +/= 7 + b. 

We have, x* + -^^ ar* - 7 + & — / 

c — a c — a 

and by substituting 2p for the co-efficient of x', and q for the ab- 
solute term, we have 

X* + 2px^ = q. 
If now, we make 

x^ = y, and consequently, x = ± yyl 
we shall have 

y2 + 2py = 5^, and y = — ;> d= y/T+^' 

hence, x = zfc \/ — ;> ± \/y + />*• 

We see that the unknown quantity has four values, since each 
of the signs + and — , which affect the first radical can be com- 
bined in succession with each of the signs which aflect the sec- 
ond ; but these values taken two and two are numerically equals and 
have contrary signs. 

EXAMPLES. 

1. Take the equation 

X* — 25x2 -- _ 144^ 

If we make x^ = y, the equation becomes, 

y2 - 25y = - 144, 
which gives, y = 16, and y = 9. 
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Substituting these values, in succession, for y in the equation 
0^ = y, and there will result, 

1st. a* = 16, which gives x = + 4 and « = — 4. 

2d. a^ = 9, which gives a? = + 3 and a? = — 3. 

Hence, the four values are +4, — 4, +3, and — 3. 

2. As a second example, take the equation 

af* - 7r* = 8. 
If we make «> = y, the equation becomes, 

y2 - 7y = 8, 
which gives y = 8> and y = — 1. 

Substituting these values, in succession, for y, and we have 

Ist. a^= 8, which gives a; = + 2 y 2, and ap r= — 2 y 2. 
2d. a^z=z — 1, which gives a? = + y — 1, and op = — y — 1 
The last two values of x are imaginary. 

3. Let us take the literal equation 

X* — (2bc + 4a2) a;2 = — ^c». 
By making aj* = y, we have 

ya — (2ic + 4a2) y = — 6»c»; 

whence, y = ^c + 2a2 db 2a ^/bc + a^ ; 

and consequently, 

« = ± \/&c + 2a^ zfc 2a -/ftc + a*. 

4. Suppose we have, 

2a? — 7 V^ = 99. 
If we make y« = y, we have ap = y*, and hence, 

2y2 — 7y = 99 ; 
from which we obtain 

y = 9, and y = — — • 

J 121 

hence, a? = 81, and ap= — —. 

4 

153. Before resolving the general case of trinomial equations, 
it may be well to remark that, the nth root of any quantity, is an 
expression which multiplied by itself n — 1 titnes will produce the 
given quantity. 
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The method of finding the nth root has not yet been explained, 
but it is sufficient for our present purpose that we are able to in- 
dicate it. 

Let it be required to find the values of y in the equation 

y2« + 2py« = q. 

If we make y" = a?, we have y^* = a^y and hence, the given 
equation becomes 

«2 -f. 2px = y, 

and hence, x = — pdti \q+^\ 

that is, y» = — /) ± yq + 



i2 



and 



y = y — /)d= vT-i-^ 



If we suppose n = 2, the given equation becomes a trinomial 
equation of the foiuth degree, and we have 

154. The resolution of trinomial equations of the fourth degree, 
therefore, gives rise to a new species of algebraic operation : viz., 
the extraction of the square root of a quantity of the form 

a ± yb, 

in which a and b are numerical or algebraic quantities. 

To illustrate the transformations which may be effected in ex* 

pressions of this form, let us take the expression 3 d= y5. 
By squaring it we have 

(3 ih ^/T)^ = 9 ± 6 -/?* + 5 = 14 ± 6 y/T: 

hence, reciprocally, x/ 14 dz 6 yS = 3 db y5 . 

As a second example, we have 

(y/Ti -y/Tlf = 7 ± 2 ^77 + 11 = 18 =fc 2 ^77: 

hence, reciprocally, \/l8 db 2 y/ll = y7 ± -v/ll. 
Hence we see, that an expression of the form 

may sometimes be reduced to the form 

ar±:y/T or yT^^y/T; 



^ 
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and when this transformation is possible, it is advantageous to 
effect it, since in this case we have only to extract two simple 
square roots ; whereas, the expression 



v^ 



requires the extraction of the square root of the square root. 

155. If we represent two indeterminate quantities by p and q, 
we can always attribute to them such values as to satisfy the , 
equations 

p^q^yJa+^/T - - - (I), 

and p '-' q^i'u a— ^/h - - - (2). 

These equations being multiplied together, give ^)^ ^/^' '' 

f-f^ ^/a^'-b - - - - (3). 

Now, if ;> and q are virraticmal.^ monomials invglving only single 
radicals of the second degree, or, if only one is irrational, it fol- 
lows that p^ and q^ will be rational ; in which case, p^ — q^, or 

its value, yo^ — 5, is necessarily a rational quantity, and conse- 
quently, a^ —• b is a perfect square. 

Under this supposition, a transformation can always be effected 
that will simplify the expression. 

By squaring equations (1) and (2), we have 

p^ -I- 2pq + q^ = a + y/h 

p^'-2pq'\-q^=za — VT, 

and by adding member to member, 

p!^ + q^ =a - - (4). 

If we denote the second member of equation (3) by e, we shall 
have 

p^^q^^c . . (5). 

By adding the two last equations and subtractuig equation (5) 
from (4), we have 

Stp* = fl H- c, and 2q^ = a — c . 
and therefore, /> = V — o — » *^^ 5W=V — o — » 

11 
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and consequentlj, 

Y a + V^ or p + qssdny ' 



^a + c 



a + e 



/a-c 
V 2 ' 


/a-c 



^a—^~bl or p — y=±Y' 
hence, 

x/a+/y=±(v/^ + V^) - - (6). 



These two fonnulas can be verified ; for by sqaaring both mem 
bers of the first, it becomes 

but, '^a^ — ft = c, gives c* =r a* — b. 

Hence, a + ^/T=z a + y/ a^ — a^ + ft = a + V^ 
The second formula can be verified in the same manner. 

Remark. — 156. Formulas (6) and (7) have been deduced with- 
oat reference to any particular value of e ; and hence, they are 
equally true whether c b(^ rcUional or irrational. If, however, e is 
irrational, they will not simplify the given expression, for each 
will contain a double radical. Therefore, in general, this trans- 
formation is not used, unless a^ — ft is a perfect square. 



EXAMPLES. 



1. Reduce y 94 + 42 V^= \/ 94 + ^ 8820, to its sim- 
plest form. We have a = 94, ft = 8820, 
whence, e = y/a^ — ft = -/8836 — 8820 = 4, 

a rational quantity; therefore, formula (6) is applicable to this 
case, and we have 

or, reducing, = ± (v49 + y 45) : 
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therefore, -y/94 +A2^/J = =fc (7 + 3 /s"). 

Indeed, 

(7 + 3 ^Tf = 49 + 45 + 42 V^= 94 + 42 ^). 

2. Reduce \/ np + 2m^ — 2m -^np + m*, to its simplest 
farm. We have 

a=znp + 2m^, and b = 4jn2 (np + m^), 

o'* — & = n^j9*, and c = y«^ — & = np ; 
and therefore, formula (7) is applicable. It gives, 

-f- (\ /^P "^ ^^^ "^ ^-P / np + 2m ^ — n/>\ 

and, reducing, it: (^np + m^ — m). 

Indeed, (v^ + w* — »*)^ = «p + 2jn2 — 2»i y np + «^» 

3. Reduce to its simplest form, 

y 16 + 30 V~l + Y 16 - 30 V-i. 
By applying the formulas, we find 

y 16 + 30 -/^ = 5+3 /-I, 
and yi6 — 30-/-l=:5-3v^-l: 

hence, y 16 + 30 V^"l + y 16 - 30 V^ - 1 = 10. 

This last example shows very clearly the utility of the general 
problem; because it proves that imaginary expressions combined 
together, may produce real, and even rational results. 

4. Reduce to its simplest form, 

y 28 + 10 -/T. Ans. 5 + -/?• 

5. Reduce to its simplest form, 

y 1 + 4 -/ - 3. Ana.2 + yf^Z. 

6. Reduce to its simplest form, 

\J he + 2i V^'^~ft3+ ^J he " 2b '/bT^. 

Ans, db2h 
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7. Reduce to its simplest fonn, 



x/ 



Ans. yob — yic^ — d^. 



Equations of the Second Degree involving two or more 

Unknown Quantities. 

157. An equation involving two or more unknown quantities, is 
said to be of the second degree^ when the greatest sum of the ex- 
ponents of the unknown quantities, in any term, is equal to 2. Thus, 
3^.2 ^ ^x + y^ — xy — dy -{- 6 =z 0, Ixy — 4a? + y = 0, 

are equations of the second degree. 

Hence, every general equation of the second degree, involving 
two unknown quantities, may be reduced to the form 

ay^ + hxy -{- ca^ + dy + fx •\' g -=. 0, 

a, b^ e, &c., representing known quantities, either numerical or 
algebraic. 

Take the two equations 

ay'^ + bxy + csx^ + dy +fx + g =0, 

o^y2 4_ I'xy -I- i/x^ + d'y +fx + g'=: 0. 

Arranging them with reference to x, they become 

cx^ + {by+f)x + ay^ + dy + g =0, 

c'x^ + {l/y 4-/0 aj -f ay ^ J'y + ^ = 0; 

from which we may eliminate (t^, afler having made its co-effi- 
cient the same in both equations. 

By multipl3ring the first equation by &, and the second by e, 
they become 

c</a?2 + (ft y 4-/) c'x + (ay^ + dy + g)cr =^0, 
c&x^ + (b'y+f)cx+(afy^ + dry+g')c =0. 
Subtracting one from the other, we have 

[{b(/ - cb')y +fcf - cf] x+ (at/ - ca^) y2 + (cfc'- e^y^-fpl 

- c^ = 0, 

which gives 

_ {eaf ^ae')y^ + {cd' — dcf) y + cg^ -^ gef 
, """" (b&^cb^)y+ff/-^cf • 
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This value, being substituted for x in one of the proposed equa- 
tions, will give a final equation^ involving y. 

But without effecting the substitution, which would lead to a 
very complicated result, it is easy to perceive that the final equa- 
tion involving y will be of the fourth degree. For, the numerator 
of the value of x being of the form my'^ + «y + />> its square 
will be of the fourth degree, and this square forms one of the 
parts of the result of the substitution. 

Therefore, in general, the resolution of two equations of the sec- 
ond degree f involving two unknown quantities, depends upon that of 
an equation of the fourth degree, involving one unknown quantity, 

158. The manner of resolving a general equation of the fourth 
degree, not having been yet explained, we cannot here give a 
complete theory of this subject. We will, however, indicate some 
of the particular methods by which equations of the second de- 
gree involving two or more unknown quantities, may be resolved 
by an equation of the second degree involving but one. 

1. Find two numbers such, that the sum of the respective prod- 
ucts of the first multiplied by 0, and the second multiplied by b, 
shall be equal to 2^; and the product of the one by the other 
equal to ,p. 

Let X and y denote the required nimibers, and we have 

ax + by=:: 2Sf 

and, xy =:p. 

From the first 

2* — ax 

y = — r-5 

whence, by substituting in the second, and reducing, 

ax^ — 2** = — 5p. 

o 1 I ' 

Therefore, « = — ± — y^ — ahp^ 

a a 

g J 

and consequently, y=---:+:----y^ — ahp, 

This problem is susceptible of two direct solutions, because 

s > y/ ^ — abp, 
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but IB order that the roots may be real, it is necessaiy that 

** > or = abp. 
Let = 6 = 1; the values of or, and y, then reduce to 

« = # ± V^«* — />, and y = # hf -^** — />; 

whence we see, that imder this supposition, the two yalues of x 
are equal to those o( y, taken in an inverse order ; which shows, 
that if 

s + ^/ s^ — p represents the value of op, s — v**— p 

will represent the corresponding value of y, and reciprocally. 

This relation is explained by observing, that, under the last 
supposition, the given equations become 

OP -f- y = ^Sy and xy =zp; 
and the question is then reduced to finding two numbers of vUdtk 
the sum is 28, and their product p, or in other words, to divide a 
number 2s, into two such parts, that their product may be equal to 
a given number p. 

2. Find four numbers in proportion, knowing the sum 28 of 
their extremes, the sum 2^ of the means, and the sum 4^^ of 
their squares. 

Let u, X, y, z, denote the four terms of the proportion; the 
equations of the problem will be 

] St condition, - - - u+ z :=2s, 

2d condition, - - - oe + y = 25^, 

since they are in proportion, u^r = ocy, 

4th condition, - - u^ + s^ + y^ + z^ = A(^. 

At first sight, it may appear difficult to find the values of the 
unknown quantities, but with the aid of an unknown auxHianii 
they are easily determined. 

Let p be the unknown product of the extremes or mean*; w^ 
shall then have 

= * + -/*»—/>, 



and 



V uz =: p, J (jr = *— - y i* — p. 



X = ^+ y y — p 



( xy=p, > iy =:s'—y/s'^ —p. 
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Hence, we see that the determination of the four unknown quan- 
tities depends only upon that of the product p. 

Now, by substituting these values of u, «, y, z, in the last of 
the equations of the problem, it becomes 

(s + ^s^-^pf + (^ - V^-pT + « + Vs^ - pT 

and by developing and reducing, 

4^ + 4^ — 4p = 4c2 ; hence, p = sr^ + s^ — c^. 

Substituting this value for p, in the expressions for u, x, y, jt, 
we find 






ru=:s + y C^ — S^, r X z= s^ + 



These four numbers evidently form a proportion; for we have 



Xy—{r+ -yjc^ — 5 2) (^_ ^^ __ J 2) — ^ _ C2 + * 2. 

Remark. — This problem shows how much the introduction of 
an Hnknown auxiliary facilitates the determination of the principal 
unknown quantities. There are other problems of the same Idnd, 
which lead* to equations of a degree superior to the second, and 
yet they may be resolved by the aid of equations of the first and 
second degrees, by introducing unknown auxiliaries, 

3. Given the sum of two numbers equal to a, and the sum of 
their cubes equal to c, to find the numbers 

C a? + y = tf 
By the condiUons i , . % 

^ ( ap3 + y3 = c. 

Putting X = s + z, and y z= s ^ z, we have a = 2#, 

3s^z + 3sz^ + z^ 
3s^z+ Bsz^-^z^i 

hence, by addition, a^ + y^ =: 2s^ + dsz'^ = c ; 






whence, «* = — g , and ;» = ± •y — , 

or, 
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and by substitutiiig for s its value, 



V^-T-A 






"- » = f-^^ = T-V^- 



I 



4. Given, —^ = 48, and -^ = 24, to find « and y. 

77 

Dividing the first equation by the second, we have 
/ — 
. — = y y = 2, and hence y = 4. 

V- 
^ y 

Whence, from the second equation we have, 

^^ =4>/ir = 24, 




X 



and consequently, yx = 6, and or =36. 

5. Given, x + v^ + y = 19 ) _ _ , 

o o , o« > to find OP and y. 

and ar* + jry + y2 = 133 5 

Dividing the second equation by the first, we have 
a? — -/^ + y= 7, 

I 

but, 0? + v^ -f- y = 19 : 

hence, 2a; + 2y = 26 by addition, 1 

or, x^r y = 13; j 

and V a?y + 13 = 19 by substituting in the Ist eq.; i 

or, -y/xy z=: 6 

and rey = 36. 

The 2d equation is, x^ + xy + y^ =. 133, 
and from the last, 30^ =108; 

by subtracting x^ — 2a?y -f- y^ = 25 : 

hence, a? — y = zb 5, 

But, a?4-yr= 13; 

' hence, x = 9, or 4 ; and y = 4, or 9. 
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6. Find the values of x and y, in the equations 

«« + 3« + y = 73 — 2«y 

f + 3y + x=: 44. 

By transposition, the first equation becomes, 

a^ + 2xy + 3x + y=73; 
to which, if the second be added, there results, 

«a + 2a?y + y? + 40- + 4y = (a? + y)2 + 4 (« + y) = 117. 
If now, in the equation 

(ap + y)2 + 4(af + y) = 117, 
we regard op -f y as a single unknown quantity, we shall have 

x + yT=: — 2=fc v^ll7 + 4; 
hence, a?-fy= — 2 + 11 = 9, 

and af + y= —2 -- 11 = — 13; 

whence, op = 9 — y, and x = — 13 — y. 

Substituting these values of x in the second equation, we have 

- y2 + 2y = 35, for a? = 9, 
and y2 + 2y = 57, for ar = — 13. 

The first equation gives, 

* y = 5, and y = — 7. 
and the second, 

y = — 1 + yHi* and y = — 1 — -/^S. 

The corresponding values of x, are 

a? = 4, dP = 16 ; 

a; = — 12 — -v/sS, and ar = — 12 + -^58, 
7* Find the values of x and y, in the equations 
a?2y2 4- a:y2 4- ary = 600 — (y + 2) x^ 
a? 4- y^ = 14 — y. 
From the first equation, we have 

«V + {y^ + 2y) x2y2 + a^3 + ay = 600, 
«r, a?V(l + y^+ 2y) + ay (1 +y) = 600, 

or, again, xV (i 4. yj2 + a?y (1 + y) = 600 ; 
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which is the fonn of an eqaadon of the second degree, by le- 
garding ay (1 + y) ^u the unknown quantity. Hence, 



xy 



(i+y) = -i±y600Tl=-i±\/^; 



and if we discuss only the roots which belong to the + '^^ 

of the radical; wb haye 

49 
«y(l+y)=-i + -=24; 

and hence, x = 



Substituting this ralue of « in the second equation, we Iibtb 

(y» + y)a - 14 (y2 + y ) = - 24 ; 
whence, y* + y = 12, and y* + y = 2. 

From the first equation, we have 

y=-y±y = 3, or -4; 
and the corresponding values of op, from the equatioa 

X = — ;; = 2. 

y2 + y . 

From the second equation, we hare 

y=l, and y = — 2; 
which gives « = 12. 

8. Given, tx^y + xy^ = 6, and afiy^ + «*y« = 12, to find « 

and y. 

C ap = 2 or 1, 

Ans. ■! , « 

( y = 1 or 2. 

9. Given, < ., > to find x and y. 

i ay= 6 5 ^ 

C a? = 3, or 2 ; or — 3 ± VT, 
( y = 2, or 3 ; or — 3 =f y 3. 

QUESTIONS. 

1. There are two numbers whose difference is 15, and half 
their product is equal to the cube of the lesser number. Whftt 
are the numbers? Ans, 3 and 18. 
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• '■/ 

2. What two numbers are those whose sum multiplied by the ^ / 
greater, is equal to 77; and whose difference, multiplied by the ^] 
lesser, is equal to 12? 

Ans. 4 and 7, or f y/Y and V -/T- 

3. To divide 100 into two such parts, that the sum of their 
square roots may be 14. Ans, 64 and 36. 

4. It is required to divide the number 24 into two such parts, 
that their product may be equal to 35 times their difference. 

Ans, 10 and 14. 

5. The sum of two numbers is 8, and the sum of their cubes 
is 152. What are the numbers ? Ans, 3 and 5. 

^ 6. The sum of two numbers is 7, and the sum of their 4th 
powers is 641. What are the numbers? Ans. 2 and 5. 

7. The sum of two numbers is 6, and the sum of their 5th 
powers is 1056. What are the numbers? Ans, 2 and 4. 

8. Two merchants each sold the same kind of stuff: the sec- 
ond sold 3 yards more of it than the first, and together, they re- 
ceived 35 dollars. The first said to the second, " I would have 
received 24 dollars for your stuff." The other replied, "And I 
would have received 12^ dollars for yours." How many yards 
did each of them sell ? 

. C 1st merchant «=rl5) C x = 5 

^'^- l2d - - - y = 18} " Jy = 8. 

9. A widow possessed 13,000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner, that the 
incomes from them were equal. If she had put 'out the first por- 
tion at the same rate as the second, she would have drawn for 
this part 360 dollars interest; and if she had placed the second 
oat at the same rate as the first, she would have drawn for it 
490 dollars interest. What were the two rates of interest ? 

Ans. 7 and 6 per cent. 



[ 



172 ELBMBNTB OF ALOBBRA. [CHAP. VU. 



CHAPTER VII. 

OF PROPORTIONS AND PROGRESSIONS. 

159. Two quantities of the same kind may be compared to- 
gether in two ways : — 

1st. By considering how much one is greater or less than the 
other, which is shown by their difference; and 

2d. By considering how many times one is greater or less than 
the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with re- 
spect to" their difference, we find that 12 exceeds 3, by 9 ; and in 
comparing them together with respect to their quotient, we find 
that 12 contains 3, four times, or that 12 is 4 times as great as 3. 

The first of these methods of comparison is called Arithmetical 
Proportion ; and the second, Geometrical Proportion, Hence, 

Arithmetical Proportion considers the relation of quantities 
to each other, with respect to their difference; and Geometrical 
Proportion, the relation of quantities to each other, with respect to 
their quotient. 

Of Arithmetical Proportion* 

160. If we have four numbers, 

2, 4, 8, and 10, 

of which the difference between the first and second is equal to 
the difference between the third and fourth, these numbers are 
said to be in arithmetical proportion. The first term 2 is called 
an antecedent, and the second term 4, with which it is compared, 
a consequent. The number 8 is also called an antecedent, and 
-the number 10, with which it is compared, a consequent. The 
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first and fourtli terms are called the extremes; and the second 
and third terms, the means. 

Let a, by c, and J, denote four quantities in arithmetical pro- 
portion ; and d the difference hetween either antecedent and its 
consequent. "" 

Then, a — 5 = d, and a = b + d; 

also, c -^d = df and d= c -^ d. ^ 

By adding the last two equations, we have 

a + d = b + c: that is, 

If four quantities are in arithmetical proportion, the sum of the 
two extremes is equal to the sum of the two means. 

Arithmetical Progression. 

161. When the difference hetween the first antecedent and con- 
sequent is the same as hetween any two consecutive terms of the 
proportion, the proportion is called an arithmetical progression. 
Hence, an arithmetical progression, or a progression by differences, 
is a succession of terms, each of which is greater or less than 
the one that precedes it by a constant quantity, which is called 
the common difference of the progression. Thus, 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 

and 60, 56, 62, 48, 44, 40, 36, 32, 28, . . . 

are arithmetical progressions. The first is called an increasing 
progression, of which the common difiference is 3 ; and the sec- 
ond, a decreasing progression, of which the common difference is 4. 
An arithmetical progression, is also called, an arithmetical series ; 
and generally, 

A series is a succession of terms derived from each other accord' 
ing to some fixed and knoum law. 

Let a, b, c, d, e, f, . . . designate the terms of a progression 
by differences ; it has been agreed to write them thus : 

a,b.c,d»e.f.g,h.i,h . . . 

This' series is read, a is to 5, as & is to c, as c is to (2, as i 
is to e, &c. This is a series of continued equi'differences, in which 
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each tenn is at tiie same tune a coosequral and antecedent, with 
the exception of the first term, which is onlj an imteeedent, and 
the lasty which is only a etmseqMemt. 

162. Let d represent the comnion difference of the progression 

a , b . c . e .-f . g , k . kj Ae^ ■ 

which we win consider incroasmg. 
From the definition of a progression, it foDows that, 

b = a + d, e = b+dz=^Q-^2d, e = e + d=a + 3d; 

and, in general, any term of the series, is equal to the first term 
plus as many times the common dtfferenlte as there are preceding 
terms. 

Thus, let / be any term, and n the number which marks the 
place of it. Then, the number of preceding terms will be deno- 
ted by n — 1, and the expression for this general temtj will be 

/ = a + (n — 1)J. 

That is, any term is equal to the first termy plus the product ff 
the common difference by the number of preceding terms. 

If we make n = 1, we have 2 = a; that is, the series will 
haVe but one term. 
If we make 

n = 2, we have / = a + J; 

that 1b, the series will have two terms, and the second term is 
equal to the first plus the common difference. 

EXAMPLES. 

1. If a = 3 and i =2, what is the. 3d term? Ans» 7. 

2. If a = 5 and J = 4, what is the 6th term ? Ans, 25. 

3. If a = 7 and (1 = 5, what is the 9th term ? Ans. 47. 
The formula, 

/ = a + (n - 1) J, 

serves to find any term whatever, without determiiung all those 
which precede it. 
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Thus, to find the 50th term of the progression, 

1 . 4 . 7 . 10 . 13 . 16*. 19, . . . 
we have, / = 1 + 49 x 3 = 148. 

And for the 60th term of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 25, . . . 
we have, Z = l + 59x4 = 237. 

163. If the progression were a decreasing one, we should have 

That is, any term in a decreasing arithmetical progression^ is equal 
to the first term minus the product of the common difference by the 
number of preceding terms. 

V * 

EZAHFLES. 

1. The first term of a decreasing progression is 60, and the 
common difference 3: what is the 20th term? 

/ = fl — (» — l)d gives / = 60 — (20 — 1)3 = 60 — 57 = 3. 

2. The first tenn is 90, the common difference 4 : what is the 
15th term? An9. 34. 

3. The first term is 100, and the common difference 2: i9Juit 
is the 40th term? Ans^ 22. 

164. A progression by differences being given, it is proposed 
to prove that, the sum of any two term^y taken at equal distances 
from the two extremes ^ is equal to the sum of the twi.' extremes. 

Let a , b , c , e ,f , . . . t . A; . /, be the proposed progression, 
and n the number of terms. .• 

We will first observe that, if x denote a term which has p 
terms before it, reckoning from the first term, and y a term which 
has p terms before it, reckonipg from the last term, we have, 
from what has been said, 

oj = a +|}'X d^ 

and y=i I --- p x,d; 

whence, by addition, x + y ^ a+ L 
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Now, to find the sum of all the tenosy write the progression 
below itself, but in an inverse order, viz.. 

Calling S the sum of the terms of the first progression, %S 

will be the smn of the terms in both progressions, and^ we shall 
have « 

2S = (a + T) + {h + k)-\-{e + i) , , . +(i + c)+{h + h) + {l + a). 

And, since all the parts a + /, i + *, c -f- » • • • • are fecpwl 
to each other, and their number equal to n, by which we desig- 
nate the number of terms in each series, we have 

2iS = (a + /) n, or 5 = (^^-^) «• 

That is, the sum of the terms of an arithmetical progression^ u 
equal to half the sum of the two extremes multiplied by the number 
of terms, 

EXAMPLES. 

j. The extremes are 2 and 16, and the number of tenos 8: 
^ % what is the sum of the series ? 

5 = [—^1 X n, gives S = — - — X 8 = 72. 

2. The extremes are 3 and 27, and the number of terms 12: 
what is the sum of the series ? Ans, 180. 

3. The extremes are 4 and 20, and the number of terms 10: 
» wiiat is the sum of the series ? Ans, 120. 

4. The extremes are 8 and 80, and the number of terms 10: 
what is the sum of the series ^ Ans. 440. 

165. The formulas 

ra+l 
"2 

contain five quantities, a, d, n, Z, and S, and consequently give 
rise to the following general problem, viz. : Any three of tkst 
Jive quantities being given, to determine the other two. 



/ = a + (n - 1) rf and S= (^^) X », 
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This general problem gives rise to the ten following cases: — 



No. 


Given. 


1 


a, dj n 


2 


a,d,l 


3 


a,d,S 


4 


a,n,l 


5 


a,n, S 


6 


a,l,S 



Unknown. 



/, 5 



n, S 



n, I 



S, d 



8 



9 



10 



d, n, I 



d,n,S 



d, I, S 



r., I, S 



d, I 



n, d 



fl, S 



a, I 



n, a 



Values of the unknown quantities. 



l = a-\-(n -1) d; S = ^n[2a + (n -^1)^. 



n='-::^+i; ^^•(i±.«)(^-« + rf) 



2d 



i 



^ d-2a±V{d^2ay+ 8dS . . ^., 



JS=in(a + I)', d = 



n-1 



^ 2(S~an) , 25 
o=— ^T rr^; l=i a. 



n(n — 1) 



n 



2S :, (1+ a) (I - a) 



a + I 



2S-~-(l + a) 



a=zl-{n-l)d; iS = Jn [2/ ~ (n - 1) £?]. 



_ 2S-n{n-l)d _ 2S + n(n^l)d 

^"" 2^; ' '- 2;i • 



a, (f 



2l-\-d±V(2l-\-dy~8dS , . . , 



25 , ^ 2(»7-5) 

a = I; d = -^ — . 

n » (n — 1 ) 



The solution of these cases presents no difficulty. Cases 3 and 
d give rise to equations of the second degree ; but one of the 
roots will always satisfy the enunciation of the question in its 
irith)netical sense. 

If we resume the formula 



we have, 



a = / — (» — 1) rf ; that is, 



The first term of an increasing arithmetical progression, is equal 
to any foUomng term, minus the product of the common difference 
hy the number of preceding terms. 

From the same formula, we also find 



a = ; that u, 

» — 1 



12 



v' 



•4* 
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In any arithmetical progression, the common difference is equal to 
the difference between the first and last terms considered, divided by 

the number of terms less one, 

■ 

1. Two terms of a progression are 16 and 4, and the number 
of terms considered is 5 : what is the common difference ? 

The formula 

. l-a . 16-4 ^ 

d = gives d = ' = 3. 

n — 1 ^ 4 

2. Two terms of a progression are 22 and 4, and the number 
of terms considered is 10 : what is the common difference ? 

Ans. 2. 

166. The last principle affords a solution to the following 
question : — 

To find a number m of arithmetical means between two gtMH 
numbers a and h. 

To resolve this question, it is first necessary to find the com- 
mon difference. Now we may regard a as the first term of an 
arithmetical progression, 6 as a subsequent term, and the required 
means as intermediate terms. The number of terms of this pro- 
gression which aro considered, will be expressed by m + 2. 

Now, by substituting in the above formula, b for I, and m + 2 
for n, it becomes 

A — a , h — a 

d = — , or a = 



«i4-2 — r m+ 1 ' 

that is, the common difference of the ' required progression is ob- 
tained by dividing the difference between the given numbers fl 
and b, by one more than the required number of means. 

Having obtained the common difference, form the second term 
of the progress^, or the first arithmetical mean, by adding d^ or 

r 

— : — -, to the first term a. The second mean is obtained by aug- 
m + 1 

menting the first by d, &c. 

1. Find 3 arithmetical means between 2 and 18. The formula 

ft -a , 18-2 ^ 

d = -— •, gives d = — = 4; 

m + 1 4 

aence the progression is 

2 . 6 . 10 . 14 . 18. 
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2. Find 12 arithmetical means between 12 and 77. The for- 
mula 

, b-^a 77-12. 

^=^r+T^ ^^'^ ^=-i3- = ^'' 

hence the progression is 

12 . 17 . 22 . 27 72 . 77. 

167. Remark. — If the same nmnber of arithmetical means are 
inserted between the terms of a progression^ taken two and twOj^ 
these terms, and the arithmetical means united, will form one and 
me same progression. 

For, let a . b , c . e .f . . . . be the proposed progression, and 
m the nmnber of means to be inserted between a and b, b and e, 
e and e 

From what has just been said, the common difference of each 
partial progression will be expressed by 

b — a c — b e — c % 
m+ r m+ r m+ 1 ' * * ' 

which are equal to each other, since a, 5, c, . . . are in pro- 
gression : therefore, the common difference is the same in each 
of the partial progressions ; and since the last term of the first, 
forms the first term of the second, &c., we may conclude that 
all of these partial progressions form a single progression. 

EXAMPLES. 

1. Find the sum of the first fifty terms of the progreifitMi 

2 . 9 . 16 . 23 . . . 

For the 50th term, we have 

i = 2 + 49 X 7 = 345. 

50 
Hence, iS = (2 + 345) x — = 347 x 25 = 8675. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Tind the sum of 100 terms of the series 1.3.5.7.9... 

Ans, 10000. 

4. The greatest term considered is 70, the common difference 
3, and the number of terms 21 : what is the least term and the 
sum of the series ? 

Ans. Least term 10 ; sum of series 840. 
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5. The first term of a decreasing arithmetical progression is 
10, the common difference one third, and the number of terms 
21 : required the sum of the series. Ans. 140. 

6. In a progression by differences, having given the common 
difference 6, the last term 185, and the sum of the terms 2945: 
tind the first term, and the number of terms. 

Ans. First term = 5 ; number of terms 31. 

7. Find 9 arithmetical means between each antecedent and con- 
sequent of the progression 2. 5. 8. 11. 14... 

Ans, d=.0.3. 

8. Find the number of men contained in a triangular battalion, 
the first rank containing 1 man, the second 2, the third 3, and 
so on to the n'\ which contains n. In other words, find the ex- 
pression for the sum of the natural numbers 1, 2, 3, . . . fiom 

1 to », inclusively^ ^ _ n (n + 1) 

ns. — ^ 

9. Find the sum of the n first terms of the progression of un- 
even numbers 1, 3, 5, 7, 9 . . . Ans. S =V. 

10. One hundred stones being placed on the ground, in a 
straight line, at the distance of 2 yards from each other, how 
far will a person travel, who shall bring them one by one to a 
basket, placed at two yards from the first stone ? 

Ans. 11 miles, 840 yards. 

Qeometrical Proportion. 

168. Ratio is the quotient arising from dividing one quantity 
by another quantity of the same kind. Thus, if A and B repre* 
sent quantities of the same kind, the ratio oi A to £ is expressed 

A' 

169. If there be four magnitudes, A^ B, C, and D^ having such 
values that 

B D 
A" C 

then A is said to have the same ratio to B, that C has to Di 
or, the ratio of A to ^ is equal to the ratio of C to 2). When 
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four quantities have this relation to each other, they are said to 
be in proportion. Hence, proportion is an equality of ratios^ 

To express that the ratio of A to ^ is equal to the ratio of C 
to B, we write the quantities thus, 

A : B : : C : D, 
and read, A is to 5, as C is to D. 

The quantities which are compared together are called the terms 
of the proportion. The first and last terms are called the two eX' 
tremes, and the second and third terms, the two means. 

170. Of four proqportional quantities, the first and third are called 
the antecedents, and the second and fourth the consequents; and 
the last is said to he a fourth proportional to the other three 
taken in order. 

171. Three quantities are in proportion when the first has the 
same ratio to the second that the second has to the third ; and 
then the middle term is said to be a mean proportional between 
the other two. 

172. Quantities are said to be in proportion by inversion, or t»- 
versely, when the consequents are made the antecedents and the 
antecedents the consequents. j 

173. Quantities are said to be in proportion by alternation, or 
dUernately, when antecedent is compared with antecedent and con- 
sequent with consequent. 

174. Quantities are said to be in proportion by composition, when 
the sum of the antecedent and consequent is compared either with 
antecedent or consequent. 

175. Quantities are said to be in proportion by division, when 
the difference of the antecedent and consequent is compared either 
with antecedent or consequent. 

176. Equi-multiples of two or more quantities are the products 
which arise from multipl}dng the quantities by the same number. 
Thus, m X A and m x B, are equi-multiples of A and B, the 
common multiplier being m, 

177. Two quantities, A and B, are said to be reciprocally pro- 
portional, or inversely proportional, when one increases in the same 
ratio as the other diminishes. When this relation exists, either 
of them is equal to a constant quantity divided by the other 
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178. If we have the proportion 

A : B : : C : D, 

we have X ^ 7^' ^^^' ^^^^ ' 

and by clearing the equation of fractions, we hare 

BC = AD; that is, 

Of. four proportional quantities , the product of the two extrents 
is equal to the product of the two means. 

179. If four quantities, A, B^ C, and i), are so related to each 
other that 

AxB=zBxC, 

we shall also have, — - = -^, 

A O 

and hence, A : B : : C : D; that is 

If the product of two quantities is equal to the product of tw 
other quantities J two of them may he made the extremes^ and ike 
other two the means of a proportion, 

180. If we have three proportional quantities^ 

A : B : : B : C, 

, B C 

we have —r- = -=•; 

A Jo 

hence, ^=:AC; that is, 

The square of the middle term is equal to the product ^ the two 
extremes. 

181. If we have 

A : B : : C : Df and consequently, — =s — , 

Q 

multiplying both members of the equation by -=-, we obtain 

B 

CD 

A -'b' 

and hence, , A : C : : B : D; that is, 

If four quantities are proportional, they will be in proportion hf 
alternation. 
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182. If we have 

A : B : : C : D, and A : B : : E : F, 
we shall also have 

B D ^ B F 

- = - and ~^-; 

D F 
^ hence, -7=- = -=• and C : D : : E : F; that is, 
* C E 

If there are ttoo sets of proportions having an antecedent and cou' 
sequent in the one equal to an antecedent and consequent of the 
other, the remaining terms will he proportional, 

183. If we have 

B D 
A : B : : C : D, and consequently, — = — , 

we have, by dividing 1 by each member of the equation, 

AC 

-5- = -=r, and consequently, B : A : : D : C ; that is, 

Four proportional quantities will be in proportion, when taken m> 
versely (Art. 172). 

184. The proportion 

A : B : : C : D, gives AxB^BxC. 

To each member of the last equation add B X D. We shall 
then have 

(A + B) X D - {C + D) X B; 

% 

and by separating the factors, we obtain 

A + B : B : : C + D : D. 

If, instead of adding, we subtract B x D from both members, 
we have 

(A-B) xi> = (C-Z))xiJ; 

which gives A — B : B : : C ^ D : D; that is, 

If four quantities are proportional, they wUl he in proportion hy 
composition or division, 

185. If we have 

B _D 
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and multiply the numerator and denominator of the first member 
by any number m, we obtain 

= —- and mA : mB : : C i D\ that is, 



mA C 

Equal multiples of two quantities have the same ratio as the quanr 
titles themselves. 

186. The proportions 

A : B : : C : D, and A : B : : E : F. 

give A X D = B X C, and A x F =z B x E ; 

adding and subtracting these equations, we obtain 

A(DztF)= B{C±:E), or A : B : : CdzE : D±:F; that ia, 

If C and D, the antecedent and consequent, be augmented w 
diminished by quantities E and F, which have the same ratio as C 
to D, the resulting quantities will also have the same ratio, 

187. If we have several proportions, 

A : B : : C : D, which gives A x D z= B x C, 
A : B : : E : F, « " A x F = B x E, 

A : B : : G : H, " « Ax H= B x G. 

&c., &c., 
we shall have, by addition, 

A{D-{-F+H)=B{C+ E+G); 

and by separating the factors, 

A : B : C + E + G : D + F + H; that is. 
In any number of proportions having the same ratio, any antece- 
dent will be to its consequent, as the sum of the antecedents to the 
sum of the consequents. 

188. If we have four proportional quantities 

A : B : : C : D, we have -—=--; 

AC' 

and raising both members to any power, as the nth, we have 
and consequently, A* : jB« : : C» : D* ; that is. 



E : F : : G : H, 



(C C( 
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If four quantities are praportianaly any like powers or roots mU 
he proportional. 

189.. Let there be. two sets of proportions, 

A t B : I C : Dy which gives — = — , 

E^ G' 

Multiply them together, member by member, we have 

BF DH 

j== ^, which gives AE : BF : : CG : DH; that is, 

In two sets of proportional quantities, the products of the eorres" 
ponding terms will he proportional. 

Of Geometrical Progression. 

190. In the proportions which have been considered, it has 
only been required that the ratio of the first term to the second 
should be the same as that of the third to the fourth. If we im- 
pose the farther condition, that the ratio of the second to the 
third shall also be the same as that of the first to the second, or 
of the third to the fourth, we shall have a series of numbers, 
each of which, divided by the preceding one, will give the same 
ratio. Hence, if any term be multiplied by this quotient, the 
product will be the succeeding term. A series of numbers so 
formed is called a geometrical progression. Hence, 

A geometrical progression, or progression by quotients, is a series 
of terms, each of which is equal to the product of that which 
precedes it by a constant number, which number is called the 
ratio of the progression. Thus, in the two series, 

3, 6, 12, 24, 48, 96, . . . 

64, 16, 4, A, "T"' Tg' * • • 

each term of the first contains that which precedes it twice, or 
is equal to double that which precedes it ; and each term of the 
second contains the term which precedes it one-fourth times, or 
is a fourth of that which precedes it. These are geometrical pro- 
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gressions. In the first, the ratio is 2; in the second, it is |. 
The first is called an increasing progression, the second a d»- 
creasing progression. 

Let a, bf Cf d, e, f, . , . denote numhers in a progression by 
quotients : they are written thus : 

a : b : e : d : e : f : g , , . 

and it is enunciated in the same manner as a progression by dif- 
ferences. It is necessary, however, to make the distinction, that 
one is a series of equal differences, and the other a series of 
equal quotients or ratios. It should be remarked, that each term 
of the progression is at the same time an antecedent and a con- 
sequent, except the first, which is only an antecedent, and the 
last, which is only a consequent. 

191. Let r denote the ratio of the progression 

a : b : e : d . . , ; 

r being > 1 when the progression is increasing, and r < 1 when 
it is decreasing. We deduce from the definition, the follo¥nng 
equations : 

b = ar, c = br^ ar^, d •=: cr ^ ar^, e =z dr=z ar^ . . • ; 

and, in general, any term n, that is, one which has n — 1 terms 
before it, is expressed by or*~^. 

Let I be this term ; we have the formula 

I =: ar"-i, 

by means of which we can obtain any term without heing obliged 
to find all the terms which precede it. That is. 

Any term of a geometrical progression is equal to the first tern 
multiplied by the ratio raised to a power tohose exponent den&tes 
the number of preceding terms, 

EXAMPLES. 

1. Find the 5th term of the progression 

2 : 4 : 8 : 16, &c., 
in which the first term is 2, and the common ratio 2. 

6th term = 2 x 2* = 2i X 16 = 32. 
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fi. Find the 8th term of the progression 

2 : 6 : 18 : 54 . . . 
8th term = 2 x 3'' = 2 x 2187 = 4374, 
3. Find the 12th term of the progression 

64 : 16 : 4 : 1 : 4- • • 

4 

/ 1 V 11 43 I I 

12th term = 64 (~) = -— = J- = :r— 7;. 

\4/ 411 48 65536 

192. We will now explain the method of determining the smn 
of n terms of the progression 

a : b : c : d : e : f : . . , : i : k : If 

of which the ratio is r. 

If we denote the sum of the series by S, and the nth term 
by I, we shall have 

S = a + or -\- ar^ . . . . + ar*"^ + af*~^. 

If we multiply both members by r, we have 

Sr =: or + ar^ + ar^ . . . + of*"^ + or* ; 

and by subtracting the first equation, 

Sr — S = Of* — o, whence, S = t- ; 

r — 1 

and by substituting for or", its value Ir, we have 



r — 1 



That is, to obtain the sum of any number of terms of a pro- 
gression by quotients, multiply the last term hy the ratio, subtract 
the first term from this product, and divide the remainder by the 
ratio diminished by unity, 

EXAMPLES. 

1. Find the sum of eight terms of the progression 
2 : 6 : 18 : 54 : 162 . . . : 2 X 3"' = 4374. 

S = .^mf. = iHHPjzl = 6560. 
r - 1 2 
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2. Find the sum of five terms of the progression 

2 : 4 : 8 : 16 : 32; . . . . 

Ir — a 64 — 2 

S= r=— i — =®^- 

r — 1 1 

3. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2 X 3» = 39366. 

Ans. 59048. 

4. What debt may be discharged in a year, or twelve months, 
by paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the last; 
and what will be the last payment? 

Ans. Debt, $4095; last pajrment, $2048. 

5. A gentleman married his daughter on New- Year's day, and 
gave her husband Is. toward her portion, and was to double it 
on the first day of every month during the year : what was her 
portion ? Ans. jC204 15s. 

6. A man bought 10 bushels of wheat on the condition that he 
should pay 1 cent for the first bushel, 3 for the second, 9 for 
the third, and so on to the last : what did he pay for the ]a8t 
bushel and for the ten bushels 1 

Ans. Last bushel, $196,83 ; total cost, $295,24. 

193. When the progression is decreasing, we have r < 1 and 
/ < a ; the above formula for the sum is then written under the 
form 

® = "rr7' 

in order that the two terms of the fraction may be positive. 
By substituting ar*^^ for / in the expression for S, it becomes 

ar« — a a — at* 

S = --, or S = . 

r — I 1 — r 

EXAMPLES. 

1. Find the sum of the first ^ve terms of the progression 

32 : 16 : 8 : 4 : 2. 

, 32 — 2 X — 
a — lr 2 31 

I — r 1 1 

T 2" 
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/ '• ^ Li 

2. Find the sum of the first twelve terms of the prqgt»illiion . \ 

64: 16: 4:1 :-:... :64(-), or ^^. -^^ 

111 ^ 

-, a-/r 65536 4 65536 . . , 65535 -^y.tlUli; 

^ = r^r"r = T = 3" = ®^ + 196608" ^^^ ^ 

4 

We perceive that the principal difficulty consists in obtaining 
the numerical value of the. last term, a tedious operation, even 
when the number of terms is not very great. , 

194. Remark. — If, in the formula 

^= r-1 ' 
we suppose r = 1, it becomes 

This result is a symbol of indetermination. It often arises 
firom the existence of a common factor (Art. 113), which becomes 
nothing by making a particular hypothesis on the quantities which 
enter the equation. If this- common factor can be divided out, the 
expression will assume a determinate form. This, in fact, is the 
case in the present question ; for, the expression r" — 1 is divisi- 
ble by r — 1 (Art. 61), and gives the quotient 

hence, the value of S takes the form 

S = or*"^ + ar*"*^ + af*"*^ + . . . + or + o. 
Now, making r = 1, we have 

S :=a -{- a + a + , . . + a=^ na. 

We can obtain the same result by going back to the proposed 

I 

progression 

which, in the particular case of r = 1, reduces to 

a : a : a : . . . : a, 

the sum of which series is equal to na. 



/ 



/ 
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The result — , given by the fonnula, may be regarded as in- 

/% , _ ; dicating that the series is characterized by some particidaT prop- 
erty. In fact, the progression, being entirely composed of equal 
terms, is no more a progression by quotients than it is a pro- 
gression by differences. Therefore, in seeking for the sum of a 
certain number of the terms, there is no reason for using the 
formula 

g(r^-l) 

in preference to the formula 

S = ~ . 

which gives the sum in the progression by differences. 

195. The consideration of the five quantities, a, r, n, 2, and S, 
which enter into the formulas 

/ = flr»"^ and S = r-, 

' r — 1 

give rise to several curious problems. 

Of these cases, we shall consider here, only the most im- 
portant. We will first find the values of S and r in terms of 
a, 7, and n. 

The first formula gives 



r*~i = — , whence 



^ a 



Substituting this value in the second formula, the value of S will 
be obtained. 
The expression 



'=T|. 



furnishes the means for resolving the following question, viz.: 

To find m mean proportionals between two given numbers a cwJ 
b ; that is, to find a number m of means, which will form with a 
and h, considered as extremes, a progression by quotients. 

To find this series, it is only necessary to know the ratw. 
Now, the required number of means being m, the total number 
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of terms considered, will be equal to m -t- 2. Moreover, we have 
l = b, therefore the value of r becomes 



='7l: 



a 

that is, we must divide one of the given numbers (b) by the other 
(a), then extract that root of the quotient whose index is one more 
than the required number of means. 
Hence, the progression is 

"+'yT "+/^ "+*/fti 

a : a y — \ a y — : a \J -^ :\ . . b. 

Thus, to insert six mean proportionals between the numbers 
3 and 384, we make m = 6, whence 

whence we deduce the jMrogression 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 384. 

Remark. — ^When the same number of mean proportionals are 
inserted between all the terms of a progression by quotients, taken 
two and two, all the progressions thus formed will constitute a 
single progression. 

Of Progressions having an infinite Number of Terms* 

196. Let there be the decreasing progression 

a : b : c : d : e I f : , , ,f 

containing an indefinite number of terms. The formula 

a — ar^ 

which represents the sum of n terms, can be put under the form 

a ar» 

Now, since the progression is decreasing, r is a proper frac- 
tion, and r* is also a fraction, which diminishes as n increases. 
Therefore, the greater the number of terms we take, the more 

will X r* diminish, and consequently, the more will the 

\ 1 ~r 



5 - u -^ ^' ^'' ' ' ■ "^ 
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partial sum of these terms approximate to an equality with the 

a 
first part of S ; that is, to . Finally, when n is takeD 

1 — T 

greater than any given number, or 

a 

n = 00, then X r* 

1 — r 

will be less than any given number, or will become equal to 0; 
and the expression will represent the true value of the 

sum of all the terms of the series. 

Whence, we may conclude, that the expression for the sum of 
the terms of a decreasing progression, in which the number of terns 
is infinite, is 

1 — r 

This is, properly speaking, the limit to which the partial sums 
approach, by taking a greater number of terms of the progression. 
The number of terms may be taken so great as to make the dif- 
ference between the sum, and , as small as we please, and 

the difference will only become nothing when the number of term* 
taken is infinite. 



EXAMPLES. 



1. Find the sum of 



^ ^ T ^ "9" ^ 27 ^ 81 *^ "^^- 
We have, for the sum of the terms, 

a 1 3 



S = 



1 -r"" _ J_"" 2 

3 



2. Again, take the progression 

^ • -2 • 4 • 8 • 16 • 32 • ®® 

We have S = -^— = — ?— - = 2. 

1 — r 1 

What is the error, in each example, for n = 4, y» == 5, » = 6? 



X 
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CHAPTER VIII. 

FORMATION OF POWERS, AND EXTRACTION OF ROOTS OF ANY DEGREE. 
— CALCULUS OF RADICALS. INDETERMINATE CO-EFFICIENTS. 

197. The resolution of equations of the second degree supposes 
the process for extracting the square root to he known. In like 
manner, the resolution of equations of the third, fourth, Sic. de- 
gree, requires that we should know how to extract the third, 
fourth. Sic. root of any numerical or algebraic quantity. 

The power of a number can be obtained by the rules of mul- 
tiphcation. and this power is subjected to a certain law of forma- 
tion, which it is necessary to know, in order to deduce the root 
from the potoer. 

Now, the law of formation of the square of a numerical or 
algebraic quantity, is deduced from the expression for the square 
of a binomial (Art. 116); so likewise, the law of a power of any 
degree, is deduced from the same power of a binomial. We shall 
therefore first determine the development of any power of a binomial. 

198. By multiplying the binomial x + a into itself several times, 
the following results are obtained: 

(a? + a) = a? -f- «» 

(« + af = a?2 4- 2«i« + a\ 

(« -h o)3 = «3 + 3ar2 + Sa^a? + o^, 

(a; -f- a)4 = ar* 4- ^aa^ + Ga^x^ + Ac^x + a*, 

(a? + a)5 = ars + 5aaj* + lOaV _(. i0a3a^ + 5o*ar + a*. 

By examining the developments, we readily discover the law 

according to which the exponents of x decrease and those of a 

increase, in the successive terms ; it is not, however, so easy to 

13 
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discover a law for the co-efficients. Newton discovered one, bj 
means of wliich a binomial may be raised to any power, Avithout 
first obtaining all of the inferior powers. He did not, how^ever, 
explain the course of reasoning which led him to the disovery; 
but the law has since been demonstrated in a rigorous manner. 
Of all the known demonstrations of it, the most elementary is 
that which is founded upon the theory of combinations. However, 
as the demonstration is rather complicated, we will, in order to 
simplify it, begin by resolving some problems relative to permuta- 
tions and combinations, on which the demonstration of the formula 
for the binomial theorem depends. 

Theory rf Permutations and Comhinations, 

199. Let it be proposed to determine the whole number of ways 
in which several letters, a, h, c, J, <fec., can be written one after 
the other. The result corresponding to each change in the posi- 
tion of any one of these letters, is called a permutation. 

Thus, the two letters a and h furnish the two permutations^ ah 
and ba, 

'abc 

aeh 
cah 
hoc 
hca 
.cha 

Permutations, are the results obtained by writing a certain num- 
ber of letters one after the other, in every possible order, in such a 
manner that aU the letters shall enter into each result, and ea^h 
letter enter but once. 

Problem 1. To determine the number of permutations of which 
n letters are susceptible. 

In the first place, two letters, a and b, evidently C ab^ 

give two permutations. ( ba 

Therefore, the number of permutations of two letters is ex 
pressed by 1 x 2. 

Take the three letters, a, b, and c. Reserve r c 

either of the letters, as c, and permute the other < ab 

two, giving ( ^ 



In like manner, the three letters, a, &, c, furnish 
six permutations. 



OHAP. VIII.l PERM0TATI0N8 AND COMBINATIONS. 195 



acb 
abe 
eha 
bca 
,bac 



Now, the third letter e may be placed before ab, 
between a and b, and at the right of ab ; and the 
same for ba : that is, in one of the first permuta- 
tions, the reserved letter c may have three different 
places, giving three permutations. Now, as the same 
may be shown for each one of the first permutations, 
it follows that the whole number of permutations of 
three letters will be expressed by, 1x2x3. 

If now, a fourth letter d be introduced, it can have four places 
in each one of the six permutations of three letters : hence, all 
the permutations of four letters will be expressed by, 1 x 2 x 3 x 4. 

In general, let there be n letters, a, b, c, <&c., and suppose the 
total number of permutations of n — 1 letters to be known ; and 
let Q denote that number. Now, in each one of the Q permuta- 
tions, the reserved letter may have n places, giving n permutations : 
hence, when it is so combined with all of them, the entire num- 
ber of permutations will be expressed by Q X n. 

Let n = 2. Q will then denote the number of permutations that 
can be made with a single letter; hence, Q = 1, and in this 
particular case we have, Q x n = 1 x 2. 

Let n=:3. Q will then express the number of permutations 
of 3 — 1 or 2 letters, and is equal to 1 x 2. Therefore, Q X n 
is equal to 1 X 2 X 3. 

Let n = 4. Q in this case denotes the number of permutations 
of 3 letters, and is equal to 1 X 2 x 3. Hence, Q X n becomes 
1x2x3x4; and similarly, when there are more letters. 

200. Suppose we have a number m, of letters a, b, c, d, Sic. 
If they are written one after the other, in classes of 2 and 2, or 
3 and 3, or 4 and 4 ... in every possible order in each class, 
in such a manner, however, that the number of letters in each 
result shall be less than the number of given letters, we may de- 
mand the whole number of results thus obtained. These results 
are called arrangements. 

Thus, ab, ac, ad, , , . ba, be, bd, . . . ea, cb, ed, , , , are or- 
rangements of m letters taken 2 and 2 ; or in sets of 2 each. 

In like manner, abc, abd, . . . bae, bad, . . . acb, acd, . . . are 
arrangements taken in sets of 3. 

Arrangements, are the resvlts obtained by writing a number m of 
letters one after the other in every possible order, in sets of % and 
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2, 3 and 3, 4 and 4 . . . n and n ; m being > n ; that is, the 
number of letters in each set being less than the whole number 
of letters considered. If, however, we suppose n = m, the ar- 
rangements taken n and n, will become simple permutations. 

Problem 2. Having given a number m of letters a, b, c, d . . . 
to determine the total number of arrangements that may be formed of 
them by taking them n at a time ; m being supposed greater than n. 

Let it be proposed, in the first place, to arrange the three let- 
ters, a, ft, and c, in sets of two each. 

First, arrange the letters in sets of one each, and for 
each set so formed, there will be two letters reserved: 
the reserved letters for either arrangement, being those 
which do not enter.* 

When we arrange with reference to a, the reserved letters will 
if with reference to ft, the reserved letters will be 



a 



h 



be b and c ; 
a and c. <&;c. 



ac 
ha 
he 
ca 
eb 



Now, to any one of the letters, as a, annex, in suc- 
cession, the reserved letters b and c : . to the second 
arrangement b, annex the reserved letters a and c ; and 
to the third arrangement, c, annex the reserved letters 
a and b: .this gives 

And since each of the first arrangements is repeated as many 
times as there are reserved letters, it follows, that the arrange- 
ments of three letters taken two in a set, will be equal to the ar- • 
rangements of the same number of letters taken one in a set, multi- 
plied by the number of reserved letters. 

Let it be required to form the arrangement of four letters, 
a, b, c, and d, taken 3 in a set. 

First, arrange the four letters in sets of two : there 
will then be two reserved letters. Take one of the 
sets and write after it, in succession, each of the re- 
served letters : we shall thus form as many sets of 
three letters each as there are reserved letters ; and these 
sets differ from each other by at least the last letter. 
Take another of the first arrangements, and annex in 
succession the reserved letters ; we shall again form 
as many different arrangements as there are reserved 
letters. Do the same for all of the first arrangements, 
and it is plain, that the whole number of arrangements 



o 



o 

80 

•** 
9 



I 
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which will be formed, of four letters, taken 3 and 3, will be equal 
to the arrangements of the same letters, taken two in a set, muU 
tiplied by the number of reserved letters. 

In order to resolve this question in a general manner, suppose 
the total number of arrangements of m letters, taken n — I in a 
set, to be known, and denote this number by P. 

Take any one of these arrangements, and annex to it, in suc- 
cession, each of the reserved letters, and of which the number 
is m — (n — 1), or m — n -f- 1 : it is evident, that we shall thus 
form a number m — n-\-l of new arrangements of n letters, each 
differing from the other by the last letter. Now, take another of the 
first arrangements of n — 1 letters, and annex to it, in succession, 
each of the m— n+ I letters which do not make a part of it ; we 
again obtain a number m-— n + \ of arrangements of n letters, 
differing from ^ch other, and from those obtained as above, at least 
in one of the n — 1 first letters. Now, as we may in the same 
manner, take aU the P arrangements of the m letters, taken n— 1 
in a set, and annex to each in succession each of the m — n + 1 
other letters, it follows that the total number of arrangements of 
m letters taken n in a set, is expressed by 

P (m - n + 1). ~ 

To apply this in determining the number of arrangements of 
m letters, taken 2 and 2, 3 and 3, 4 and 4, or 5 and 5 in a set, 
make n = 2 ; whence, m--»4-l=»i--l; Pin this cas^, 
will express the total number of arrangements, taken 2 — 1 and 
2 — 1, or 1 and 1 ; and is consequently equal to m ; therefore, 
the formula becomes m{m — 1). 

Let n = 3 ; whence, w — n+l=m — 2; P will then ex- 
press the number of arrangements taken 2 and 2, and is equal to 
»i(m— 1); therefore, the formula becomes 

m (m — 1) (m — 2). 

Again, take » = 4 : whence, m — 7i+l=in — 3: P will ex- 
press the number of arrangements taken 3 and 3, or is equal to 

mim— l)(m — 2); 

therefore, the formula becomes 

OT (ot — 1) (m — 2) (m — 3). 
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Remark'. — From tbe manner in which these results have been 
deduced, we conclude that the general formula for m letters taken 
n in a set, is 

in (m — ' 1) (m — 2) (m — 3) . . . . (m — » + 1) ; 

that is, it is composed of the product of the n consecutive numbers 
comprised between m and m — n + 1, inclusively. 

From this formula, that of the preceding Art. can easily be 
deduced, viz., the development of the value of Q x n. 

For, we see that the arrangements become permutations when 
the number of letters entering into each arrangement is equal to 
the total number of letters considered. 

Therefore, to pass from the total number of arrangements of m 
letters, taken n and n, to the number of permutations of n letters, 
it is only necessary to make m = n in the above development, 
which gives 

n (n - 1) (n - 2) (n — 3) 1. 

By reversing the order of the factors, and observing that the 
last is 1, the next to the last 2, the third from the last 3, c&c., 
we have 

1x2x3x4 (n — 2) (» — 1) n, 

for the development of Q x «. 

This is nothing more than the series of natural numbers com- 
^ised between 1 and w, inclusively. 

201. When the letters are disposed, as in the arrangements, 2 
and 2, 3 and 3, 4 and 4, &c., it may be required that no two of 
the results, thus formed, shall be composed entirely of the same 
letters, in which case the products of the letters will be different j 
and we may then demand the whole number of results thus ob- 
tained. In this case, the results are called combinations. 

Thus, ab, ac, be, . . . ad, bd, . . . are combinations of the let- 
ters a, b, and c, &c., taken 2 and 2. 

In like manner, abc, abd, . . . ctcd, bed, . . . are combinations 
of the letters taken 3 and 3. 

Combinations, are arrangements in which any two will differ from 
each other by at least one of the letters which enter them. 

Hence, there is an essential difference in the signification oi 
■the words, permutations, arrangements, and combinations. 
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Problem 3. To determine th£ total number of different combina- 
tions that can be formed of m letters, taken n in a set. 

Let X denote the total number of arrangements that can be 
formed of m letters, taken n and n : Y the number of permuta- 
tions of n letters, and Z the total number of different combinations 
taken n and n. 

It is evident, that all the possible arrangements of m letters, 
taken » in a set, can be obtained, by subjecting the n letters of 
each of the Z combinations, to all the permutations of which 
these letters are susceptible. Now, a single combination ()f n let- 
ters gives, by hypothesis, Y permutations ; therefore Z comMna- 
tions* will give Y X Z arrangements, taken .; and n ; and as X 
denotes the total number of arrangements, it follows that the three 
quantities, X, Y, and Z, give the relations 

X 

X^= Y X Z ; whence, Z = -=. 

But we have (Art. 200), 

X=P{m-n+ 1), 

and (Art. 199), Y=Qxn; 

^ ^ „ P(m — n + 1) P m — n+l 

therefore, Z = — ^^-^r ^-— ' = tt X -^• 

Q X n Q n 

Since P expresses the total number of arrangements, taken 
n — 1 and n — 1, and Q the number of permutations of n — 1 

P 
letters, it follows that --- expresses the number of different com- 

binations of m letters taken n — 1 and n — 1. 
To apply this to the case of the combinations of m letters 

taken 2 and 2, 3 and 3, 4 and 4, <&c. 

p 
Make n = 2, in which case, — expresses the number of com- 

W 

binations of m letters taken 2 — 1 and 2—1, or taken 1 and 1, 
and this num 
fore becomes 



,y and this number must be equal to m ; the above fonnula there- 



I 



m — 1 OT(in — 1) 

m X — - — or - ^-- — -. 
2 1.2 

p 

Let n = 3 ; ~ ^^^^ express the number of combinations taken 
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2 and 2, and is equal to — — -; and the fonnula becomes 

1.2 

m(m — l)(m — 2) 

In ^ke manner, we find the number of combinations of m let- 
ters taken 4 and 4, to be 

m(m--l) (m —2) (m — 3) 
1.2.3.4 ' 

and, in general, the number of combinations of tn letters taKen n 
and n, is expressed by 

m(m — l){m — 2) (m — 3) . . . (m — « + 1) 
1.2.3.4 . . . (n— l).n * 

which is the development of the expression 

P(m~n4- 1) 
Q X » 

We may here observe that, if we have a series of numben, 
decreasing by tnity, and of which the first is m and the last 
m—p,m and p being entire numbers, that the product of these 
numbers will be exactly divisible by the continued product of all 

the natural numbers from 1 to p + I inclusively ; that is* 

- • 

m (m — 1) (m — 2) (m — .3) . . . (m — p) 
i r~2 .3.4 ....(;) + 1) 

is a whole number. For, from what has been proved, this ex- 
pression represents the number of different combinations that can 
be formed of m letters taken in sets of jd + 1 and p -{- I. Now 
this number of combinations is, iirom its nature, an entire number; 
therefore the above expression is necei^sarily a whole number. 



Demonstration of the Binomial Theorem. 

202. In order to discover more easily the law for the develop- 
ment of the mth power of the binomial a? + a, let us observe 
the law of the product of several binomial factors, a: + a, rp + ^ 
X + c, X -\- d . . .of which the first term is the same in each, 
and the second terms difierent. 




I 
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Ist product 



X + a 

as + b 

+ b 

X + c 



X + ab 



2d - 



+ b 

+ c 
X + d 



+ ac 
+ he 



X + dbe 



3d . 



«*+ a 


x^ -f- ab 


x^ -f «Ac 


+ b 


+ ac 


+ aft(i 


+ e 


+ arf 


+ acd 


+ d 


+ Ac 


+ 5cJ 



+ bd 

+ cd 



X + <jAed 



From these products, obtained by the common rule for alge- 
braic, multiplication, we discover the following laws : — 

Ist. With respect to the exponents, we observe that, the ex- 
ponent of a?, in the first term, is equal to the number of binomial 
factors employed. In each of the following terms to the right, 
this exponent diminishes by unity to Ihe last term, where it is 0. 

2d. With respect to the co-efiicients of the different powers of 
«, that of the first term is unity ; the co-eflicient of the second 
term is equal to the sum of the second terms of the binomials ; 
the co-efficient of the third term is equal to the sum of the prod- 
ucts of the different second terms, taken two and two; the co- 
efficient of the fourth term is equal to the sum of their different 
products, taken three and three. Reasoning from analogy ^ we may 
conclude that the co-efficient of the term which has n terms be- 
fore it, is equal to the sum of the different products of the second 
terms of the m binomials, taken n and n. The last term of the 
product is equal to the continued product of the second terms of 
the binomials. 

In order to prove that this law of formation is general, suppose 
that it has been proved true for a number m of binomials ; let us 
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see if it will continue to be true when the product is multiplied 
by a new factor. 

For this purpose, suppose 

af» -f Aod^-^ 4- Ba?«-2 + Cx^"^ . . . + J^fa^-^+i -f- iVaJ"--* + . . . + l^, 

to be the product of m binomial factors, Notf^^^ representing the 

term which has n terms before it, and ilfap«-»+^ the term which 
immediately precedes. 

Let a; -f- ^ be the new factor by which we multiply ; the prod- 
uct when arranged according to the powers of x, will be 

a*»+*+ A 



+ k 

From which we 'perceive that the law of the exponents is evi- 
dently the same. 

With respect to the co-efficients, we observe, 
1st. That the co-efficient of the first term is unity; and 
2d. That A + k^ or the co-efficient of a:*", is the sum of the 
second terms of the m -+- 1 binomials, 

3d. Since, by hypothesis, B is the sum of the different products 
of the second terms of the m binomials, taken two and two, and 
since A X k expresses the sum of the products of each of the 
second terms of the m binomials by the new second term k ; there- 
fore, B + Ak is the sum of the different products of the second 
terms of the m -|- 1 binomials^, taken two and two. 

In general, since N exprc sses the sum of the products of the 
second terms of the m binomials, taken n and n, and M the sum 
of their products, taken n — \ and n — 1 ; if we multiply the 
last set by the new second term k, then N -{- Mk, or the co-effi- 
cient of the term which has n terms before it, will be equal to 
the sum of the different products of the second terms of the 
m -\- I binomials, taken n and n. The last term is equal to the 
continued product of the second terras of the y/i + 1 binomials. 

Therefore, the law of composition, supposed true for a number 
m of binomial factors, is also true for a number denoted by m -f 1- 
Hence, it is true for m + 2, &c., and is therefore general. ^ 

203. Let us now suppose, that in the product resulting froffl 
the multiplication of the m binomial factors, 

X -i- a, X -\- b, a? + c, X -\- d, , , , , 



oc^+ B 


a«-^ + C 


a;«-2 4. . 


. . -hN ■ 


1 


+ Ak 


-hBk 




+ MI 


+ Uk. 



i 
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we make, a =2 b = c = d: : , . . 

we shall then have 

(x + a)(x-^ b)(x + c) = (a? + o)«. 

The co-efficient' of the first term, ac*", will hecome 1 . The co-effi- 
cient of af^~^, being a + h + c + d, . . . will be a taken m times ; 
that is, ma. The co-efficient of ac**"^^ being 

ab + ac -\- ad . . . . reduces to a* -j- «* 4- a^ • . • 
that is, it becomes a^ taken as many times as there are com- 
binations of m letters, taken two and two, and hence reduces 

(Art. 201), to 

»» — 1 

m, — - — AT. 

2 

The co-efficient of af^"^ reduces to the product of o^, multiplied 

by the number of different combinations of m letters, taken three 

and three ; that is, to 

m — 1 m — 2 
m . — - — . — r — a^, &c. 
2 3 ' 

In general, let us denote the term, which has n terms before 
it, by iVx"»"«. Then, the co-efficient N will denote the sum of 
the products of the second terms, taken n and n; and when all 
of the terms are supposed equal, it becomes equal to a^ multiplied 
by the number of different combinations that can be made with m 
letters, taken n and n. Therefore, the co-efficient of the general 
term (Art. 201), is ptm-n+l) 

Q Xn 
from which we deduce the formula, 

tn — 1 

(a? + a)"* = «« + maof^"^ + m , — - — a^ac*"* 

, TO — 1 fli— 2 , _ . P(w — n + 1) 

2 3 Q . » 

The term 

P (w - n -M) 

^ — - a*si^~* 

Qn 

is called the general term, because by making n = 2, 3, 4, 
all of the others can be deduced from it. The term which im- 
mediately precedes it, is evidently, 

P p 

— o«"^a^~«+^, since ~ 
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expresses the number of combinations of m letters taken a ~ 1 
and n — i. Hence, we see, that the co-efficient 

P(m — «+ 1) 
Qxn ' 

P 
is equal to the co-efficient — of the preceding term, multiplied 

w, 

by m — n + 1, the exponent of x in that term, and divided by 

», the number of terms preceding the required term. 

P 
Since ~ is the co-efficient of the preceding term, we may, by 

observing how the co-efficients are formed from each other, ex- 
press the co-efficient of the general term thus, 

m (m — 1) (m — 2) (m — 3) . . . (m — n + 2) (j» — » + 1) 
"" 1 r~2 \ 3 \ 4 ~ (n- 1) ; n * 

The simple law, demonstrated above, enables us to determine 
the co-efficient of any term from the co-efficient of the preceding 
term. 

The co-ejicient of any term is formed by multiplying the co-effi" 
dent of the preceding term by the exponent of x in that term, and 
dividing the product by the number of terms which precede the re- 
quired term. 

For example, let it be required to develop {x + a)^. 
From this law, we have, 

(a? + of = a;6 + 6ax« + ISa^a:* + 20a^ai^ + 15a*«2 + 6aSa? + a®- 

After having formed the first two terms from the general 
formula a:*»+ maac^~^ +> • • • multiply 6, the co-efficient of the 
second term, by 5, the exponent of x in that term, and then 
divide the product by 2, which gives 15 for the co-efficient of 
the third term. To obtain that of the fourth, multiply 15 by 4, 
the exponent of a; in the third term, and divide the product by 3, 
the number of terms which precede the fourth ; this gives 20 ; 
and the co-efficients of the other terms are found in the same 
way. 

In like manner, we find- 

{x + a)io = a;io + lOax^ + A^a^oi^ + 120aV + 210a*a?« 
I- 252a5a^ + 210aV + 120aV + 45a V + lOa^x + a^» 
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204. It frequently occurs that the terms of the hinomial are 
affected with co-efficients and exponents, as in the following ex- 
ample: 

Let it be required to raise the binomial 

to the fourth power. 
Placing Sa^c = x and — 2hd = y, we have 

(a + yY = 05* + 4a?3y + Bac^y^ + ^^ + y* ; 
and substituting for x and y their values, we have 

(3a2c - 2hd)^ = (3a2c)4 + 4 {Za^cf (- 2hd) -f- 6 {^a^cf (~ 2^(i)2 

+ 4 (3«2c) (- 2W)3 -h (- 2bd)\ 
or, by performing the operations indicated, 

(3a2c - ^bd^ == 81fl8c* — 216a6c3W + 2\Qa^cWd^ - 96a2c63i3 

The terms of the development are alternately plus and minus, 
as they should be, since the second term is — . 

205. The powers of any polynomial, may easily be found by 
the binomial theorem. For example, raise 

a + * + c 
to the third power. 

First, put 6 + c = d. 

Then (a + J + c)3 = (a + df = o^ 4. 3^2^ 4. 3acP + rfS; 

and by substituting for the value of d^ 

(a + b + cf = a^+ ^a^b + 3aft2 + b^ 

^a^c 4- ^h^c + Qabc 
+ 3ac2 + 3ftc2 

This development is composed of the cubes of the three terms, 
plus three times the square of each term by the first powers of the 
two others, plus six times the product of all three terms. 

To apply the preceding formula to the development of the cube 
of a trinomial, in which the terms are affected with co-efficients 
and exponents, designate each term by a single letter, and perform 
the operations indicated; then replace the letters introduced by their 
values 
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From this rule, we will find that 

(2a2 - 4ab + 3b^Y = Sa^ — iSa^b + I32a^b^ — 20Sa^b^ 
+ IdSa^b^ — I08ab^ + 276«. 

The fourth, fifth, &c. powers of any polynomial can be developed 
in a similar manner. 

Consequences of the Binomial Formtda. 

, 206. The development of the binomial expression (a? + a)" 

will always contain m + I terms. Hence, if we take that term 
of the development which has n terms before it, the number of 
terms after it will be expressed by m — n. 

Let us now seek the co-efiicient of the term which has n terms 
after it, and which, consequently, has m — n terms before it. 

' We obtain this co-efiicient by simply substituting m ^ n for n, 
in the last value of N in Art. 203. We then have, 

. j ^^ m(m-l)(m-2). . (n+2)(n-hl) 

^^ \ 1 . 2 . 3 . . . (m — n — 1) (m — n)* 

As we can always take the term which has n terms before it, 
nearer to the first term than the one which has m^ n terms be- 
fore it, we will examine that part of the co-efficient which is 
CK derived from the, terms lying between these two. We may write 

__ffi(m— 1) . . . (ffi— n-|-l).(w— »).(^— »— 1). . .(n+2).(»+l) 
~ 1 . 2 n (n-hl) . (n+2) . . (m— n~l) .(m-n)* 

\ ^ ■'» Now, by cancelling the like factors in the numerator and de- 
nominator, we have 

^^ m(m-l)....(m ^-»+^)^ ^^^^^^ 
1.2 n 

In the development of any povoer of a binomialf the co-efficients 
at equal distances from the tioo extremes are equal to each other, 

207. If we designate by K the co-efficient of the term which 
has n terms before it, that term will be expressed by JTa**"-*; 
and the corresponding term counted from the last term of the 
series, will be KcC^^^x^, 

Now, the first co-efficient expresses the number of different com- 
binations that can be formed with m letters taken n and n; and 
the second, the number which can be formed when taken m — « 



i 

N 
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and m — n ; we may therefore conclude that, the number of dif- 
ferent combinations of m letters taken n and n, is equal to the num- 
ber pf combinations of m letters taken m — n and m — n. 

For example, twelve letters combined 5 and 5, give the same 
number of combinations as when taken 12 — 5 and 12 — • 5, or 7 
and 7. Five letters combined 2 and 2, give the same number of 
combinations as when combined 5 — 2 and 5 — 2, or 3 and 3. 

208. If, in the general formula, 

m — 1 

(x + a)*" = a;*" + max^^^ + m — - — a^-jjui— 2 _|_^ ^^^ 

we suppose « = 1, a = 1, we have, 

ffi — 1 m— Iffi— 2. 
(1 + 1)"» or 2"» = 1 + m + w — h m — - — . — h» &c. 

That is, the sum of the co-efficients of all the terms of the for- 
mula for the binomial, is equal to the mth power of 2. 
Thus, in 'the particular case 

' (x -f ay = x^ + 5ax^ + lOa'^x^ + lOa^x^ -p 5a/^x + a\ 
the sum of the co-efficients 

1-1-5 + 10+10 + 5+1 
is equal to 2^ = 32. In the 10th power developed, the sum of the 
co-efficients is equal to 2^® = 1024. 

Extraction of the Cvbe Root of Numbers. 

209. The cube or third power of a number, is the product which 
arises from multiplying the number twice by itself. The cube root, 
or third root of a number is either of three equal factors into 
which it may be resolved ; and hence, to extract |he cube root, 
is to seek one of these factors. 

Every number which can be resolved into three equal factors 
that are commensurable with unity, is called a perfect cube; and 
any number which cannot be so resolved, is called an imperfect 
cube. 

The first ten numbers are 

roots, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 
cubes, 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

Reciprocally, the numbers of the first line are the cube roots 
of the numbers of the second 
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We perceive, by inspection, that there are but nine perfect cubes 
among all the numbers expressed by one, two, and three figures. 
Every other number, except ihe nine written above, which ^n be 
expressed by one, two, or three figures, will be an imperfect cube ; 
and hence, its cube root will be expressed by a whole number, 
plus an irrational number, as may be shown by a course of rea- 
soning entirely similar to that pursued in the latter part of Art. 118. 

210. Let us find the difference between the cubes of two con- 
secutive numbers. 

Let a and a+ 1> be two consecutive whole numbers; we have 

(o 4- 1)3 = a3 + 3o2 -f 3<i + 1 ; 
whence, (a + If — a^ = 3a^ + 3o + 1. 

That is, the difference between the cubes of two consecutive whole 
numbers, is equal to three times the square of the least number, plus 
three times the number, plus 1. 

Thus, the difference between the cube of 90 and the cube of 
89, is equal to 

3 (89)2 4- 3 X 89 + 1 = 24031. 

211. In order to extract the cube root of an entire number, we 
will observe, that when the figures expressing the number do not 
exceed three, the entire part of the root is found by comparing 
the number with the first nine perfect cubes. For example, the 
cube root of 27 is 3. The cube root of 30 is 3, plus an irrational 
number, less than unity. The cube root of 72 is 4, plus an ir- 
rational number less than unity, since 72 lies between the perfect 
cubes 64 and 125. 

When the number is expressed by more than three figures, the 
process will be as follows. Let the proposed number be 103823. 



103 823 
64 



42 X 3 = 48 I 398.23 



47 
8 



48 


47 


48 


47 


384 


329 


192 


188 


2304 


2209 


48 


47 


18432 


15463 


9216 


8836 



110592 103823 
This number being comprised between 1,000, which is the cube 
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of 10, and 1,000,000, which is the cube of 100, its root will be 
expressed by two figures, or by tens and units. Denoting the tens 
by a, and the units by b, we have (Art. 198), 

(a + by = a3 + 3a^b + 3ab^ + b^ 

Whence it follows, that the cube of a number composed of tens 
and units, is made up of four distinct parts : viz., the cube of the 
tens, three times the product of the square of the tens by the units, 
three times the product of the teiis by the square of the units, and 
the cube of the units. 

Now, the cube. of the tens, giving at least, thousands, the last 
three figures to the right cannot form a part of it : the cube of 
tens must therefore be found in the part 103 which is separated 
from the last three figures. The root of the greatest cube con- 
tained in 103 being 4, this is the number of tens in the required 
root. Indeed, 103823 is evidently comprised between (40 )3 or 
64,000, and (50)^ or 125,000 ; hence, the required root is com- 
posed of 4 tens, plus a certain number of units less than.^en. 

Having found the number of tens, subtract its cube, 64, from 
103, and there remains 39, to which bring down the part 823, 
and we have 39823, which contains three times the square of the 
tens by the units, plus the two parts named above. Now, as the 
square of tens gives at least hundreds, it follows that three times 
the square of the tens by the units, must be found in the part 
398, to the left of 23, which is separated from it by a point. 
Therefore, dividing 398 by 48, which is three times the square 
of the tens, the quotient 8 will be the units of the root, or some- 
thing greater, since 398 hundreds is composed of three times the 
square of the tens by the units, together with the two other parts. 

We may ascertain whether the figure 8 is too great, by forming 
from the 4 tens and 8 units the three parts which enter into 39823; 
but it is much easier to cube 48, as has been done in the above ta- 
ble. Now, the cube of 48 is 110592, which is greater than 103823; 
therefore, 8 is too great. By cubing 47 we obtain 103823 ; hence 
the proposed number is a perfect cube, and 47 is its cube root. 

Remark I. — The units figures could not be first obtained, because 

the cube of the units might give tens, and even hundreds, and the 

tens and hundreds would be confounded with those which arise 

from other parts of the cube. 

14 
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Remark II. — The operations in the last example have been per- 
fonned on but two periods. It is plain, however, that the same 
reasoning is equally applicable to larger numbers ; for, by chan- 
ging the order of the units, we do not change the relation in 
which they stand to each other. 

Thus, in the number 43 725 658, the two periods 43 725, have 
the same relation to each other, as in the number 43725 ; and 
hence, the methods pursued in the last example are equally ap 
plicable to larger numbers. 

212. Hence, for the extraction of th^ cube root of numbers, we 
have the following 

RULE. 

I. Separate the given number into periods of three figures each 
beginning at the right hand: the left-hand period toiU often eontm 
less than three places of figures. 

II. Seek the greatest cube in the first period, at the left, and set 
its root on the right, after the manner of a quotient in division. Sub- 
tract the cube of this figure of the root from the first period, and to 
the remainder bring down the first figure of the next period, and eaU 
this number the dividend. 

III. Take three times the square of the root Just found for a (fi- 
visor, and see how often if is contained in the dividend, and place 
the quotient for a second figure of the root. Then cube the figures 
of the root thus founds and if their cube be greater than the jir^ 
two periods of the given number, diminish the last figure ; but if H 
be less, subtract it from the first two periods, and to the remainder 
bring down the first figure of the next period, for a new dividend. 

IV. Take three times the square of the whole root for a new dvoi- 
sor, and seek how often it is contained in the new dividend; the 
quotient will be the third figure of the root. Cube the whole fM 
and subtract the result from the first three periods of the given num- 
ber, and proceed in a similar way for all the periods. 

Remark. — If any of the remainders are equal to, or exceed, 
three times the square of the root obtained plus three times this root^ 
plus one, the last figure of the root is too small and must be aug- 
mented by at least unity (Art. 210). 
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EXAMPLES. 



1. >/48228544 = 364. 

2. V27054036008 = 3002. 

3. V483249 =78, with a remainder *697. 

4. ^91632508641 = 4508, with a remainder 20644129. 

5. V329773402 18432 = 32068. 

To extract the n'* Root of a whole Number. 

« 

213. The vP^ root of a number, is one of the n equal factors 
into which the number may be resolved. If the factors are com 
mensurable with unity, the number is said to be a perfect power , 
if they are not commensurable with unity, the number is said to 
bo an imperfect power. 

In order to generalize the process for the extraction of roots^ 
we wOl denote the proposed number by iV, and the degree of the 
root to be extracted by n. If the number of figures in N, does 
not exceed n, the rational part of the root will be expressed by 
a single figure. 

Having formed the n** power of all the numbers from 1 to 9, 
inclusive, compare the given number with these powers, and the 
root of the one next less, will be that part of the required root 
which can be expressed by a whole number ; for, the n^ power 
of 9 is the largest number which can be expressed by n figures. 

When iV contains more than n figures, there will be more than 

one figure in the root, which may then be considered as composed 

of tens and units. Designating the tens by a, and the units by 6, 

we have (Art. 203), 

n — 1 
iV= (a + 6)" = a* + «<i*""^A + n fl*-^^ +, &c. ; 

that is, the proposed number contains the v!^ power of the tens^ 
plus n times the product of the n — 1*** power of the tens by the 
unitSy plus a series of other parts which it is not necessary to 
consider. 

Now, as the n^ power of the tens, cannot give units of an or- 
der inferior to 1 followed by n ciphers, the last n figives on th« 
lighty cannot make a part of it. They must then be pointed off 
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and the root of the greatest »'* power contained in the figures on 
the left should be extracted : this root will be the tens of the re- 
quired root. 

If this part on the left should contain more than n figures, the 
n figures on t^e right of it, must be separated from the rest, and 
the root of the greatest n^ power contained in the part on the left 
extracted, and so on. Hence the following 

RULE. 

I. Divide the number N into periods of n figures each, beginning 
at the right hand ; extract the root of the greatest rfi^ potoer con- 
tained in the left-hand period, and subtract the n^ power of this 
figure from the left-hand period. 

II. Bring down to the right of the remainder derived from the 
left-hand period^ the first figure of the next period, and call this 
number the dividend. 

III. Form the n^\ power of the first figure of the root, muU 
tiply it by n, and see how often the product is contained in the divi- 
dend : the quotient will be the second figure of the root, or something 
greater. 

IV. Raise the number thus formed to the n^ power, then subtract 
this result from the two left-hand periods, and to the new remainder 
bring down the first figure of the next period : then divide the num^ 
ber thus formed by n times the n — I power of the two figures of 
the root already found, and continue this operation untU all the pe- 
riods are brought down. 

• EXAMPLES. 

1. What is the fourth root of 531441 ? 

53 144i I 27 
2* = 16 

4 X 23 = 32 I 371 
(27)* = 531441. 

We first divide off, from the right hand, the period of four figures, 
and then find the greatest fourth root contained in 53, the first 
period to the left, which is 2. We next subtract the 4th power 
qf 2, which is 16, from 53, and to the remainder 37 we bring 
down the first figure of the next period. We then divide 371 by 
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4 times the cube of 8, which gives 1 1 for a quotient : but this 
we know is too large. By trying the numbers 9 and 8, we find 
them also too large : then trying 7, we find the exact root to be 27. 

/ 214. Remark. — When the degree of the root to be extracted is 
a multiple of two or more numbers, as 4, 6, . . . ., *^ root can be 
obtained by extracting the roots of more simple degrees, successively/. 
To explain this, we will remark that, 

(a3)4 = a^ X a^ X a^ xa^ = ^3+3+3+3 -. a^x4 -, ^la. 

and that in general (Art. 13), 

(a»»)« = rf»x«"*Xfl"X<^. . . = a**^" : 

hence, the n^ power of the m'** potoer of a number, is equal to tht 
mn^** power of this number. 
Let us see if the reciprocal of this is also true. 



Let \/*yo =0^; 

then raising both members to the n'^ power, we have, from the 
definition of the n^* root, 

and by raising both members of the last equation to the m^ power 

a = (a^«)« = {/«*. 
Extracting the mn^^ root of the last equation, we have 



mn 



• 

and hence, x/v^ = *"va. 



since each is equal to of. Therefore, the n* root of the m^ root 
of any number, is equal to the mn^^ root of that number. And in 
a similar manner, it might be proved that 



m 

mn 

a. 



By this method we find that 

1. V 256 = y -/ 256 = yii = 4. 

2 V 2985984 = y -/ 2985984 = ^1728 = 12. 
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3. y 1771561 =Yv^ 1771561 = 11. 

4. V 1679616 = Vl296 = ^^^1296 = 6. 

Remark. — ^^Ithough the successive roots may be extracted in 

any order whatever, it is better to extract the roots of the lowest 

degree first, for then the extraction of the roots of the higher 

degrees, which is a more complicated operation, is effected upon 

I numbers containing fewer figures than the proposed number. 

Extraction of Roots by Approximation. 

215. When it is required to extract the n*^ root of a number 
which is not a perfect power, the method already explained, will 
give only the entire part of the root, or the root to within unity. 
As to the number which is to be added, in order to complete the 
root, it cannot be obtained exactly, but we can approximate to it 
as near as we please. 

Let it be required to extract the n^^ root of the whole number 

a to within a fraction — ; that is, so near, that the error shall 

P 

be less than — . 

P 
We will observe that we can write 

•^^ p* 

If we denote by r , the root of op* to within unity, the numbei 

^ = a, will be comprehended between — and ^ -\ 

JO* p* »• 



therefore the y a will be comprised between the two numbers, 

r r -h 1 1 

— and ; and consequently, their difference — will be 

P P P 

greater than the difference between — and the true root. Henc6, 

P 
r . . 1 

— is the required root to within the fraction — . 

P - P 

Hence, to extract the n* root of a whole number to within a frac' 

tion — , multiply the number by p* ; extract the n^ root of the 

nroduct to within unity, and divide the result by p. 



CHAP VIII.] BZTRACTION OF ROOT0. 215 

216. Again, suppose it is required to extract the'n^ root of the 
fraction -=-. 



Multiply each term of the fraction by 

ft*~^, and it becomes -r- = — - — . 

b b* 

Let r denote the n^ root of o^*""^, to within Uidty; 
ab*-\ 



= ~, will be comprised between -7- and ^ — r — -—; 



b* b '^ b* b* 

, and consequently, -r- will be the n** root of -p, to within the 

b 

fraction -7-. 
o 

Therefore, after having made the denominator of the fraction a 
perfect power of the n'** degree, extract the v^ root of the numerator, 
to within unity, and divide the result by the root of the new de- 
nominator. 

When a greater degree of exactness is required than that in- 
dicated by -7-, extract the root of ab^"^ to within any fraction 

1 . r^ r" 

— ; and designate this root by — . Now, since — is the root 

P P P 

1 r^ 

of the numerator to within — , it follows, that -=- is the true 

P h 

root of the fraction to within -=-. 

bp 

, EXAMPLES. 

1. Suppose it were required to extract the cube root of 15, to 

within -— . We have 
12 

15 X 123 = 15 X 1728 = 25920. 

Now the cube root of 25920, to within unity, is 29 ; hence 
the required root is, 

29 5 

12=^12- 

2. Extract the cube root of 47, to within --. 

20 

We have 

47 X 203 = 47 X 8000 = 376000. 
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Now the cube root of 376000, to within \mity, is 72; hence 

V 47 = ;r;r = 3— -, to withm -~. 
^ 20 20 20 



3. Find the vahie of ^25 to within 0.001. 

To do this, multiply 25 by the cube of 1000, or 1000000000, 
which gives 25000000000. Now, the cube root of this number, 
is 2920; hence 

V25 = 2.920 to within 0.001. 

217. Remark. — In general, in order to extract the cube root of a 
whole number to uoithin a given decimal fraction, annex three times as 
many ciphers to the number, as there are decimal places in the required 
root ; extract the cube root of the number thus formed to within 
unity, and point off from the right of this root the required number 
of decimals. 

218. We will now explain the method of extracting the cube 
root of a decimal fraction. Suppose it is required to extract the 
cube root of 3.1415. 

Since the denominator, 10000, of this fraction, is not a per- 
fect cube, make it one, by multiplying it by 100 ; this is equivalent 
to annexing two ciphers to the proposed decimal, which then be- 
comes, 3.141500. Extract the cube root of 3141500, that is, of 
the number considered independent of the c omma, to within unity ; 
this gives 146. Then divide by 100, or ^1000000, and we find 

y 3.1415 = 1.46 to within 0.01. 

Hence, to extract the cube root of a decimal number, we have 
the following 

RULE. 

Annex ciphers to the decimal part, if necessary, until it can be 
divided into exact periods of three figures each, observing that the 
number of periods must be made equal to the number of decimal 
places required in the root. Then, extract the root as in entire num- 
bers, and point off as many places for decimals as there are periods 
in the. decimal part of the number. 

To extract the cube root of a vulgar fraction to within a given 
decimal fraction, the most simple method is to reduce the pro- 
posed fraction to a decimal fraction, continuing the ojyeration until 
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the number of decimal places is equal to three times the number re^ 
quired in the root. The question is then reduced to extracting the 
cube root of a decimal fraction. 

219. Suppose it is required to find the sixth root of 23, to 
within 0.01. 

Applying the rule of Art. 215 to this example, we multiply 23 
by 100^, or annex twelve ciphers to 23; then extract the sixth root 
of the number thus formed to within unity, and divide this root 
by 100, or point off two decimals on the right. 

We thus find that ^23 = 1.68, to within 0.01. 

EXAMPLES. 

1. Find the ^473 to within ^. Ans, 7|. 

2. Find, the V^^ to within .0001. Ans. 4.2908. 

3. Find tlie \/l^ to within .01. Ans. 1.53. 

4. Find the ^3-004 15 to within .0001. Ans. 1.4429. 

5. Find the V^.OOlOl to within .01. Ans. O.IO. 

6. Find the Vjf to within .001. Ans. 0.824. 

Extraction of Roots of Algebraic Quantities, 

220. Before extracting the root of an algebraic quantity, let iu 
see in what manner any power of it may be formed. 

Let it be required to form the fifth power of 2(^b^, We have 
(2a362)5 -. 2aW X 2a^^ X 2a^^ X 2a^^ x 2a^b^, . 

from which it follows, 1st. That the co-efiicient 2 must be mul- 
tiplied by itself four times, or raised to the 5th power. 2d. That 
each of the exponents of the letters must be added to itself four 
times, or multiplied by 5. 

Hence, (2a^^Y = 2* • a^^^A^xs _ 32ai5/>io. 

In like manner, (Sa^b^cy = 8^ . a^xs^a^V _- ^Ua^^c^. 

Therefore, in order to raise a monomial to any power, raise 
the co-efficient to this power, and multiply the exponent of each of 
the letters by the exponent of the power , and unite the terms. 

Hence, to extract any root of a monomial, 

Ist. Extract the root of the co-efficient and divide the exponent 
of each letter btf the index of the root. 2d. To the root of the co- 
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efficient annex each letter tot'M its new exponent^ and the result wiU 
be the required root. Thus, 

From this rule we perceive, that in order that a monomial may 
be a perfect power, 1st, its co-efficient must be a perfect power; 
and 2d, the exponent of each letter must be divisible by the in- 
dex of the root to be extracted. It will be shown hereafter, how 
the expression for the root of a quantity, which is not a perfect 
power, is reduced to its simplest terms. 

221. Hitherto, in finding the power of a monomial, we have 
paid no attention to the sign with which the monomial may be 
affected. It has already been shown, that whatever be the sign 
of a monomial, t^^ square is always positive. 

Let n be any whole number; then, every power of an even 
degree, as 2n, can be considered as the n^ power of the square; 
that is, (a^y = a^*. 

Hence, it follows, that every power of an even degree, will he es- 
sentially positive, whether the quantity itself he positive or negative. 

Thus, (± 2a^b^cy = + 16a8&i2c*. 

Again, as every power of an uneven degree, 2n+ 1, is but the 
product of the power of an even degree, 2n, by the first power; 
it follows that, every power of an uneven degree, of a monomial, is 
affected with the same sign as the monomial itself 

Hence, (+ 4aHy = + e4a%^ ; and (- 4aHy = — 64a6^ 

From the preceding reasonings, we conclude, 

1st. That when the degree of the root of a monomial is uneven, 
the root will be affected with the same sign as the monomial. 

Hence, 
V+8fl3 = + 2a; V- 8«^ = - 2a ; >/- 32a^^b^ = -2aH. 

2d. When the degree of the root is even, and the monomial a posi- 
tive quantity, the root is affected either with the sign -{- or •^. 

Thus, Vsifl^ftw = d= 3ab^ ; \/6ia^ = ± 20^. 

3d. When the degree of the root is even, and the monomial nega- 
tive, the root is impossible ; for, there is no quantity which, bein^ 
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raised to a power of an even degree, will give a negative result. 
Therefore, 

are eymbols of operation which it is impossible to execute. They 
are imaginary expressions (Art. 126), like 

y—tf, -/—ft, 

EXAMPLES. 

1. What is the cube root of 8a^h^^l Ans. 2a'ftc*. 

2 What is the 4th root of Bla^b^c^^ ? Ans. 3a&*c*. 

3 What is the 5th root of — 32a^c^^d^^ ? Ans. — 2a(!^d^. 
4. What is the cube root of — 125a^b^<^ ? Ans. — 5(^lf»e. 

Eootraction of Roots of Folynomials. ^_'^' * ^ / /* 

222. Let us first examine the law of formation of any power ^ 

of a polynomial. To begin with a simple example, let us develop 

{a + y + zf. 
If we place y + z ^^ u, we shall have, 

(a + tt)3 = a3 + 3a2w + 3ai|3 + «' ; 
or by replacing u by its value, y + z^ 

. (a + y + ^)3 = «3 + 3a2(y + z) + 3a{y + zf + {y + zf-, 
or performing the operations indicated, 

(a + y + zY=zc^+ Sa^y + Za^z + 3ay2 + %ayz + 3ay3 + f+ 3y^z 

+ 3y;?2 ^ ^3. 

When the polynomial is composed of more than three terms, as 
a + y4-^ + ^ • • • ' Vt ^®*» ^^ before, « = the sum of all tiie 
terms after the first. Then, a-\- u will be equal to the given 
polynomial, and 

(a + uf = a3 + 3fl2w + SaM^ + u^ ; 

from which we see, that the cube of any polynomial is equal to the 
cube of the first term, plus three times the square ^ of the first term 
multiplied by each of the remaining terms, plus other terms. 

If o does not contain a, it is plain that the exponent of a in 
each term, as a^, 3o^m, &c., will be greater than in any of the 
following terms ; and hence, every term will he irreducible with the 
terms which precede or follow it. 
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If u contains a, as in the polynomial 

a^ + ax + b, where u =z ax + b^ 

the terms will still be irreducible with each other, provided we 
arrange the polynomial with reference to the letter a. For, if the 
given polynomial be arranged with reference to a, the exponent 
of a in the first term will be greater than the exponent of a in 
u: hence, its cube will contain a with a greater exponent than 
will result from multiplying its square by u. Also, the co-efficient 
of u multiplied by the first term of u, will contain a to a higher 
power than any of the following terms of the development, and 
hence, will be irreducible with them ; and the same may be shown 
for the subsequent terms. 

In order to extract any root of a polynomial, we will first ex- 
plain the method of extracting the cube root. It will then be 
easy to generalize this method, and apply it to the case of any 
root whatever. 

Let N be any pol3momial, and R its cube root. Suppose the 
two polynomials to be arranged with reference to some letter, as 
a, for example. It results from the law of formation of the cube 
of a polynomial (Art. 222), that in the cube of R, the cube of 
the first term, and three times the square of the first term by the 
second, cannot be reduced with each other, nor with any of the 
following terms. 

Hence, the cube root of that term of N which contains a, af- 
fected with the highest exponent, will be the first term of R ; and 
the second term of R will be found by dividing the second term 
of N by three times the square of the first term of R. 

By examining the deyelopment of the trinomial a -^- y + j?, we 
see, that if we form the cube of the two terms of the root found 
as above, and subtract it from N, and then divide the first term 
of the remainder by 3 times the square of the first term of R, 
the quotient will be the third term of the root. Therefore, having 
arranged the terms of iV, with reference to any letter, we have, 
for the extraction of the cube root, the following 

/ RULiJ. 

I. Extract the cube root of the first term, 

II. Divide the second term of ^ by three times the square of the 
first term of R ; the quotient will be the second term of E. 
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TIL Having found the first two terms of R, form the cube of this 
binomial and subtract it from N ; after which, divide the first term 
of the remainder by three times the square of the first term of R: 
the quotient will be the third term of R. 

lY. Cube the three terms of the root found, and subtract the cube 
from N : then divide the first term of the remainder by the divisor 
already used, and the quotient will be the fourth term of the root: 
the remaining terms, if there are any, may be found in a similar 
manner, 

EXAMPLES. 

1. Extract the cube root of it«— 6a?5+ 15x4—20*3 -(- ISa?^— 6a?+l. 

a;6_6a?5_|_i5>_20x3+15ic2 — 6a?+l |a;2 — 2x+l 

1st rem. 3a:* — 12ap3 + , &c. 

(ar^-^a?+l)3 = a:«-6a:5+ ISa:*— 20ar3+ 15ar2-6a?+ 1. 

In this example, we first extract the cube root of x^, which 
gives 3^, for the first term of the root. Squaring x^, and multi- 
plying by 3, we obtain the divisor 3ar* : this is contained in the 
second term — 6x*, — 2a; times. Then cubing the root, and sub- 
tracting, we find that the first term of the remainder So;*, contains 
the divisor once. Cubing the whole root, we find the cube equal 
to the given polynomial. Hence, a?^ — 2a? -|- !» is the exact cube 
root. 

2. Find the cube root of 

x^+Qofi — 40*3 + 96a. — 64. 

3. Find the cube root of 

8a;6 - 12a;fi + 30ar* — 25a?3 + 30*2 _ i2a> + 8 

223. The rule for the extraction of the cube root is easily ex- 
tended to a root with a higher index. For, 

Let ff + i + c + . . . /, be any polynomial. 

Let s = the sum of all the terms after the first. 
Then a + f = the given polynomial ; and 

{a + sY = a* + na*""ij + other terms. 

That is, the n*^ power of a polynomial, is equal to the n^ power 
of the first term, plus n times the first term raised to the power 
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n — 1, multiplied by each of the remaining termsj + other terms 
of the development. 

Hence, we see, that the rule for the cube root will become the 
rule for the n'^ root, by first extracting the n^ root of the fiist 
term, taking for a divisor n times this root raised to the n — 1 
power, and raising the partial roots to the n^ power, instead of 
to the cube. 

EXAMPLES. 

1. Extract the 4th root of 

16fl* — 96a^x + 216a2flp2 — 2160^8 + Six*. 

16o*-96a3a:-|-216a2a:a— 216aaj3+81ar* | 2fl~3a? 
(2a — 3a?)* = 16fl*- 9ea^x+2l6a^x^---2l6ax^+8lx* l4x(2fl)«=32<i« 

We first extract the 4th root of 16fl*, which is 2a, We then 
raise 2a to the third power, and multiply by 4, the index of the 
root; this gives the divisor 32a^. This divisor is contained in 
the second term — 96a^x, — 3a? times, which is the second term 
of the root. Raising the whole root to the 4th power, we find 
the power equal to the given polynomial. 

2. What is the 4th root of the polynomial, 

Sla^c* + I6h^d^ - 9ea'^cb^d^ - 2l6a^c^bd + 216a*c2^«(P. 

3. Find the 5th root of 

32a?» — 80ar* + 80a;3 — 40x^ + lOay — 1. 

Calculus of Radicals. 

224. When the monomial or polynomial whose root is to be ex- 
tracted, cannot be resolved into as many equal and rational fac- 
tors as there are units in the index of the root, it is said to be 
an imperfect power. The root is then indicated by placing the 
quantity under the radical sign, and writing over it at the left 
hand, the index of the root. Thus, the fourth root of 3aJ2+ 9flc*, 
is written 

V3a6« + 9ac«. 

The index of the root is also called the index of the radical 
It is plain that a monomial will be a perfect power, when the 
numerical co-ejicient is a perfect power, and the exponent of each 
letter exactly divisible by the index of the root. 
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By the definilion of a root (Art. 213), we have "" ^ ^ , y 



{^abc ...)* = abc . . . ; 
and by the rule for the raising of powers, O'^*- v>^^, i^ 

and since) the n^ p owers are equal, the quantities themselves are 
[ equa l : n hence, * " 

y flic ....=ya XV& Xyc... 

that is, fA^ n^ roof o/" the product of any number offaetors^ is equal 
to the product of their n^ roots, 

1. Let us apply the above principle in reducing to its sim 
!.| plest form the imperfect power, y 54a*6V. We have 

V54i*^= V27^ X V2aca = 3ah ^/2ac^, 

2. In like manner. 

Via* = 2 V^; and V48^6^= 2a&2c Vioi?"; 

3. Also, 

Vl92a'6ci2= V64a«ci2 x V3«^ = 2ac3 V^. 

In the expressions, 3a5 ^2ac\ 2 yo^ 2a62c y3oc^ each quan- 
tity placed before the radical, is called a coefficient of the radical. 

225. The rule of Art. 214 gives rise to another kind of sim- 
plification. * 

Take, for example, the radical expression, y 4a*; from this 
rule, we have 

and as the quantity affected with the radical of the second de- 
g^^O) V' ^^ ^ perfect square, its root can be extracted: hence, 

In like manner, 

_ . V36^ = y y"36^ = -v/6a&. 

In general, \ 



"*y «»» = \/ y a* = y «: 



N 



. , .. ' 



224 ELEMENTS OF ALGEBRA. [CHAP. VIll. 

that is, when the index of a radical is a multiple of any number 
n, and the quantity under the radical sign is an exact n^ power, 
we can, without changing the value of the radical, divide its index 
by n, and extract the n'** root of the quantity under the sign. 

This proposition is the inverse of another, not less important; 
VIZ., the index of a radical may be multiplied by any number , pro- 
vided we raise the quantity under the sign to a power of which this 
number is the exponent. 

For, since a is the same thing as yo", we have. 



y a = v/ y a* = * y a*. 



226. This last principle serves to reduce two or more radicals 
to a common index. 

For example, let it he required to reduce the two radicals 

y/2a and V(« + *) 
to the same index. 

By multiplying the index of the first by 4, the index of the sec- 
ond, and raising the quantity 2a to the fourth power ; then multi- 
plying the index of the second by 3, the index of the first, and 
cubing a + ^j the value of neither radical will be changed, and 
the expressions will become 

^2^ = V 2*fl* = 'VTi^; and V(7-MJ = V (« + ^f' 

Hence, to reduce radicals to a common index, we have the fol- 
lowing 

RULE. 

Multiply the index of each radical by the product of the indices 
of all the other radicals, and raise the quantity under each radical 
sign to a power denoted by this product. 

This rule, which is analogous to that given for the reduction 
of fractions to a common denominator, is susceptible of similar 
modifications. 

For example, reduce the radicals 

to the same index. 

Since 24 is the least common multiple of the indices 4, 6, and 
8, it is only necessary to multiply the first by 6, the second by 
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4, and the third by 3, and to raise the quantities under each rad- 
ical sign to the 6th, 4th, and 3d powers respectively, which 
gives 

In applying the above rules to numerical examples, beginners 
very often make mistakes similar to the following : viz., in redu- • 

cing the radicals y2 and y 3 to a common index, after having 
multiplied the index of the first, by that of the second, and the 
index of the second by that of the first, then, instead of multiply- 
mg the exponent of the quantity under the first sign by 2, and the 
exponent of that under the second by 3, they often multiply the 
quantity under the first sign by 2, and the quantity under the sec- 
ond by 3. Thus, they would have 

VT= V2 X 2 = v^ and /3"= V3 X 3 = V^ 
Whereas, they should have, by the foregoing rule, 

\r^= y (2)2 " = y^, ' and yT= v~(^ = V27. 

Reduce y2, yi, yj* ^ *^® same index. 

Addition and Subtraction of Radicals. 

227. Two radicals are similar y when they have the same index,, 
ind the same quantity under the sign. Thus, 

3y/ab and 7 >/a^; as also, 3a^y/~b^, and Qc^ \^, 

are similar radicals. 

In order to add or subtract similar radicals, add or subtract their 
co-ejfflcientSf and to the sum or difference annex the common radicoL 

Thus, 

3V^+2VT=5VT; also, 3 VvT- 2 V^= V^ 
Again, 3fl y/Tdz 2c y/T= (3a =fc 2c)=^/T 

Dissimilar radicals may sometimes be reduced to similar radi- 
cals, by the rules of Arts. 224 and 225. For example, 

I y/^4Sab^ + b -y/lda = 4b ^^Sa + 5b y/da = 9b y/Sa, 

[15] 
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2. VSa'* + 1^«* - V^* + 2«*3 = 2a V* + 2a — i V6T2a; 

= (2a — b) y/b + 2a. 

3. 3V4?+2V^=3V^ + 2V2«= 5^2^. 

When the radicals are dissimilar and irreducible, they can only 
be added or subtracted, by means of the signs + or — . 

Multiplication and Division. 

228. We will suppose that the radicals have been reduced to a 
common index. 

Let it be required to multiply ya by yT. 

If we denote the product by P, we have 

and by raising both members to the n'* power, 

(V^y X (y/^y =iab=:P*; 
and by extracting the n"* root, 

VTxVT=P = \/^; 

that is, the product of the n^^ roots of two quantities^ is equal to the 
n^ root of their product. 

Let it be required to di\i'!e ya by y ^. 

If we designate the quotient by Q, we have 



and by raising both members to the n^ power, 

(V~^y a ^ 

and by extracting the n'* root, 

VT ^-^ b' 

that is, the quotient of the n}^ roots of two quantities, is equal to 
the n'*^ root of their quotient. 
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Therefore, for the multiplication and division of radicals, we 
have the following 

RULE. 

I. Reduce the radicals to a common index, 

II. If the radicals have co-ejicients, first multiply or divide them 
separately, 

III. Multiply or divide the quantities under the radical sign by 
each other, and prefix to the product or quotient, the common radi' 
eal sign, 

EXAMPLES. 

1. The product of 



▼ c ^ d ^ ed 



'\d 



2. The product of * 

3a Vs^ X 2b V 4a2c = 6ab V 32a*c = l2a^\/2e. 

3. The quotient of 

Vfl2&^ + b^ _l^ /8b {a%^ +~b^ __ c^iX h^ + ^ 
' / a^^ b^ ■" ^ a^-b^ - ^ V ^2 _ ^• 
^ • V — 8— 

4. The product of 

3ay/Tx 55 Vic = I5ab X ^^Qb^c^. 

5. Multiply yy X V^ ^7 V "^ X \/^. 



Ans, V 8. 




6 Multiply 2 -/is by 3V^- 

Ans. 6 V337500. 



7. Multiply 4Y-| by 2\/l.. 



Ans. 8 




338 BLEHENTS OF ALGEBRA. 

8. Kednce — --p=« --=* to its lowest terms. 

iV2 X V3 



[CHAP. ▼(<! 



^IW. 4^V2S 



9. Redace V ,V- /-- *<> i^ lowest terms. 

4V2 X V3 



^«- tv| 



'• 2-V- 

10. Multiply -/2"» V^> and \fb , together. 

Ans. V648000. 

11. Multiply Y — , V "o"' *^^ V^ together. 

12. Multiply (4Vy+5\/I) by (\/I+2v/i). 

illW. y + -g- V42. 



13. Divide y \/^ by (/2'+ 3 Vy) 



14. Divide 1 by VT+ V^ 



^iw. -. 



AlW. -^ ^^^ 7 i . 

a — h 

15. Divide V^+ V"* by ' V^ - V^ 

a + * + 2 V«^ + 2 V «^ + 2 V^ 

An*. p ^ . 

a — 

Powers and Roots of Radicals* 
229. By raising ^^/a to the n^* power, we have 

•(VT)» = V«"x V« X V7. • . =V«% 

by the rule just given for the multiplication of radicals. Hence, 
jfor rsdsing a radical to any power, we have the following 
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RULE. 

Raise the quantity under the sign to the given power, and affect # 
the result mt^ the radical sign, having the primitive index. If it 
has a co-efficient, first raise it to the given power » 

EXAMPLES. 

1. (V4?)2 = V(4«3)^ = V 16fl« = 2a V^- 

2. (3 %/2af .= 3^ . V^y = 243 V^2^ = 486a V^^ 

When the index of the radical is a multiple of the power xo 
which it is to be raised, the result can be simplified. 

For, \/2a = Y/v2a (Art. 214): hence, in order to square 
y2a. we have only to omit the first radical, which gives 

(V2a)2 __ y^. 

Again, to square %/Zb, we have y36 = \/^^3b: hence, 

Consequently, when the index of the radical is divisible by the 
exponent of the power to which it is to be raised, perform the di" 
vision, leaving the quantity under the radical sign unchanged. 

Let it be required to extract the m^ root of the radical yo. 
We have (Art. 214), 



yv^^'^v'a. 



Hence, to extract the root of a radical, multiply the index of the 
radical by the index of the root to be extracted, leaving the quan- 
tity under the sign unchanged* 

This rule is nothing more than the principle of Art. 214, enun- 
ciated in an inverse order. - 



.r.-i 




1. yV3« = 'V^; and 




When the quantity under the radical is a perfect power, of the 
degree of either of the roots to be extracted, the result can be 
simplified. / 
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Thus, yV^ = \JV^ = V^' 

. In like manner, y ^9^ = x/y/^ = y^. ^ 

230. The rules just demonstrated for the calculus of radicals, 
depend upon the fact, that the n'^ root of the product of several 
factors, is equal to the product of the n^ roots of these factors. 
This, however, has been proved on the supposition that, uohen the 
powers of the same degree of two expressions are equal; the expref- 
sions themselves are also equal. Now, this last proposition, which 
is true for absolute numbers, is not always true for algebraic ex- 
pressions ; for it is easily shown that the same number can have 
more than one square root, cube root, fourth root, ^c. 

Let us denote the algebraic value of the square root of a by 
«• and the arithmetical value of it by p; we have the equations 

a^ := a, and of* = p\ whence a? = =fc jp. 

• Hence we see, that the square of p, (which is the root of a), will 
give a, whether its sign be + or ~. 

In the second place, let x be the algebraic value of the cube 
root of a, and p the numerical value of this root; we have the 
equadons 

05^ = a, and a^ =p^. 

The last equation is satisfied by making x=ip. 

Observing that the equation x^ = p^ can be put under the form 
x^ — p^ z=z 0, and that the expression x^ — p^ is divisible by «— ^ 
(Art. 61), which gives the exact quotient, x^ + px + p\ the above 
equation can be transformed into 

(x — p) (x^ + px + p^) = 0. 

Now, every value of x which will satisfy this equation, will 
satisfy the first equation. But this equation can be satisfied by 
supposing 

flp — p = 0, whence « = p ; 

or by supposing 

a* + jMc + />^ = 0, 

from which last, we have 



2 2 



V^-3, or x=zp ( -^ ). 
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Hence, the cube root of a, admits of three different aigebraie 
values, viz.f 

P' P\ 2 )' *"•* P\ 3 )• 

Again, resolve the equation 

in which p denotes the arithmetical value of ^a. This equation 
can be put under the form 

which reduces to 

and this equation dan be satisfied, by supposing 

^2 — ^2 _ Q^ whence x = di p; 
or by supposing 

aj2 _^p2 -_ 0^ whence x =z zt y—p^ = ±pv--l 

We therefore obtain four different algebraic expressions for the 
fourth root of a. 

As another example, resolve the equation 

ar« — jje — o. 
This equation can be put under the form 

(x3-p3)(^+^3)^0; 

which may be satisfied by making either of the factors equal to 
zero. 
But «3 — 1>3 = 0, gives 

/- 1 db ^/^^3\ 
0? = p, and X =z p ( ~ j. 

And if in the equation a^ + p3 .- q, we make p =z — y, it be- 
comes ap3 — j/^ = 0, from which we deduce 

a? = /, and x =zp' y ^ j ; 

or, substituting for // its value — /», 

x = -^p, and x==-^p^— y "^ ). 

Therefore, the value of x in the equation a^ -^ pfi z=z 0, and con- 
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sequently, the 6th root of* a, admits of six values. If we make 

a = , and a = . 

these values may be expressed by 

p, ap, afp, —p — ap — afp. 

We may then conclude from analogy, that in every equation of 
the form x** — a = 0, or ar* — j9« = 0, a: is susceptible of m dif- 
ferent values ; that is, the rtiP^ root of a number admits of m 
different algebraic values. 

231. If, in the preceding equations, and the results correspond- 
ing to them, we suppose, as a particular case, a = 1 , whence 
p .= I, we shall obtain the second, third, fourth, &c. roots of 
unity. Thus 4- 1 and — 1 are the two square roots of tim<y, 
because the equation o:^ — 1 = 0, gives a: = ± 1 . 

In like manner, 

■+■'" 2 ' 2 : 

are the three cube roots of unity, or the roots of a?^ — 1 = ; and 

+ 1, - 1, + /itt; - y^ 

are the four fourth roots of unity, or the roots of ar* — 1 = 0. 

232. It results from the preceding analysis, that the rules for 
the calculus of radicals, which are exact when applied to abso- 
lute numbers, are susceptible of some modifications, when applied to 
expressions or symbols which are purely algebraic; these modifica- 
tions are more particularly necessary when applied to imaginary 
expressions, and are a consequence of what has been said in 
Art. 230. 

For example, the product of 

V--0 by -^ — a, 
by the rule of Art. 228, would be 

^/ — a X V — a = V -h a*. 

Now, yo^ is equal to zh a (Art. 139); there is, then, ap- 
parently, an uncertainty as to the sign with which a should be 
affected. Nevertheless, the true answer is — o : for, in order 
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to square ym, it is only necessary to suppress the radical; but 

V — fl X -/ — 0= (-/ — af = — a. 
Again, let it be required to form the product 

^/ — a X ^/ — b. 
By the rule of Art. 228, we shall have 

-/ — a X y/ — h = aJ -\-ah. 

Now, ^Jab ^=1 drip (Art. 230), p being the arithmetical value 

of the square root of ab ; but the true result is — j» or — yo^, 

so long as both the radicals y — a and y — b are affected 
with the sign +. 

For, y--fl== yo . y-^1 ; and -y/ — 5 = yT.-v/— 1, 
hence, 

yZT^ X V^ = \/tf". y^ X V b X V^ = y^(y^-l)3 

:= y a6 X — 1 = — y aft. 

By similar methods we find the different powers of y — 1 to 
be as follows : — 

1. y^I X >/ - 1 = (%/^« = - 1. 

«. (/::T)3 = (/ZT)2 . /3T = ^ ynr. 

3. (/ZT)* = (7:rr)3.(yzT)3 = -ix^i = + i. 

Again, let it be proposed to determine the product of \/ — o 

by the \/ — A which, from the rule, would be \/ + a6, and con- 
sequently, would give the four values (Art. 231), 

+ y aft, — y aft, + y «& . y — 1, — ya6 . y—T. 
To determine the true product, observe that 

y — o = ya . \/ ~ 1> a^d y — i = \/5 . \/^ 1. 

But, \rrT X V^=T = (V^)' = (\/7^)» = -/=T; 

lience V — * • V^ * = V** • -y/ — 1 
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We will apply the preceding calculus to the verification of the 
expression 

2 
considered as a root of the equation x^ — 1 = ; that is, as one 
of the cube roots of 1 (Art. 231). 
From the formula, 

(a + by = a3 + ^a% + Zah^ +^, 

we have f ~ j 



(-1)3 -f ^{^\f.yfZr^^Z(-^ 1) . (7~ Zf + {^/^f 

8 

_ -1 + 3 x/"^^ -3x-3-3v/ -3 _ 8 _ 

- 8 ""T""^- 



— 1 — -/nii 

The second value, ^ , may be verified in the same 

manner. It should be remarked, that eithef of the imaginary roots 
is the square of the other ; a fact which may be easily verified. 

Theory of Exponents. 

233. In extracting the n** root of a quantity «*, we have seen 
that when m is a multiple of n, we should divide the exponent m 
by n the index of the root. When m is not divisible by n, the 
operation of extracting the root is indicated by indicating the di- 
vision of the two exponents. Thus, 



^ m 

n ' 



a»» = a" , 



a notation tounded on the rule for the exponents, in the extrac- 
tion of the roots of monomials. In such expressions ^ the numerator 
indicates the power to which the quantity is to be raised, and th* 
denominator, the root to he extracted. 

Therefore, y d^ = a^ ; and y a^ = o* . 

If it is required to divide a^ by a", in which m and n are posi- 
tive whole numbers, we know that the exponent of the divisor 
should be subtracted from the exponent of the dividend, and we 
have 

a" 



__ ^m— « 
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If m > 71, the division Will be exact ; but when fw < n, the di- 
vision cannot be effected, but still we subtract, in the algebraic 
sense, the exponent of the divisor from that of the dividend. Liet 
p be the arithmetical difference between n and m ; then will 

n = m + Pf whence . = a^P ; 

a* 1 1 

but — -r- = — ; hence, a-P = — . 

a^-^P aP of 

Th erefore, jh e expression a~P is the symbol of a division which / 



a3 ' " a^' 



Since, a^P = — ; and -^ = aP, we conclude that, 



— = ar^ : hence, \l — = Xfar^ = 

The notation of fractional exponents, whether positive or nega- 
tive, has the advantage of giving an entire form to all expres- 
sions whose roots or powers are to be indicated. 

From the conventional expressions founded on the preceding rules, 
we have 

w - n / - m 

a^=z\/^- arP = — ; and V — = a ». 
^ ' aP' V am 

We may therefore substitute the second value in each expres- 
sion, for the first, or reciprocally. 

As aP is called a to the p power, when p is a positive whole 
number, so, by analogy. 



_ %_ f 

a*, arP, a 



: wv 



m 



are called, respectively, a to the — power, a to the — p power 

n 



] 



has not been performed ; and its true value'ts^thc^ijubtienr repre- / I 

sented by unity, divided by a, affected with the exponent p, taken f ; \ 

positively. Thus, j 

a~^ = -r ; and «""* = -— :. 



il 



Any factor may be transferred from the numerator to the denom- f 

inator, or from the denominator to the numerator, by changing the ^ 

sign of its exponent. 

If it is required to extract the n^ root of — , we have 
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a to the power, in which algebraists have generahzed the 

word power. It would, perhaps, be more accurate to say, a, ex- 
ponent — , o, exponent — p^ and a, exponent ; using the 

n n 

word potoer only when we wish to designate the product of a 
number midtiplied by itself two or more times. 

Multiplication of Quantities affected mth any Exponents. 

234. In order to multiply a* by a% it is only necessary to add 
the two exponents^ and we have 

a^ Xi^ = (^ = a**. 
For, by Art. 233, 

a» = yo^ ; and a* = yo^ ; 

hence, a* X a* = \/€^ X yo^ » 

reducing to a common index (Art. 226), and then multiplying. 

Again, multiply cT^ by (fi. 

We have, a * = ^ — , and cfi = V^ J 
hence, 

and consequently. 



m 



^ In general, multiplying a » by ««; we have 

a"» xaff = o» « = ««« . 

* •• \-' 

Therefore, in order to multiply two monomials affected with 
any expoients whatever, ybZ/ou? the rule given in Art. 41, for quantities 
affected with entire exponents. 
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Prom this rule, we shall find 

3 1 2 3» u 1 _a 

1. a^b Vi X a^^V = o * 6*c «. 

2. 3a-2&^ X 2a"'^6»c2 = Qa^^'^^t^, 

Division of Quantities affected with any Exponents,' 

235. To divide one monomial by another when both are afiected 
with any exponent whatever, divide the co-efBcient of the divi- 
dend by that of the divisor, for a new co-efficient: subtract the 
exponent of each letter in the divisor from the exponent of the same 
letter in the dividend^ and then annex each letter with its new ex- 
jMment. 

For, the exponent of each letter in the quotient must be such, 
that, added to the exponent of the same letter in the divisor, the 
sum shall be equal to the exponent of the letter in the dividend ; 
hence, the exponent of any letter in the quotient, is equal to the 
difference between the exponent of that letter in the dividend and 
in the divisor. 





EXAMPLES. 




1. 


«f^.-2 = «H-2) = ,lJ. 




2. 


a-i -^a^ = a^ « = a'^V. 




3. 


a* X A^ H- a~^b^ = a^n^^. 




4. Divide 


Z2<y^h^c^ by 8o*6«c"^. 


Ans. 4a'^c*. 


6. Divide 


64a9^^c"^ by 32a-»6"^c'^. 


Ans, 2aiW. 



Formation of Powers. 

236. To form the m^ power of a monomial, affected with any 
exponents whatever, raise the co-efficient to the »i'* power, and 
for the exponents, observe the rule given in Art. 220, viz, multifily 
the exponent of each letter by the exponent m of the poioeg* 

For, to raise a quantity to the ot'* power, is the same thing as 
to multiply it by itself m — 1 times ; therefore, by ^|^^le for 
multiplication, the exponent of each letter must be adfl^^itself 
m — 1 times, or multiplied by m. ^ . ^^^ .^^ 
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Thus, (Jy=a^~^; and (a^Y=a^=za^; 

also, \2a"^6*; =64a-3&^; and \fl «") = tf-^ 

What is the m^ power of 302^-2^2? ^^ 3«a ^ i-9«ca». 

Extraction of Roots. 

237. To extract the n'* root of a monomial, extract the «'* root 
of the co-efficient, and for the new exponents, follow the rule 
given in Art. 220, viz., divide the exponent of each letter by the 
index of the root. 

For, the exponent of each letter in the result should be such, 
that when multiplied by n, the index of the root to be extracted, 
the product will be the exponent with which the letter is affected 
in the proposed monomial; therefore, the exponents in the result 
must be respectively equal to the quotients arising from the di- 
vision of the exponents in the proposed monomials, by,n, the in- 
dex of the root. Thus, 

y«^ = fl^; and yV^=«l^; « 



- / _a _3 3 r^ - 2 

also, \J a * = a « ; and v/ d^h-^ = a*5~^. 

The rules for fractional and negative exponents have been easily 
deduced from the rule for multiplication ; but we may give a 'direct 
demonstration of them, by going back to the origin of quantities 
affected with such exponents. 

We will demonstrate implicitly, the two preceding rules. 

m 

Let it be required to raise o" to the power 

s 
By going back to the origin of these notations, we find that 

/'* / tT" _mr 

= Y Y ^ — = *Vfl-«»-= a «» ; hence, 
j^- la"/ ^g a" * is also = a *». 
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Remark I. — The advantage derived from the use of fractional 
exponents consists principally in this : — The operations performed 
upon expressions of this kin^ require no other rules than those 
established for the calculus of quantities affected with entire expo- 
nents. This calculus is thus reduced to simple operations upon 
fractions, with which we are already familiar. 

Remark II. — In the resolution of certain questions, we shall 
be led to consider quantities affected with incommensurable expo- 
nents. Now, it would seem that the rules just established for 
commensurable exponents, ought to be demonstrated for the case 
in which they are incommensurable. But let us observe, that the 

value of an incommensurable, such as yS, yll, may he de- 
termined approximatively as near as we please, so that we can al- 
ways conceive the incommensurable to be replaced by an exact 
fraction, which only differs from it by a quantity less than any 
given quantity ; and we apply the rules to the symbol which 
designates the incommensurable, after substituting the fraction 
which represents it approximatively. 4^ 



examples. 



, « , 2-/2 X (3)^ . , 

1. Reduce — , ^ to its simplest terms. 



iVi 



Ans, 4y 3. 



2l Reduce < r:r r > to its simplest terms. 



\/Y(3)^ 



Ans. -r—-- -x/ 3. 



3. Reduce 






384 
to its simplest terms. 




Ans. yi-(l/? + v^. 



4. What is the product of 

a^ + a%^ -f <^h^ + ah + aM + h^, hy a^ — h^, 

Ans, a^ — h^, > 

5. Divide a^ - 0%"^ - (^h + h^, by c^ - h"^ , 

Ans, a^ — b. 

K 
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Method of Indeterminate Co-efficients. 

238. The binomial theorem demonstrated in Art. 203, explains 
the method of developing into a series any expression of the form 
(a + &)«, in which in is a whole and positive number. 

Algebraists have invented another method of developing alge- 
braic expressions into' series, called the method by indeterminate 
co-efficients. This method is more extensive in its applications, 
can be applied to algebraic expressions of any nature whatever, 
and indeed, the general case of the binomial theorem may be de- 
monstrated by it. 

Before considering this method, it will be necessary to explain 
what is meant by the term function. 

Let , a =z h + c. 

In this equation, a, 5, and c, mutually depend on each other for 
their values. For, 

fl = 6 + c, b z=i a — c, and c = o — b. 

The quantity a is said to be a function of b and c, & a functum 
of a and c, and c a function of a and b. And generally, when 
one quantity depends for its value on one or more quantities, it is 
said to be function of each and all the quantities 'on which it A^ 
pends. 

239. If we have an equation of the form, 

A + Bx-{- Cx^ -f- Dx^ + ^aJ* + &c. = ; 

it is required to find the values of the co-eificients A, B, C, D, 
E, &c., under the following suppositions : 

1st. That no one of the co-efficients is a function of x. 

2d. That the series shall be equal to zero, whatever be the 
number of its terms ; and 

3d. That it shall be equal to zero, whatever value may be at- 
tributed to X. 

Now, since the co-efficients are independent of a?, their values 
cannot be affected by any supposition made on the value of x: 
hence, if they be determined for orie value of x, they will be 
known for all values whatever. 
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Let us now make 

a? = 0, which gives 

Bx + Cx^ + Z)x3 4- £t* + &c. = ; 

and consequently, A = 0, 

If we divide by x, we have 

B+ Cx + Dsi^ + Ex^ + &c. = , 

and by again making x = 0, we have 

Cx + Dx^ + Ex^ 4- &c. = ; 

and consequently, 5 = 

Dividing again by ap, we have , 

C + Dx + Ex^A- &c. = 0; 

and by again making a? = 0, we obtain 

Bx + Ex^. 4- &c. = 0, 

and consequently, C = ; 

and by continuing the process we may prove that, each co-efficient 
must he separately equal to zero. 

It should be observed, that A may be considered the co-efficient 
of «». 

240. The principle demonstrated above, may be enunciated un- 
der another form. If we have an equation of the form 

a -h ^a; 4- ca?2 + rfa;3 4- • . . = a^4- h'x 4- c'x^ -{- dfx^ + . . . 
which is satisfied for any value whatever attributed to a:, the co- 
efficients of the terms involving the same powers of x in the two 
members, are respectively equal. For, by trartsposing all the terms 
into the first member, the equation will take the form 

A + Bx+ Cx^-\- Dx^ 4- £x* 4- &c. = p ; ' 

whence, a — af= 0, b — b'sz 0, c — </^ .... ; 

and consequently, 

a = off b = b^, c =s c^, d = d^ . . , . 

Every equation in which the terms aits ai ranged with' reference 
10 a certain letter, and which is satisfied for any value which 
may be attributed to that letter, is called an identical equation, in 
order to distinguish it from a common equation, that is, an equa- 
tion which can only be satisfied by particular values of the un- 

knovm quantity. 

16 
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241. Let us apply the above principles in developing into a 

series the expression 

a 

of + l/x 

It IS plain, that any expression equal to the above, must con- 
tain a?, and the quantities a, a\ 1/. Let us t hen as sume 

_, ,^., = A + 5a? + Car2 + Z)a:3 -f -£«* + &c. . . . (1), 

in which the co-efficients A, B, C, D, Sic, are functions of a, a', 
l/f and independent of x. These are called, indeterminate co-effi- 
cients. It is required to find their values in terms of a, of, b^, on 
vi^hich they depend. 

For this purpose, multiply both members of equation (1) by 
a^ + ^'*- Arranging the result with reference to the powers of 
Xj and transposing a, we have 



»={-: 



Aa" + Bcf 
+ AI/ 



x+ Ca 
+ 31/ 



x^+ Ea" 
+ Db' 



ap* + . . . (2)t 



4- CI/ 

and since this equation is satisfied for any value of x, we have 
(Art. 239), 

a 
Au — a = 0, whence, A = — - ; 

of 

also, Baf + AJ/ = 0, whence, 

also, Caf + Bf/ = 0, whence, 

_ 5^ _ _ / a^\ J/ _ab^ 
, €/ -^ \ "^/^"^-o^a' 

also Duf + CV = 0, whence. 

It is plain that .no terms will be alternately plus and minus, 
and that the co-efficient of any term is formed by multiplying that 

}/ 
of the preceding term by — -;■ ; therefore, we have 

a ah" al/^ , ah'^ , a^* . • 

= — 7 j^ X H -—■ or -;- X^ -{- —jjr X* ~ &c. 



</ + b'x c/ a'2 • ^ ^4 • ^5 
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242. The method of indeterminate co-efficients requires that we 
should know the form of the development. The terms of the de- 
velopment are generally arranged according to the ascending powers 
of .v, commencing with the power x^; sometimes, however, this 
form is not applicable, in which case, the calculus detects the 
error in the supposition. 

For example, develop the expression — r. 

ox — or 

Let us suppose that 

^ =:A + Bx + Cx^ + Dx^+ . . . ., 

whence, by reducing to entire terms, and arranging with referenee 
to or. 



x^ + 3C 
-5 



- C 



3> "y • « . . , 



z= — 1 + 3Ax + 35 

-A 
whence (Art. 239), 

— 1=0, 3A = 0, 3B — A = . . . . 

Now, the first equation, —1=0, is absurd, and indicates thai 

the above form will not develop the expression ^ ::. But if 



1 
we put the expression under the form — x - 

X 3 

1 



3x — x^' 
1 



and make 



3 — iu 



= A + Bx+Cx^ + Dx^+ . . ., 



we shall have, after the reductions are made, 



= [ 1^ +J 



3A + 35 
A 



x^ + 3D 
-C 



ap^ + . . ., 



X + 3C 
-5 
which gives the equations 

3A—1-0, 35-A = 0, 3C — B = . . ., 

whence, A = 1, 5 = -!, C = 1, D=.l^... 
Therefore, 



3x 



or , 



3 ^9 ^27 ^81 ^ 



that is, the development contains a term with a negative expo- 

II0Ilt. ,^ 
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Recurring Series, 

243. The deyelopment of algebraic fractions by the method ot 
indetermioate co-efficients, gives rise to certain series, called re- 
curring series. 

A recurring series is the development of a rtUional fraction in- 
ffohing X, made according to a fixed law, and containing the ascend- 
ing powers of x in its different terms-. 

It has been shown in Art. 241, that the expression 



af+J/x of af^ ' af^ af^ 

in which each term is formed by multiplying that which precedes y 

it by - -^ X. 

This property of determining one term of the development from 
those which precede, is not peculiar to the proposed fraction; it 
belongs to all rational algebraic fractions, and may be thus ex- 
pressed ; viz., Every rational fraction involving x, may be developed 
into a series of terms, each of which is equal to the algebraic sum 
of the products which arise from multiplying certain terms of a par- 
ticular expression, by certain of the preceding terms of the series. 

The particular expression, from which any term of the series 
may be found, when the preceding terms are known, is called the 
scale of the series ; and that from which the co-efficient may be 
formed, the scale of the co-efficients. 

In the preceding series, the scale is / yx, and the series i& 

a 

called a recurring series of the first order ; and — 3" is the scale 

of the co-efficients. 

Let it be required to develop i v 2 ^^ * series. 

%» "y- vX ^- CX 

Assume 

a A- hx 
(/ -\- fx -^ c'x^ ^ -r ^a^ T ^* T 

reducing to entire terms, and transposing, we have 



Aa" + Ba" 


x-{- Co" 


x^ 4- Da' 


x^-^- Ea< 


- a -f iiy 


^Bl/ 


+ cy 


+ Db" 


~ b 


^ Ac" 


+ Be" 


+ Cc" 
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which gives the equations 

Aaf — a = 0, or -A = — t,« 

V b 

Baf + A!/ — b =0, whence, 5 = — -jA + —, 

a of 

C<jf + Bb' + Ac^ = 0, whence, a= - —B - --- A, 

» AT 

Do^ + Cft^ + 5</ = 0, whence, D = -C -B, 

AT a^ 

Ea" + 0^-^- C</= 0, whence, £ = - -yD - — C. 

flr <r 



From which we see, that the first two co-efficients are not ob- 
tained by any law ; but commencing at the third, each co-efficient 
is formed by multiplying the two which precede it, respectively, 

by J and ^, viz., that which immediately precedes the 

required co-efficient by -^, that which precedes it two terms 

by — -—, and taking the algebraic sum of the products. Hence, 



\ of </) 



is the scale of the co-efficients. 

From this law of the formation of the co-efficients, it follows 
that the third term of the series, Cai^y is equal to 

a of 

b" ^ C" 

or 'X.Bx jci^.A. 

of or 

In like manner, we have for 2)d^, 

of of 

or 7 a: . Cx^ op^ . Bx, 

of of 

Hence, each term of the required series, commencing at the 
third, is obtained by multiplying the two terms which precede 
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respectively by 

and taking the sum of the products : hence, this last expression 
is the scale of the series. 

Recurring series are divided into orders, and the order is esti- 
mated by the number of terms in the scale which involve x. 

Thus, the expression gives a recurring series of the 

first order^ the scale of which is —■-;«?. 

a ~4~ bx 
The expression ^ ^ gives a recurring series of the 

second ardefy of which the scale is 

The series obtained in the preceding Art. is of the second 
order. 

In general, an expression of the form 

a + bx + ca^ + . . . ka^—^ 
</+ ft'ar + c^o:* + . . . ifc'a:* 

gives a recurring series of the n^ orders the scale of which is 

Remark. — It is here supposed that the degree of x in the nu- 
merator is less than it is in the denominator. If it was not, it 
would first be necessary to perform the division, arranging the 
quantities with reference to x, which woulcl give an entire quo- 
tient, plus a fraction similar to the above. 

Thus, in the expression 2 - 5a? -f S^g^ - a?» ' ^^®* 



OP* -f 4a!3 — 3jr2 — a? + 1 
+ 7«3 — 8*2 -f ar 



— a:* -f 3a?3 — 5a? -f 2 
-a? -7 ' 



+ 13a?2 - 34a? + 15. 

Performing the division, we ^d the quotient to be — « — 7, 
plus the fraction • 

13^ — 34a? -f 15 15 ~> 34a? + 13a?g 

--a?3 + 3a?3 — 5a? + 2 "^ 2 - 5a? f Zx^ — a^' 

A 
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Demonstration of the Binomial Theorem for any Exponent* 

244. It has been shown (Art. 61), that any expression of the 
form 

a!« — y", is exactly divisible by a; — y, 

when m is a posittve whole number. That is, 



a?' 



m 



J^ _ a-m-l + a*|-2y _|. a?lf^-3y2 _|. . . . . _|. JJy»llr-2 ^ y !»- 1 . 



x — y 

The number of terms in the second member is equal to m ; and 
if we suppose a? = y, each term will become equal to jr:"*~^ : 

hence, 

jp«> — a*» 
= maf^~^. 

X — X 

We propose to prove that the quotient will have the same form 
when m is negative, and also, when m is a positive or negative 
fraction. 

First, when m is a whole number, and negative. 

Let n be a positive whole number, and numerically equal to m 

Then, 

OT = — n. 



By observing that "^ , 

— x'-^y~^ X (ap*» — y") = «"* — y"*, 
we have 

^ — = — a?-*y-« X ^ ^— = — rc'^'wr*""^ = — nx""^"^, 

x—y a? — y 

after making y ^^x\ and by restoring m, \ 

jpw — - apw - ^ ^ 

=r mac"^^, m being a negative number. 

X — X 

p 
Second, let m he a positive fraction, or mz=i ^^, 

i £ 

Let «« = «, whence, a;« = «p, and a? = i;« ; 

i £ 

and y9 = u, whence, y9=s:uP, and y = u^. 

« « * «^ — t^ 

__ a;? -- y? vP — uP t? — « Ay 

Hence. = — = — ; p *, ^^j ' 

X ■— y t?« — M^ «^ — tt« fl/^ 

V — u 
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If we suppose a? = y, we have v = u; and since p and q are 
positive whole numbers, we have 

V p 

= =^^vf^9 = ^a?« 

X — X gv9~^ q q ' 

after substituting for v its value a?^. 
If we restore m, we have 

— - = maf^\ m being a positive fraction. 

Third, let m he a negative fraction, or m =z — -^ 

i _P 

Let x9 = v, whence, a? 2 = v-p, and a? = «« ; 

1 _P 

and y? = w, whence, y ? = m-p, and y = «?. 



p p 



v-i* — UTP 



Hence, ^* - y ' «"" - «"' r-« 



a? — y v2 — t/J v? _ ,^? 



But since — ;> is a negative integer, and q a positive integer, 
we have from what has preceded, after making x =z y, which 
gives tt = «, 

_p _p^ 

X 9 ^X 9 — pv-p-^ p 

= — - — ;; — = — -£- t;~i^« ; 

X — X qv9-^ q 

and substituting for, v its value x9 we have 

-P. -P 

X 9 — X 9 p _2._x 

= — pvP^9 = £Ljp ? ; 

X — X '^ q * 

and restoring' m, we have 

ajm — ^ 



X — X 



= ffw;"^^, m being a negative fraction. 



245. We are now prepared to* find a general formula for the 
development of the binomial (a + h)^, in which the exponent m « 
positive or negative, and either integral or fractional. 

In order to simplify the process, let us place the binomial 
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under the form 

(a + 6)"* = [a (l + —)]« = fl« (l + -^) (Art. 220). 

(b \** 
1 -\ j , and then multiply 

it by a*", the product will be the development of (a + i)"*. 
In order further to simplify the expression, let us make 

b 

— = a?; 
a 

then, the binomial to be developed will be of the form 

(1 + «)«. 

As this development must be expressed in terms of x, and known 
quantities dependent for their values on 1 and m, we may assume 

(1 + a?)« = A + J5a? + Cx^ + Da^ -^ Ex* + &c. . . . (1), 

in which the co-efficients A, B, C, &c., are independent of x, 
and functions of 1 and m. 

Now, since this equation is true for any value of x, if we make 
a? = 0, we have 

(1)* = ^ = 1. 

Substituting this value in equation (1), we have 

{I + x)'»=zl +Bx+ Cx^ + Dx^ + Eoii* + &c. . . . (2). 

Since the form of the above development will not be changed 
by placing y for «, we may write 

(1 + y)*» = 1 + jBy + Cy» + Dy3 + -By* + &c. . . . (3). 

Subtracting equation (3) from (2), and dividing both members 
by a? — y, we have 

(l+J')"-(I±i^"=B.fa^+c(^i^+I)(^!=yi)+&c. .. .(4). 
X — y X — y X — y ^p— y 

Make 1 4- a? = v, and 1 + y = u ; whence, ap — y == t? — u. 

Substituting these values in the first member of equation (4), 
and we have 

V — tt X — y X — y ' X — y 

If now, we make ^ 

X = fff whence, v = «, 



1 



« 
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we have, from Art. 244, 

fj^ — t^*» |>» — |;« 



= mv*"""* = m (1 + a?)"»~^ ; 



V — u V — V 

while the quotients in the second member become, respectirely, 

^=1, i. = 20:2-1 _ 2ar ; 

X — y X — y 

?L:^?^ = 3a^-i = 3ir3 ; ^^lul^ = 4«*-i = 4«3 ; &c. 
X — y * — y 

Substituting these values in equation (5), and we have 

m (1 + «)«-! = + 5 + 2Cx + 3D.i?2 + 4JS:a:3 + &c (6). 

Multiplying both members of this equation by 1 + ar, and ar- 
ranging the second member with reference to op, and we have 



m(l +«)*" = 5 + 2C 

+ B 



a;2 + AE 
+ 3Z) 



x + ^D x'^-\- AE *3 + &c. 
+ 2C 

If we now multiply equation (2) by wi, we have 

m{\ + x)^ = m + mBx + mCoc^ .+ mDx^ + mEx^ + &c. 

If we place the second member of the last two equdtions equal 
to each other, we shall obtain an identical equation. Then, placing 
the co-efficients of the like powers of x equal to each other 
(Art. 240), we have 

B=imt whence, B =: — \ 

^ « T, , • ^ B(m—l) m(m—l) 
2C+ Bz=mB, whence, C= \ ^ = / -^ ; 

« 1.2 

«T^ . oV. ^ u T^ C(m— 2) m(m— l)(m--2) 
3D4-2C=mC, whence, D=--^- — i = --^ 1^ L- 

3 1.2.3 

4E+3D^mD, whence, ^^g^!^)^ >"'(>»- DC'^-aXm-S) 

4 1.2.3.4 
&c., &c. 

Substituting these values of A^ B, C, D, Sic, in equation (2), 
we obtain 

+ m(m-l)(m-2)(m-3)^^ ^^ 
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If we now replace x by its value — , we have 

a 

\ ^ a/ ^ fl ^ 1 . 2 a2^1 .2.3 a^^ 

Finally, multiplying by a"», we obtain 

-« m(m — 1) __. 
(a + 5)« = a« + m(i»»-i5 + — ^ — -— ' a^^fta 

1 • <« 

m (m — 1) (m — 2) 
+ -y-^ — 2 — -^^—^ — - a"^ ^^ 4- &c. ; 

a development which is of the same form as the one obtained in 
Art. 203, under the supposition of m being a positive and whole 
number. 

Applications of the Binomial Theorem* 

If in the formula {x + a)* = 

(a m — la*, m — I m — 2 a^ \ 

1 . - fi / 

we make m = — , it becomes (re + «)* or y a; + a = 

n 

1_1 1-1 1-2 

1/, lain a*. In n ,. \ 

or, reducing, Y«-fa = 

1/1 a^ J_ n— 1 «^, J_ » — 1 2n — 1 a^ \ 

V n ' X n * 2n ' a?2 n * 2n * 3n ' x^ '***'/ 

The fifth term can be found by multiplying the fourth by 

and by — , then changing the sign of the result, and 

4n a? 

so on. 

Remark. — If in this formula, we make n = 2, n = 3, n = 4, 
&c., the development will become the approximate square root, 
cube root, fourth root, <&c., of the binomial (x + a); and by as- 
signing values at pleasure to x and a as well as to n, we can 
find any root whatever of any binomial. If n is negative, or frac- 
tional, there will be no limit to the number of terms to which the 
series may be carried. Such a series is called an infinite series. 
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The binomial formula also serves to develop algebraic expres- 
sions into series. 

Take, for example, the expression , we have 

1 — J? 

= (1 - ^)-i. 



1 -^ 



In the binomial formula, make m=~l, «=!, and a = — j> 
it becomes 

or, performing the operations, and observing that each term is 
composed of an even number of factors affected with the sign — 

(1 — z)-^ = — ^ =:l+z + z^ + z^ + z^ + z^+ . ... 
\ — z 

The same result will be obtained by applying the rules for di- 
vision (Art. 55). 

1 ^z 



1 +z+Z^ + Z^+Z^+ . . . 



1 

1st remainder - + z 

2d - - - ' +z^ 

3d - - - " +z^ 

4lh - - - ' +ai*' 

+ . . . 

2 

Again, take the expression — —, or 2 (1 — z)"^- 

We have 2(1 —z)'^ = 

2[l^3.(^z)^3,^:^.{--zr-3,^^,:=^ 

or 2 (1 — z)-^ = 2{l + 3z + ez^ + lOz^ + 15z^ + . • •) 
To develop the expression '^2z — z^, which reduces to 

y/^ (l - y)^' ^® ^* ^^ 

('-|)*='+I(-t)+I-^(-I)'+- 
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hence 



'/^.-^ = V^(l-i.,-l^-^^-.&c.) 



EXAMPLES. 



1. To find the value of -; — —rrr = (a + h)"^ in an infinite 

{a + oy 



benes. 



r2 



2. To find the value of in an infinite series. 

r + Of 

gfi a^ X* 

Ans, r — apH r-H — 5-, &c. 

r f* r^ 

^2 _L jpS 

3. Required the square root of — — in an infinite series 

a;2 j^ !jfi ^ 

a* 

4. Required the cube root of --.— — -— in an infinite series. 



1 /, 2a2 . 5x* 40a?« ^ \ 



if 

Remark. — ^When the terms of a series go on decreasing in 
value, the series is called a decreasing series ; and when they go 
on increasing in value, it is called an increasing series. 

A converging series is one in which the greater the number of 
terms taken, the nearer will their sum approximate to ilie true 
value of the entire series. When the terms of a decreasing and 
converging series are alternately positive and negative, we can, by 
taking a given number, determine the degree of approximation. 

For, let a — b-f-c — d + e—f-^ . . ., &c., be a decreasing 
series, b, c, d, . . , being positive quantities, and let x denote the 
true value of this series. Then, if n denote any number of terms, 
the value of x will be found between the sum of the n and n + 1 
terms. 

For, take any two consecutive sums, 

a — b + c — d + e — yj and a — b + e — d+e — /+ g» 
In the first, the terms which follow ^f, are 
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but since the series is decreasing, the differences of the consecu- 
tive terms g — h, k — l, . . . are positive numbers ; therefore, in 
order to obtain the complete vahie of x, a positive number must 
be added to the sum o — ft + c — d + c— y. Hence, we have 

a — b + c — d + e — y< X, 

In the second series, the terms which follow + gy are — A + ^, 
■— / + m . . . . Now, the differences — A + A, — / + m..., 
of the consecutive terms, are negative ; therefore, in order to ob- 
tain the sum of the series, a negative quantity must be added to 

a — h + c — d + e — /+ g, 

or, in other words, it is necessary to diminish it. Consequently, 

a — h + c — d + e —/+ g>x. 

Therefore, x is comprehended between the sum of the n and n -f 1 
terms-. 

But the difference between these two sums is equal to ^; and 
since x is comprised between them, their difference g must be 
greater than the difference between x and either of them ; hence, 
the error committed by taking n terms, a — b + c — d + e — f, of 
the series, for the value of x, is numerically less than the follow- 
ing term. 



i 



/ 



Summation of Series. 



' 246. An interesting, and at the same time useful application of 
the principles involved in the summation of series, is found in 
determining the number of balls or shells contained in a given pile 

Let ABC be a triangular pile of balls, 
having eight balls on each of the three 
equal lines, AB, BD, and AD, and also, 
eight balls in height along the line CB. 

Now, the proposed pile consists of 8 
horizontal courses, and the number of 
shot in each course, is the sum of an 
arithmetical series of which the first term A\ 
is 1 , the last term the number of courses 
from C, and the number of terms, also 
the number of courses from C. There- 
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fore we have 








1st 


course 


is 


equal to ( 


2d 








3d 








4th 








5th 








6th 








7th 








8th 
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1 + 1) X i = 1 
1 + 2) X 1 = 3 
1 + 3) X li= 6 
1 + 4) X 2 =10 
1 + 5) X 2^ = 15 
1 + 6) X 3 =21 
1 + 7) X 3i = 28 
1 + 8) X 4 =36. 

Hence, the number of shot in the pile will be equal to the sum 
of the series 

1, 3, 6, 10, 15, 21, 28, 36; 

in which any term is found by adding 1 to the number of the term 
and multiplying the sum by half the number of terms. 

Thus, if we suppose the horizontal layers to be continued down, 
and denote the number of any layer from the top by n, we shall 
have 

1, 3, 6, 10, 15, 21, -^^^^^^til; 

and the sum of this series will express the number of balls in a 
triangular pile, of which n denotes the number in either of the 
bottom rows. 

If the general term of any increasing series of numbers involves 
n to the wi'* degree, the sum of the series will not involve n to* 
a higher degree than (m + 1). For, the sum of such series can- 
not exceed n times the general term, and hence, cannot involve 
n to a higher degree than m + I. Let us therefore assume 

n(n+]) 



14-3 + 6+ 10+ 15 



=:A + Bn+Cn^ + Dn\ 



in which the co-efficients i4, B, C, and 2), are not functions of n. 
In order that these co-efficients may be determined, we must find 
four independent equations invohdng them. If we make 

n = 1, we have A + 5+C + D=l =1 (1), 

» = 2, gives A + 25+4C+8D=l+3 =4 (2), 

n = 3, " A+35+9C + 27Z)= 1+3 + 6 =10 (3), 

n = 4, " A + 45+ 16C+ 64i)= 1 +3 + 6 + 10 = 20 (4). 



/ 
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Now, by a aeries of subtractions we have 



aalion (2)-(l), giv 


, B + 3C+ W= 3 . . . (S), 


" (3)-W. " 


fi + 5C+19/?= 6... (6), 


" (4)-{3), " 


fi + 7C + 37Z> = 10 . . . (7), 


" (6) -(5), " 


2C + 12Z> = 3 . . . (S), 


" m-(6), " 


3C + 18Z» = 4 . . . (9), 


" (9)-(8), " 


6D= 1; hence, D = - 


■bo, 


2C + 18Z> = 4, gives C = - 




5 + 70 + 370=10, " B = - 




A + B+ C+D= 1, " X = 


1+3 + 6+ 10+ 15+ . . . ii^i-^= l« + i»* + J»" 




= -|-(3+3» + .>) 




..(» + l)(n + S) 



Let us suppose that we 
have a pile of balls whose "' 

base is a square, two sides 
of which, EF, FH, are seen 
in the figure, and that it 
terminated by a single ball 
at G. 

Now, the number of balls 
in the upper course will be 
expressed by 1*, in the sec- 
ond course by 2", in the 
third course by 3^, ii.c. Hence, the series 

P + 2= + 3^ 4- 4^ -i- 5^ -r ■ ■ ■ n", 
will express the number of balls in a square pile, of which the 
number of courses, and consequently the number of balls in one 
of the lower rows is, n. 

To find the sum of thia series, assume 

1 + 4 + 9 -I- 16 + . . . a» = A+Bn+ Crfl + Dn\ 
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from wbicli we find 

A+ B+ C+ D = 1 =1, 

^ + 2B+ 4C+ .8Z>= 1 + 4 =5; 

A + 3B + 9C + 27D =1+4 + 9 = 14 ; 

A + 4B +16C+ 640 = 1 +4 + 9+ 16 = 30; 

and liom these four equations, we find, by continued subtractions, 

D = J, C = ^, B = \, and ^ = ; hence, 

1+4+9+16 + 25 R^ = in + K + ^n3 . 

= A(2„a+3«+l} 

= "( »+l} ( 2" + l) 
i ., 2 . 3 ■ 
Let tis now suppose that we hare a Tectangulai or oblong pile 
of shot, as represented in the figure below. 



Suppose we take off from the oblong pile the square pile EFD. 
We then see that the oblong pile may be formed by adding to 
the square pile a series of triangular strata, each containing as many 
balls as are contained in one of the faces of the square pile ; and 
the number of the triangular strata will be one less than the num- 
ber of balls in the top row. Therefore, if n denote the number of 
horizontal courses, the number of balls in one triangular strata 

will be expressed by — ^— ;- — — '; and if »i+ 1 denotes the whole 
number of balls in the top row, the number of triangular strata 
will be denoted by m; and the number of balls in all these strata 
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But since the number of balls in a square pile, whose side con- 
tains n balls is 

n{n+ l)(2n+ 1) 
1.2. 3 ' 

the number of balls in an oblong pile, whose top row contains 
m + 1 balls, and depth n balls, will be expressed by 

n(n + l)(2n+l) . n(n + l) ^_ 
1. 2 . 3~" + 2 ^"^ 

_ »(» + !) (1 + 2n + 3ot) 
2 ^ 3 • 

If we denpte the general sum by S, we shall have the follow* 
ing formulas for the number of shot in each pile. 

T- 1 c n(»4-l) (« + 2) 1 n{n-\-\) . 

Triangular, 5= —^ . 1— — 1 =- _ . — L-_ { . (» + 1 + 1) 

Square, S = -^ L . —-3^— = -j - -^ .(» + » + !) 

Rectangular, 

^ n(n+l) (2n+l+ 3m) 1 n(«+l) _, ^ .^, ^ ... . .., 

Now, since — ^r is the number of balls in the triangular 

face of* each pile, and the other factor, the number of balls in the 
longest line of the base plus the number in the side of the base 
opposite, plus the parallel top row, we have the following 

RULE. 

Add to the number of balls in the longest line of the base, the 
number in the parallel side opposite, and also the number in the top 
parallel row ; then multiply this sum by one third the number in tri- 
angular face. 

EXAMPLES. 

1. How many balls in a triangular pile of 15 courses? 

Ans. 680. 

2. How many balls in a square pile of 14 courses ? and how 
many will remain after 5 courses are removed? 

Ans. 1015 and 96a 
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3. In an oblong pile the length and breadth at bottom are respect- 
irely 60 and 30 : how many balls does it contain ? Ans. 23405. 

4. In an incomplete rectangular pile, the length and breadth at 
bottom are respectively 46 and 20, and the length and breadth at 
top 35 and 9: how many balls does it contain? Ans, 7190. 

Summation of infinite Series. 

247. An infinite series is a succession of terms unlimited in 
number, and derived from each other according to some fixed and 
known law. 

The summation of a series consists in finding an expression of 
a finite value, equivalent to the sum of all its terms. 

Different series are governed by different laws, and the methods 
of finding the sum of the terms which are applicable to one class, 
will not apply universally. A great variety of useful series may 
be summed by the following formula: 

Assume — 7 — = .^^ — ^ : 

n n + p n(n + p) 

n(n + p) p \n n + p/ 

If now, by attributing known values to p and q, and different 

values in succession to n, the expression — ~ r shall repre- 

n (7* + p) 

sent a given series ; then, the sum of this series will be equal 

1 . . 

10 — multiplied by the difference between the two new series 

of which ~ and — 7 — are the general terms. Hence, if the dif- 
n n -{- p 

ferejice of the sums of these series be known, and the value of 

— be known, we can find the value of the series — ~- — -, by 
p n(n -{- p) 

the formula iS = — (s'—s") even if we do i^ot know the value 

P 

of the new series — and — - — . 

n n -\- p 

EXAMPLES. 

1. Required the sum of the series 
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We see that if we make 7 = 1, and p = I, and n = 1, 2, 3, 

4, &c., in succession, that the first member of the formula, 

9 
n(n+ pY 

will, in succession, represent each term of the series ; while un 

der the same supposition, the second member will become, for n 

torms of the series, 

,.1.11 11 

234 ^l__i ^_" 

\2 ^ 3 ^ 4 • * «+l/ 

If now, we suppose n = oo, the value of the sum of the series 
will become equal to 1. 
2. Required the sum of n terms of the series 

1 



n+ I n4- 1 



' +-^ + 



' +A+ 



4- &c., to infinity. 



I 



1.3" 3.5 • 5.7 7.9 '9.11 

o adapt the formula to this series, we make 9 = 1, p = 2, 
and n = 1, 3, 5, 7, &c. ; we then have, for the sum of n terms. 

1 



<' 



I 



^+T + l + T-2«-i 

\3. 5 ^ 7 • * 2n-. 1 



^ = 1- 



1 



+ 



2»+ 1 



2n-f 1 



= Ti awd — of this sum = - — -t- 

2n+V p 2n+ I 

If, now, we suppose n = 00, the value of the series becomes 
equal to one half. 

3. Required the sum of n terms of the series 



1 



+ 



1 



+ 



1 



+ — — - + <fcc., to infinity. 



1.4 ' 2.5 ■ 3.6 ■ 4.7 
Here ;? = 3, ^ = 1, n = 1, 2, 3, 4, <fec. : hence, 



1 



■+I + M---T 






1 



+ 2 "*" n + 3 J 



3 L 6 \» + 1 ^ n + 2 « + 3/ J 18* 



when A = OD. 
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4. Find the sum of n terms of the series 
2 3 4 5 6 

2 3 4^ 5 _ «+ 1 

y""5"*'7"9"^'--'"^2n+l 

2 3 4 n n -h 1 



/2 'S 4 

-(t-t+t---- =^ 



2n + 1 ' 2n 4- 3 ^ 
which becomes, 

2 n+ 1 



3 2n + 3 



-(1-1 + 1- ±1), 



If the number of terms used is even, the upper sign will apply, 
the quantity within the parenthesis will become + 1, and the sum 
of the n terms before dividing by p, is 

1 n+1 1 , I 

-T-^27+3=y' ^^^^ " = ^- 

If n is odd, the lower sign is used, and the quantity within the 
parenthesis reduces to zero, and we have 

2 n+ 1 1 , 

— — — - = -— , when n = oo'. 

3 2n + 3 6 

I 
Then, since /> = 2, the sum of the series when n = od, is -— . 

5. Required the sum of the series 

4 4 4 4 4 

-I 1 1- — + + <fec., to infinity. 



1.5 ' 5.9 ' 9.13 ' 13.17 ' 17.21 

Ans 1 
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CHAPTER IX. 

CONTINUED FRACTIONS, EXPONENTIAL QUANTITIES, LOGARITHMS, 

AND FORMULAS FOR INTEREST. 

248. Every expression of the form 

1 1 1 



a + — , o H T- a -I r— 

' + T 

m which a, b, c, d, &c., are positive whole numbers, is called a 
continued fraction. 

Hence, a continued fraction has for its numerator the unit 1, ad 
for its denominator a whole number , plus a fraction which has I f of 
its numerator and for its denominator a whole number plus a frae- 
tion, and so on, 

249. The resolution of an equation of the form 

gives rise to continued fractions. Suppose for example, a = 8, 
^ = 32. We then have 

8* = 32, 

in which a? > 1, and ap<2. Make 

a? = 1 H , 

y 

in which y > 1, and the proposed equation becomes, after chan- 
ging the members, 

32 = 8 y = 8 X 8y, whence, 

8" = 4 and consequently, 8 = 4^^. 
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It is plain, that the value of y lies between 1 and 2. Suppose 

and we have, 8 = 4 *=:4x4*; 

hence, 4* = 2, and 4 = 2*, or j? = 2 

But, y=l + i.= l + l=|.; 

and ap=l -I =1-^ =1-^ = * : 

^ y ^ I ^33' 

and this value will satisfy the proposed equation. For, 

8* = 8* = V^^ = V(2^)* = V(2*)3 = 2» = 32. 
250. If we apply a similar process to the equation 

10* = 200, 
we shall find 

a? = 2 + — ; y = 3 + — ; i? = 3+ — ; « = 3 + --. 

Since 200 is not an exact power, x cannot be expressed either 
by a whole number or a fraction : hence, the value of x will be 
incommensurable, and the continued fraction will not terminate, but 
will be of the form 

a? = 2 + — = 2+ — L_ = 2H ^- — , 

y o . 1 



3 + — 3 + 



u 4- &c. 
251. Common fractions may also be placed under the form of 

continued fractions. 

65 
Let' us take, for example, the fraction — — , and divide both its 

terms by the numerator 65, the value of the fraction will not be 
changed, and we shall have \ 

65 149 



or effecting the division, 



149 65' 
65 1 



149 ^ 19 
2 + 65- 
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19 

Now, if we neglect the fractional part -- of the denominator, 

65 

we shall ohtain --- for the approximate value of the given frac- 

tion. But this value would be too large, since the denominator 

used was too small, 

19 
If, on the contrary, instead of neglecting the part — -, we were 

65 

to replace it by 1, the approximate value would be — , which 

would be too small, since the denominator 3 is too large. Hence, 

65 1 , 65 1 

ii9<y "'^^ T49>T' 

therefore the value of the fraction is comprised between — and — . 

« t) 

If we wish a nearer approximation, it is only necessary to op- 

19 65 

erate on the fraction — as we did on the given fraction -j-q^ 

and we obtain 



hence. 



19 


1 • 




65 


^+19' 




65 


1 




149 


2+ ^ 






^ 1 


8 
19' 




3 + 



Q 

If now, we neglect the part -— > ^® denominator 3 will be less 
than the true denominator, and — will be larger than the num- 

ber which ought to be added to 2 ; hence, 1 divided by 2 + -r- 

will be less than the true value of the fraction ; that is, if we stop 
at the first reduction and omit the fractional numbers, the result 
will be too great ; if at the second, it will be too small, <&c. Hence, 
generally, if we stop at an odd reduction, and neglect the fractional 
part, the result wUl he too great; hut if we stop at an even reduc- 
tion, and neglect the fractional part, the result wiU he too smaU. 
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Making two more reductions in the last example, we have 

65 _ 1 

149 "" 1 

2 H - - - ist reduction, too great; 

3 + J - - - 

2 + ^ - 



2 + 



■-I 



2d 


(( 


too small; 


3d 


« 


too great; 


4tli 


it 


too small; 


5th 


It 


too great. 



252. The separate fractions 

1 1 1 






c 

are called approximating fractions, because each affords, in suc- 
cession, a nearer value of the given expression. 

The fractions — , -r-, — , <fec., are called integral fractions. 

a h c o J 

When the expression can be exactly expressed by a vulgar frac- 
tion, as in the numerical examples already given, the integral 

fractions — , -r-, — , &c., will terminate, and we shall obtain an 
a c 

expression for the exact value of the given fraction by taking 

them all. 

We will now explain the manner in which any approximating 
fraction may be found from those which precede it. 

1 



1. 



2. 



a 
1 



•^4 



3. 



a + 



\ 

1 



1 

a 


1st app. 


fraction 


h 


2d app. 


fraction 


ab + 1 


hc-\- 1 
{ah+\)c-¥a 


3d app. 


fraction 



6+1 

c 



By examining the third approximating fraction, we see, that its 
numerator is formed by multiplying the numerator of the prece- 
ding fraction by the denominator of the tiiird integral fraction, and 
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adding to the product the numerator of the first approximating 

fraction : and that the denominator is formed by multiplpng the 

denominator of the last fraction by the denominator of the third 

integral fraction, and adding to the product the denominator of 

the first approximating fraction. 

We should infer, from analogy, that this law of formation is 

P O R 
general. But to prove it rigorously, let ^, — , -^^, be any three 

approximating fractions for which the law is already established. 
Since c is the denominator of the last integral fraction, we have 
from what has already been proved, 

R ^ Qc + P , 
R' Qfc-^P"' 

Let us now add a new integral fraction -y to those already 

" a 

reduced, and suppose -^ to express the next approximating frac- 

R S 

tion. It is plain that •=^ will become -=^ by simply substituting 

for c, c -\- --=-: hence, 
a 



q(o + 4-)+p 



^ _ \ d/ ' (Qe + P)d + Q _ Rd+ Q 

-S' ~ Q' (c + 1) + jv ~ («'«+ ^) '^ + Q' ■"■«''*+ «'■ 

Hence, we see that the fourth approximating fraction is deduced 

from the two immediately preceding it, in the same way that the 

third was reduced from the second and first; and as any fraction 

may be deduced from the two immediately preceding in a similar 

manner, we conclude that, the numerator of the n^^ approximating 

fraction is formed by multiplying the numerator of the preceding 

fraction by the denominator of the n*^ integral fraction, and adding 

to the product the numerator of the n — 2 fraction ; and the denom^ 

inator is formed according to the same law, from the two preceding 

denominators. 

r 

253. If we take the difference between any two of the con- 
secutive approximating fractions, we shall find, after reducing them 
to a common denominator, that the difference of their numerators 
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will be equal to ± 1 ; and the denoimnator of tlus diffetence will 
be the product of the denominators of the fractions. 

1 h 

Taking, for example, the consecutive fractions — , and , 

we have 

1 * aft + 1 — a* +1 



and 



a ab+ \ a{ab+l) a{ah + 1)' 
h hc+l - 1 



db+l {ah + \) c + a~~ {ah + \)[(ab + l)c + a\ 
To prove this property in a general manner, let 

L ^ ?L 

p.» Q.» ^/> 

■ • 
be three consecutive, approximating fractions. Then 

P Q PQ' - P'Q 



and 



P" Of" P'Q' 
Q R R'Q- RQ: 



Q' R' QfR' 

But jR = Qc + P and R' = Qfc ^ P' (Art. 252). 

Substituting these values in the bist equation, we have 
Q R ((yc + POQ~(Qc + P)(y . 



or reducing 



Of R' R'Qf 

Q R P'Q- PQf 



Q: R' R'Q' 

P Q 
From which we see, that the numerator of the difference -5; ~ tt 

R 
is equal, with a contrary sign, to that of the difference jy — -n}- 

That is, the difference hetween the numerators of any two consecu-- 
tive approximating fractions, when reduced to a common denominator, 
is the same with a contrary sign, as that which exists hetween the 
last numerator and the numerator of the fraction immediately fol- 
lowing. 

But we have already seen that the difference of the numerators 
of the 1st and 2d fractions is equal to + 1 ; silso that the differ- 
ence between the numerators of the 2d and 3d fractions is equal 
to — 1 ; hence, the difference between the numerators of the 3d 
and 4th is equal to + 1 ; and so on for the following fractions. 
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Since the odd approximating fractions are all greater tlian the 
true value of the continued fraction, and the even ones all less 
(Art. 251), it follows, that when a fraction of an even order is 
subtracted from one of an odd order, the difference should have 
a plus sign; and on the contrary, it ought to have a minus sign, 
when one of an odd order is subtracted from one of an even. 

254. It has already been shown (Art. 251), that each of the 
approximating fractions corresponding to the odd numbers, exceeds 
the true value of the continued fraction ; while each of those cor- 
responding to the even numbers, is less than it. Hence, the dif- 
ference between any two consecutive fractions is greater than the 
difference between either of them and the true value of the con- 
tinued fraction. Therefore, stopping at the »'* fraction, the result 
will be true to within 1 divided by the denominator of the n^ 
fraction, multiplied by the denominator of the fraction wliich fol- 
lows. Thus, if Of and R^ are the denominators of consecutive 
fractions, and we stop at the fraction whose denominator is Q^ 

the result will be true to within . But since a, b, c, rf, &c., 

are entire numbers, the denominator R^ will be greater than Qfy 
and we shall have 

I 
CfR 

true to within less than the larger quantity 

1 

^hat is, the approximate result which is obtained, is true to toithin 
unity divided by the square of the denominator of the last oppron- 
mating fraction that is employed. 

If we take the fraction , we have 

347 



hence, if the result be true to within y^j^,, it will certainly be 



347 

2+ J 



1 + 



1 + 



1 
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Here, we have in the quotient the whole number 2, which 
may either be set aside, and added to the fractional part after its 
value shall have been found, or we may place 1 under it for a 
denominator, and treat it as an approximating fraction. 

Resolution of the Eqtuition a* = b. 
255. An equation of the form 

is called an exponential equation. The object in resolving this 
equation is, to find the exponent of the power to which it is ne- 
cessary to raise a given number a, in order to produce another 
given number b. 

Suppose it were required to resolve the equation 

2* = 64. 

By raising 2 to its different powers, we find that 2® = 64 ; 
hence, x = 6 will satisfy the conditions of the equation. 
Again, let there be the equation 

3* = 243, in which ar :s= 5. 

In fact, so long as the second member i is a perfect power ctf 
the given number a, it may be obtained by raising <z to its suc- 
cessive powers, commencing at the first. 

Suppose it were required to resolve the equation 

2*= 6. 

By making x = 2, and x == 3, we find 

22 = 4 and 23 = 8; 

from which we perceive that the value of x is comprised between 
2 and 3. 

Make then, « = 2 + -j, in which x' > 1 . 

Substituting this value in the given equation, it becomes, 

a+i. ^ 

2 ^^ = 6, or 22 X 2*^ = 6 ; hence, 

2*^ = — = — ; 
4 2' 

and by changing the terms and raising both members to the 

Of' power, 

3\*' 



(i) = 
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To determine a/, make successively a/ = 1 and 2 ; ' we find 
(_)=-<2; and (^) = -j- > 2 ; 
therefore, a/ is comprised between 1 and 2. 



Make, a/ = 1 + ~, in which ap^'' > 1. 



(|-)'^^^=2; hence, A x (-|)^' = 2, 

(4 \ a;// 3 

— j = — -. 

4 3 
The h3rpothesis ar^^= 1, gives -v<"^i 

and of x^^ = 2, gives -q- > -r- » 

therefore, a/^ is comprised between 1 and 2. 



Let c/^=z 1 4- — ^ ; then, 



(|)-...|, k"~. I X (-1.)-= |, 

whence, (-) =-. 



If we make a/^ = 2, we have 

9 \a 81 4 



\T/ "■ 64 ^ T' 



and if we make x^^^ = 3, we have 

/ 9 \3_ 729 4 
' V8/ '"512'^'3"' 

therefore, c/^^ is comprised between 2 and 3. 

Make 3/^^ =z2-\ , and we have 

/9\2+~ 4 , 81/9\-?- 4 

and consequently, \"243"j ~ T' 
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Operating upon this exponential equation in the same manner 
as upon the preceding equations, we shall find two entire num- 
bers, k and Aj+ 1, between which a?*^ will be comprised. 

Making • 

and x^ can be determined in the same manner as a;^^, and so on. 
Making the necessary substitutions in the equations 

. = 2 + 1 «^=1+1. ^'=1+^,. *'" = 2+^ 

we obtain the value of x under the form of a continued fraction 

« = 2 + -i 

' + 1 



1 + 



2 + 1-. 



Hence, we find the first three approximating fractions to be 

L L L 
1' 2' 5' 

and the fourth is equal to 

5ir2 + 2 - 12 (^'*- ^^'^'' 
which is the true value of the fractional part of a; to within 

«' lXr(Art. 254). 



(12)2 144 

#^ Therefore, 

7 31 1 

05 = 2 + -- = -- = 2.58333 + to within 



12 12 • 144' 

and if a greater degree of exactness is required, we must take a 
* greater number of integral fractions. 

EXAIIPLES. 

3* = 15 - - - a? = 2.46 to within 0.01. 

10*= 3 - - - aj= 0.477 « 0.001. 

2 

5« = — - - - a;= - 0.25 " 0.01 



••» 
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Theory of Logarithms, 

256. If we suppose a to preserve the same value in the equation 

oF z=zN, ^ 

and N become, in succession, every possible positive number, it 
is plain that x will undergo changes corresponding to those made 
:\\ N. By the method explained in the last Article, we can de- 
termine, for each value of N, the corresponding value of a?, either 
t)xactly or approximatively. 

Any number, except I, may be taken for the invariable num- 
ber a; but when once chosen, it is supposed to remain the same 
for the formation of one entire series of numbers. 

The exponent x of a, corresponding to any value of N, is called 
the logarithm of that number ; and the invariable number a is called 
the base of that system of logarithms. Hence, 

The logarithm of a number^ is the exponent of the power to which 
if. is necessary to raise an invariable number, called the base of tk 
system, in order to produce the number. 

The general properties of logarithms are independent of an)r 
particular base. The use that may be made of them in nu- 
merical calculations, supposes the construction of a table, con- 
taining all the numbers in one column, and the logarithms of 
these numbers in another, calculated from a given base. Now, in 
calculating this table, it is necessary, in considering the equation 

to make N pass through all possible states of value, and to de- 
termine the value of x corresponding to each of the values of AT, 
which may be done by the method of Art. 255. ^ ^ 

257. The base of the common system of logarithms, or as they 
are sometimes called, Briggs' logarithms, from their inventor, is 
the number 1 0. If we designate the logarithm of any numbei • 
by log. or I, we shall have 

(10)0 = 1 . hence, log. 1 = 

(lOy = 10; hence, log. 10 = 1 

(10)2 = 100 ; hence, log. 100 = 2 

(10)3= 1000; hence, log. 1000 = 3 

(10)* = 10000 ; hence, log. 10000 = 4. 
• <&c., &c 



>( 
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Hence, in the common system, the logarithm of any number 
between 1 and 10, is >0 and <1. The logarithm of any num- 
ber between 10 and 100, is > 1 and < 2 ; the logarithm of any 
number between 100 and 1000, is > 2 and < 3 ; and so on. 

Hence, the logarithm of any number expressed by two figures, 
and which is not a perfect power of the base of the system, 
will be equal to a whole number plus an approximating fraction, 
the approximate value of which fraction is generally expressed 
decimally. 

The integral part of a logarithm, is called the index or char- 
aeteristic of the logarithm. 

By examining the several powers of 10, we see, that if a num- 
ber is expressed by a single figure, the characteristic of its logarithm 
will be ; if it is expressed by two figures, the characteristic of 
its logarithm will be 1 ; if it is expressed by three figures, the 
characteristic will be 2 ; and if it is expiessed by n places of 
figures, the characteristic will be n — 1 units. 

The following table sho^svs the logarithms of the numbers, from 
1 to 100. 



1 ^• 


Log. 


N. 


Log. 


i ^* 


Log. 


N. 


Log. 


' 1 


0.000000 


26 


1.414973 


1 ^1 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.4?5'121 


28 


1.447158 


53 


1.724276 


78 


1.892095 




4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 




5 


0.698970 


30 


1.477121 


55 


1.740363 


80 


1.903090 




6 


0.778151 


31 


1.491362 


56 


1.746188 


81- 


1.908485 




7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 i 


33 


1.518514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.544068 I 


60 


1.778151 


85 


1.929419 


'• 11 


1.041393 1 


36 


1.556303 j 


61 


1.785330 


86 


1.934498 


• 12 


1.079181 ! 


37 


1.668202 1 


62 


1.792392 


87 


1.939519 


13 


1.113943 


.38 


1.579784 


63 


1.799341 


88 


1.944483 


1 14 


1.146128 


39 


1.591065 ' 


64 


1.806180 


89 


1.949390 


i 15 


1.176091 ! 


40 


1.602060 ! 


65 


1.812913 


90 


1.954243 


•■16 


1.204120 


41 


1.612784 t 


66 


1.819544 


91 


1.959041 


i 17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.256273 


43 


1.633468 


68 


1.832509 


93 


1.968483 




19 


1.278754 ' 


44 


1.643453 


69 


1.838849 


94 


1.973128 




20 


1.301030 


45 


1.653213 


70 


1.845098 


95 


1.977724 




21 


1.322219 


46 


1.662758 


71 


1.851258 


96 


1.982271 




22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 




23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 




24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


• 


. 25 


1.397940 


50 


1.698970 


75 


1.875061 


100 


2.000000 



1 



18 
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The characteristic being always one less than the number of 
places of figures in the number, is not written down in the table 
of logarithms for numbers which exceed 100. Thus, in search- 
ing for the logarithm of 2970, we should find in the table opposite 
2970, the decimal part .472756. But since the number is ex- 
pressed by four figures, the characteristic of the logarithm is 3. 

Hence, log. 2970 = 3.472756, 

and by the definition of a logarithm, the equation 

o* = i\r, gives 

103.472766 _ 2970. 

Multiplication and Division by Logarithms. 

258. Let a be the base of a system of logarithms, and sup- 
pose the table to be calculated. Let it be required to multiply 
together a series of numbers by means of their logarithms. De- 
note the numbers by iV, iV^, iV"^% N^^\ <Stc., and their correspond- 
ing logarithms by x, j/, x^\ ttf^\ &c. Then, by definition (Art. 
257), we have 

cS' — N', a*' = N\ a*'' = N'', cF''' = I^''' . . . &c. 

Multiplying these equations together, member by member, and 
applying the rule for the exponents, we have 

But since a is the base of the system, we have 

x-^cB' + a/' + a/'' . . . =z log. {N, N\ N'', N''' . . . , )', 

that is, the sum of the logarithms of any number of factors ^ is equal 
to the logarithm of the product of those factors. 

259. Suppose it were required to divide one number by another. ^ 
Let N and i\P denote the numbers, and x and a/ their logarithms 
We have the equations 

a*=:N and a*^ z= N" ; 

o* N 

hence, by division — - = o*-*^ = 



t N \ 
or a: - aK = log. N— log. N' = log. \j^)y 

that is, the difference between the logarithm of the dividend and thi 
logarithm of the divisoTy is equal to the logarithm of the quotient. 
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Consequences of these Properties, 

A multiplication can be performed by taking the logarithms of ' 
the two factors from the tables, and adding them together ; this 
will give the logarithm of the product. Then finding this new 
logarithm in the tables, and taking the number which corresponds 
to it, we shall obtain the required product. Therefore, by a sim- 
ple addition^ we find the product arising from a multiplication. 

In like manner, when one number is to be divided by another, 
subtract the logarithm of the divisor from that of the dividend, 
then find the number corresponding to this difference; this will 
be the required quotient. Therefore, by a simple subtraction^ we 
obtain the quotient arising from a division* 

Formation of Powers and Extraction of Roots, 
260. Let it be required to raise a number N to any power de- 
noted by — . If a denotes the base of the system, and x the 

logarithm of iV, we shall have 

o* = iV, or iV=a»; 

whence, by raising both members to the power — , 



m m 



Therefore, log. (iV « ) = — . a? = -— . log. N. 

If we make n = 1 ; there will result, 

m . log. N == log. iV*» ; 

an equation which is susceptible of the following enunciation : 

If the logarithm of any number be multiplied by the exponent of 
the power to which the number is to be raised, the product will be 
equal to the logarithm of that power, 

261. Suppose, in the first equation, m = 1 ; there will result 

— log. N = log. N^ = log. %/N\ that is, 
n 

The logarithm of any root of a number is obtained, by dm kng 
the logarithm of the number by the index of the root. 
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Consequenees, 

To form any power of a number, take the logarithm of this 
number from the tables, multiply it by the exponent of the power ; 
then the number corresponding to this product will be the reqaired 
power. 

In like manner, to extract the root of a number, divide the log- 
arithm of the proposed number by the index of the root; then 
the number corresponding to the quotient will be the required 
root. Therefore, by a simple multiplication, we can raise a quan- 
tity to a power, and extract its root by a simple division. 

262. If we make the different exponents of 10 negative, the 
powers corresponding thereto will be decimal fractions. Thus, 



(10)->= ^ =0.1; 


hence. 


log. 0.1 =-1 


(^"'>-'= iJo =^-^^' 


hence, 


log. 0.01 =-2 


(^«)"^ = 1000 = '^■''' ' 


hence, 


log. 0.001 = — 3 


/■[ AN-A — ^ _ 0001 


; hence. 


log. 0.0001 = - 4 


^ ^ "" 10000 "" 


Sic, 


&c., 


&c. 



The logarithm of any fraction between one and one tenth, and 
as four tenths, for example, may be expressed thus, 

^''^' (lo) "= ^^^' (tO ^ = ^""^lo "^ ^""^'^ = - 1 + log- 4. 
For the fractions between one hundredth and one tenth, as six 
hundredths, for example, we have 

'°^- (m) = '"s- (i^ ^ « ) = - '^ + '°g^ «• 

For the fractions between one thousandth and one hundredth, 
as eight thousandths, for example, we have 

^°S- (l4) = '"»" (l^ ^ 8)= -3 + log.8. 
Now, instead of performing the subtractions indicated above, we ^ 
unite the decimal part of the logarithm to the negative charac- ' 
teristic. Thus, 

log. 0.4 = — 1 + log. 4 = - 1.602060 ; 
log. 0.06 = — 2 + log. 6 = — 2.778151 ; 
log. 0.008 = - 3 + log. 8 = — 3.903090. 



\ 
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Adopting this method of writing the logarithms, we see that the 
logarithm of a decimal fraction may be found from the tables, by 
uniting to the logarithm of its numerator, regarded as a whole num- 
ber, a negative characteristic greater by unity than the number of 
ciphers between the decimal point and the first significant figure. 

To demonstrate this in a general manner, let a denote the nu- 
merator of a decimal fraction, and b its denominator. From the 
nature of decimals, we shall have 

b = (10)«, 

in which m will denote the number of ciphers in the denomina- 
tor. Hence 

log. -^ = log. (7^) = log. a-m log. 10 = log. a - m. 

Or, in other words, the logarithm of a whole number will be- 
come the logarithm of a corresponding decimal, by adding to it a 
negative characteristic containing as many units as tftere are ciphers 
in the denominator of the decimal fraction. 

Hence, the table of logarithms whose base is 10, will give the 
logarithms of all decimals, as well as of the integral numbers. 





GENERAL EXAMPLES. 




1, 


What is the square of 7 ? 








Log. 7 - . - - 


m 


= 0.845098 




Exponent of the power 


m 


= 2 

« 




Number corresponding, 49 


m 


1.690196. 


2. 


What is the 6th power of 2 ? 








Log.2 - - - - 


- 


= 0.301030 




Exponent of the power - 


- 


= 6 




Number corresponding, 64 


- 


1.806180. 


3. 


What is the cube root' of 64 ? 








Log. 64 - - - 


- 


= 1.806180 




Then, - - - - 


- 


3) 1.806180 




Number corresponding, 4 


- 


0.603060. 


4. 


What is the 4th root of 81 ? 




Ans. 3 


5. 


• 

What is the 5th root of 32 ? 




Ans. 2 



M 1 

■\ I 



• I 
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/ ^6. Log. (a .b .c .d ....') = log. a + log. h + log. c . . . . - 

7. Log. (A-^) = log. a + log.ft + log. c— log.d— log.«. 

8. Log. (a** .b^.cP . . . .) = m log. a 4- ^ log. ^ + 1? log. c + . . . 

9. Log. (a 2— a;2) = log. (a + a:) + log. {a — a?). 

10. Log. -v/(a2 — a?2) = ^ log. (a + a?) + i log. (a - as). 

1 1 . Log. (a3 X V<) = 3f log. fl. 

263. Let us resume the general equation 

and suppose a to be the base of a syBtem of logarithms. Then, 

1st, we have a^ = N = 0, whence, log. a = 1 ; 
2d " 0^ = 1, whence, log. 1=0; 

that is, whatever be the base of the system, its logarithm taken m 
that system, is equal to 1, and the logarithm of \ is equal to 0. 

264. Let us suppose, in the equation 

a* =zN, 
that a > 1. 

Then, if we make iV= 1, we shall have 

aO = l. 
If we make j!V< 1, we must have 

<r-* = iV, or — . = iV<l. 

If now, N diminishes, x will increase, and when N becomes 0, 

we have 

' 1 

a-* = -*■ = 0, or o* = 00 (Art. 112) ; 

but no finite power of a is infinite, ^ence a; =: go : and therefore, 
the logarithm of in a system of which the base is greater than 
unity, is an infinite number and negative. 

265. Again, take the equation 

and suppose the base a < 1 . Then making, as before, 

i\r = 1, we have tfi = 1, 
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If we make N less than 1, we shall have 

Now, if we diminish N, x will increase ; for, since o < 1, its 
powers will din^inish as the exponent x increases, and when 
JV = 0, a? must be infinite, for no finite power of a fraction can 
be 0. Hence, the logarithm of in a system of which the base 
is less than unity, is an infinite number and positive. 

Logarithmic and Exponential Series, 

266. The method of resolving the equation 

a* = 6, 

explained in Art. 255, gives an idea of the construction of log- 
arithmic tables ; but this method is laborious when it is necessary 
to approximate very near the value of x. Analysts have discovered 
much more expeditious methods for constructing new tables, or for 
verifying those already calculated. These methods consist in the 
development of logarithms into series. 
Taking again the equation 

o* = y, 

it is proposed to develop the logarithm of y into a series involving 
the powers of y, and co-efficients independent of y. 

It is evident, that the same number y will have a different log- 
arithm in different systems, that is, for different values of the base 
a ; hence, the log. y, will depend for its value, 1st, on the value 
of y; and 2dly, on a, the base of the system of logarithms. 
Hence, the development must contain y, or some quantity depen- 
dent on it, and some quantity dependent on the base a. 

To find the form of tlis development, we will assume 

log. y=::A + By+Cy^ + Dy^ +, &c., 

m which A, B, C, <fcc., are independent of y, and dependent on 
the base a. 

Now, if we make y = 0, the log.^ becomes infinite, and is 
either negative or positive, according as the base a is greater or 
less than unity (Arts. 264 & 265). But the second member un- 
der this supposition, reduces to A, a finite number: hence, the 
development cannot be made under that form 
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Again, assume 

log. yz=:Ay+Bf+ Cf + Dy* +, &c. 

If we make y = 0, we have 

log. y = ± 00, that is, ± oo = 0, 

which is absurd, and hence the development cannot be made un- 
der the last form. Hence we conclude that, the logarithm of a 
number cannot be developed in the powers of that number. 

Let us place, in the 'first member, 1 + y for y, and we have 
log.(l+y) = ily+%2+ Cy3 + i)y* + &c. . . . (1), 

making y = 0, the equation is reduced to log. 1=0, which does 
not present any absurdity. 

In order to determine the co-efficients A, B, C, . . . we shall 
follow the process of Art. 243. Since equation (1) is true for 
any value of y, it will be true if we substitute z for y, and we 
may write 

log. {l-{-z) = Az-{- Bz^ + Cz^ + Dz^+ , . , (2). 

Subtracting equation (2) from (1), we obtain 

log. (1 4-y)- log. (l+ir) = A(y~;^)+5(y2-^2) + C(y3-z3)+ . . (3). 

The second member of this equation is divisible by y — z. Let 
us see, if we can by any artifice, put the first under such a form 
that it shall also be divisible hy y — z. We have, 

log. (1 + y ) - log. (1 + *) = log. (4^) = log- (i + ttt)' 

y — z 
But since -j—r — can be regarded as a single number «, we 

can develop log.(l+«)i or log. (l + -?— ; — )i i^ the same man- 
ner as log. (1 + y), which gives 

Substituting this development for 

log. (1 + y) - log. (1 + ^), 

in the equation (3), and dividing both members by y — ;p, it be- 
comes 

1 y .— g (y-^ z^ 
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Since this equation, like the preceding, is true for all values of 
y and z^ make y =:z, and there will result 

— — = A + 2By + 3Cy2 -f 4Df + 5Ey^ + . . . 

whence, by making the terms entire, and transposing. 



«=s^ 



+ A + 2B 
A+ A 



y + 3C 
+ 25 



+ 3C 



y^ + 5E 
+ 4D 



y*+ . . . 



Placing the co-efficients of the different powers of y equal to 
zero, we obtain the series of equations 

A-JL = 0, 2J5 + A=0, 3C + 25=0, 4D + 3C = 0...; 
whence. 

The law of the series is evident ; the co-efficient of the n^ term 

A 
is equal to =f — , according as n is even or odd : bence, we ob- 

n 

tain for the development, 

l»f.(H-y) = ^y-i.y' + 4f'-T'' • ■ 

Hence, although the logarithm of a number cannot be developed 
in the powers of that number, yet it may be developed in the powers 
of a number less by unity. 

By the above method of development, the co-efficients B, C, Z), 
E, &c., have all been determined in ftmctions of A ; but A re- 
mains entirely undetermined. This indeed should be so, since A 
depends for its value on the base of the system, to which any 
value may be assigned. 

Denote by a/ that part of the second member of equation (4) 
which involves y, and suppose a to be the base of the system in 
which the log. (1 + y) is taken, and we have 

^Ar/ = 1 4- y^ or Aa/ = log. (1 + y). 

But the log. (1 + y) depends for its value on two things : viz., 
on the number of units in y, and on the base of the system in 
which the logarithm is taken. The series denoted by d/ is ex- 
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pressed in y, and hence depends for its value on y alone. But 
A being independent of y, its value must depend on the base of 
the system; and hence, 

The expression for the logarithm of any number is composed of 
two factors, one dependent on the number, and the other on the base 
of the system in which the logarithm is taken. The factor which 
depends on the base, is called the modulus of the system of log- 
arithms. 

267. If we take the logarithm of 1 + ^ in a^ new system, and 
denote it by V,(l + y), we shall have 

l'.(l+y) = A'(y-^ + |-^ + |-&c.) (5). 

in which A^ is the modulus of the new system. 

If we suppose y to have the same value as in equation (4), we 
shall have 

. K(l +y) : 1.(1 4-y) : : A' : A; 

for, since the series in the second members are the same, they 
may be omitted. Therefore, 

The logarithms of the same number , taken in two different systems^ 
are to each other as the moduli of those systems, 

268. Having shown that the modulus and base of a system of 
logarithms are mutually dependent on each other, it follows, that 
if a value be assigned to one of them, the corresponding value of 
the other must be determined from it. 

If then, we make the modulus 

the base of the system will assura" "* ^xed value. The system 
of logarithms resulting from such a modoiad, ^- i' nv.'-h a base, is 
called the Naperian System. This was the first system known, 
and was invented by Baron Napier, a Scotch mathematician. 

With this modification, the proportion above becomes 

K(l+y) : 1.(1 +y) : : 1 : il, 
and .4.K(1 +y) = l.(l+y). 

Hence we see that. 

The Naperian logarithm of any number, multiplied by the modu- 
lus of another system, will give the logarithm of the same number 
in that system. 
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The modulus of the Naperian System being unity, it is found 
most convenient to compare all other systems with the Naperian ; 
and hence, the modulus of any system may be defined to be. 

The number by which it is necessary to multiply the Naperian 
logarithm in order to obtain the logarithm of the same number in 
the other system, 

269. Again, A x V.(l + y) = 1.(1 + y) gives 

That is, the logarithm of any number divided by the modulus of 
its system, is equal to the Naperian logarithm of the same number, 

270. If we take the Naperian logarithm and make y = 1, equa- 
tion (5) becomes 

K2 = l-4- + 4--4" + 4- • • • 
2 3 4 5 

a series which does not converge rapidly, and in which it would 
be necessary to take a great number of terms to obtain a near ap- 
proximation. In general, this series will not serve for determining 
the logarithms of entire numbers, since for every number greater 
than 2 we should obtain a series in which the terms would go 
on increasing continually. 

The following are the principal transformations for converting 
the above series into converging series, for the purpose of obtain- 
ing the logarithms of entire numbers, which are the only logarithms 
placed in the tables. 

First Transformation. 

Taking the Naperian logarithm in equation (5), making y=: — , 

z 

«nd observing that 

\\ (l + — ) = 1'. (1 + «) - 1'.^, it becomes 

,.(l+.)_,.. = l__L. + ^_-l_ + &e. (6). 

This series becomes more converging as z increases ; besides, 
tne first member of the equation expresses the difiference between 
the logarithms of two consecutive numbers. 
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Making = 1, 2, 3, 4, 5, &c., in succession, we have 

1.3-1.2 _ g -— + 2^ 64+-- 

lM-l'3-l-l + -i 1- + 

*•* • 3 18^ 81 324 ^ ■•• 

1..5-1'.4=1-JL+ 1 _ ' 



4 32 ' 192 1024 

The first series will give the logarithm of 2 ; the second series 
will give the logarithm of 3 by means of the logarithm of 2 ; the 
third, the logarithm of 4, in functions of the logarithm of 3 . . . &c. 
The degree of approximation can be estimated, since the series 
are composed of terms alternately positive and negative (Art. 241). 

Second Transformation. 

A much more converging series is obtained in the following 

manner. In the series 

ap2 /p3 ^ 
K(l + x)=x-~ + ~~-+... 

substitute — x for x, and it becomes 

iK? s^ a^ 

Subtracting the second series from the first, observing that 



obtain 



1^ (1 + ar) - V. (1 - x) = K ( -^^^-^\ we 

\ 1 — X ' 

This series will not converge very rapidly unless a? is a very 

1 + a: 

small fraction, in which case, will be greater than unity, 

1 — oc 

but will differ very little from it. 

1+0? 1 

Make = 1 H , z being an entire number. We have 

1 — X z 

(\ + x) z z=: {\ — a?) (^ + 1) ; whence, x = 



%z+ 1 
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Hence, the preceding series becomes 1'. ( 1 -| V or 

V.(z + 1) - V.Z = 2 (—^ — + 1 4- ^ J. \ 

This series gives the difference between the logarithms of two 
consecutive numbers, and converges more rapidly than series (6) 
Making successively, J8r=: 1, 2, 3, 4, 5 . . ., we find 

\ 3 ^ 3 . 38 ^ 6 . 3» ^ 7 . 3' ^ " " 7' 
l'.3-l'.2=2(i.+ J^ + J^ + ^+...). 

- l'.5-l'.4 = 2(l+^ + J^ + ^ ). 



Let z= 100; there will result 

•lM01 = ia00+2(^+3^3 + ^+...); 

whence we see, that knowing the logarithm of 100» the first term 
of the series is sufficient for obtaining that of 101 to seven places 
of decimals. 

There are formulas more converging than the above, from which 
we may obtain a series of logarithms in functions of others al- 
ready known, but the preceding are sufficient to give an idea of 
the facility with which tables may be constructed. We may now 
suppose the Naperian logarithms of all numbers to be known. 

The Naperian logarithm of 10 may be deduced from the first 
and fourth of the above equations, by simply adding the logarithm 
of 2 to that of 5 (Art. 258). This number has been calculated 
with great exactness, and is 2.302585093. 

271. We have already observed that the base of the common 
system of logarithms is 10 (Art. 257). We will now find its 
modulus. We have, 

F.(l +y) : l(l-{-y) : : 1 : A (Art. 267). 
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If we make y = 9, we shall have 

IMO : 1.10 : : 1 : A. 
But the IMO = 2.302585093, and 1.10 = 1 (Art. 257); 

hence, A = ^^^ rs.^^^ = 0.434294482 = the modulus of the 
' 2.302585093 

common system. 

If now, we multiply the Naperian logarithms before found, by 
this modulus, we shall obtain a table of common logarithms 
(Art. 268). 

All that now remains to be done is to find the base of the Na- 
perian system. If we designate that base by e, we shall have 
(Art. 267), 

V.B ihB I : \ : 0.434294482. 

But Ve =z 1 (Art. 263) ; hence, 

1. : l.c : : 1 : 0.434294482, 
hence, l.e = 0.434294482. 

But as we have already explained the method of calculating 

the common tables, we may use them to find the number whose 

logarithm is 0.434294482, which we shall find to be 2.718281828: 

hence 

e = 2.718281828. 

We see from the last equation but one that, the modulus of tht 
common system is equal to the common logarithm of the Naperian base 

Of Interpolation. 

272. A table of logarithms is a tabulated series of numbers, 
showing the value of x in the equation 

aFz=N, 

corresponding to all the integral values of N, between 1 and some 
higher number which marks the limit of the table. It has already 
been remarked that in the system in common use, the value of the 
base a, is 10. 

And generally, any mathematical table consists of a series of values 
ff some letter in an algebraic expression, corresponding to equi'ilii 
tant values of the function on which it depends. 

The principle of interpolation, which is of great value in prac 
tical science, has for its object to find from the tabulated number* 



CHAP. IX.] 



OF INTERPOLATION. 



287 



whicli are given, other similar numbers which shall correspond 
to intermediate values of the function. For example, suppose p, q, 
r, s, &c., to be a series of tabulated numbers corresponding to, 
and written opposite the functions o, o + ft, « + 2ft, o + 3ft, <fec., 
and it were required to find the tabulated number corresponding 
to the function a + 2^ft. This is a questiqa of interpolation, and 
is resolved by taking the successive differences of the tabulated 
numbers, thus : 



Functions. 


Differences of tab 


nlatec 


a 


p 


. . 


* 






dp - 


- 


a + h 


9 


d^p 


- 






dq 


d^p 


a + 2ft 


r 


d^q 








dr 


d^q 


a + 3ft 


s 


dh- 


- 






ds . 


- 


a + 4ft 


t 




- 



in which dp = q — p, dq =z r — q, dr =: s — r, &c ; 

and d^p = dq — dp, d^q =• dr — dq^ d^r =: ds — dr, &c. ; 

also, d^p =s d^q -^ <Pp, d^q = d^r — d^q, &c. 

&c., &c. 

From the above equations, we have 

qz=zp + dp, r = q + dq =p+ dp + dq =zp + 2dp + d^p-, 

and by a similar process, we have 

s = p + 3dp + 3d^ + d^, 

tz=:p + 4dp + 6(Pp + 4(Pp + J*p, 
Slc.j &c., 

in which notation it should be observed, that d^, d^, &c., denote the 
second, third, &c. differences of the successive tabulated numbers 
It is plain, that the above law from which the numerical co- 
efficients for any term may be derived, is similar to that for the 
co-efficients of a binomial: hence, if T denote the n+1 term of 
the tabulated numbers, reckoning from p inclusive, we shall have 

2) 



m . J . W(»'~l)'n> . «.(«— l)(n 



d^ 4- &c. 
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Let it be required to find the tabulated number correspondiiig 
to a 4- 3b. We then have, n = 3 : hence, 

T=zp+3dp + 3cPp + d^p, 

the same value as that found above for r. 

Next, let it be required to find the tabulated value answering 
to the functions a + ^b. Then, n = f , and if we know the tab- 
ulated number p, and the successive differences d, d^, &c., the 
approximate value of T can easily be found. 

It is plain from the series that the interpolated values are but 
approximations, since no order of difference can reduce to zero, 
and hence, the series will contain an infinite number of terms. 
Generally, however, the tabulated values are themselves but ap- 
proximations, and the successive differences decrease so rapidly 
in value, that the series becomes very converging. 

Let us suppose for example, that we have the logarithms of 
12, 13, 14, 15, &c., and that it is required to find the logarithm 
of 12 and a half. Then, 

12 1.079181 

dp = 0.034762 

13 1.113943 d^=: — 0.002577 

dq = 0.032185 

14 1.146128 (P^' =- 0.002222 

dr = 0.029963 

15 1.176091 

also, d^p=d:^q — d^p=z + 0.000355. 

Making n = -— , and stopping at the term involving the third 
difference, we have 
T = p + ^dp + ^x^^d^P+^x-^x---^d^p-\-&t. 

-{- p = 1.079181 

+ ^dp =0.017381 

+ |(Pp . . - . : =0.000322 

-f .f^p = 0.000022 

T=log.l2^= 1.096906. 
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INTEREST. 

273. The solution of all queations relating to interest, may be 
greatly simplified by employing the algebraic formulas. 

In treating of this subject, we shall employ the following no- 
tation : 

Let p= the amount bearing interest, called the principal; 

r =s the part of $1, which expresses its interest for one 
year, called the rate per cent. ; 

t =z the time that p draws interest ; 

t = the interest of p dollars for t years ; 

jS = I? + the interest which accnies in the time t, which 
is called the amount. 

Simple JfUerest. 

To find the interest of a sum p for t years, at the rate r, and 
the amount then due. 

Since r denotes the part of a dollar which expresses its in- 
terest for a single year, the interest of p dollars for the same time 
will be expressed by pr ; and for t years it will be / times as 
much : hence, 

i=ptr (1); 

and for the amount due, 

Sz:zp+ptr^p(\ + tr) : . (2). 

EXAMPLES. 

1. What is the interest, and what the amount of $365 for three 
years and a half, at the rate of 4 per cent, per annum. Here, 

p = $365.; 

r = jl==0.04; 

m 

< = 3.5; 

t = ptr = 365 X 3.5 X 0.04 = $51,10 : 

hence, iS = 365 4- 51,10 = $416,10. 

19 
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Present Value and Discount at Simple Interest. 

The present value of any sum S, due t yeaxs hence, is the prin- 
cipal Pj which pot at interest for the time t, wili produce the 
amount S. 

The discount oq any sum due t years hence, is the difference 
between that sum and the present value. 

To find the present value of a sum of dollars denoted by S, dw 
t years hence, at simple interest, at the rate r; also, the discount. 

We have, from formula (2), 

• ^ =P +P^^y 
and since *p is the principal which in t years will produce the 
sum S, we have 

and for the discount, which we will denote by D, we have 

I + tr I + tr ^ ^ 

1. Required the discount on $100, due 3 months hence, at the 
rate of 5^ per cent, per annum. 

iS=*100 =$100 

t = 3 months = 0.25 

5.5 

•• = Too = °-*^- 

Hence, the present value p is 

p =. --. -. $98,643 : 

P l+tr 1 + .01375 ^^ » '*^- 

hence, Z>=5— ;>=100 — 98,643 = $1,35,7. 

Compound Interest. 

Compound interest is when the interest on a sum of money be- 
coming due, and not paid, is added to the principal, and the in- 
terest then calculated on this amoimt as on a new principal. 

To find the amounf of a sum p placed at interest for t years, 
compound interest being allowed annually at the rate r. 

At the end of one year the amount wOl be 

S=zp+pr = p{l + r). 
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Since compound interest is allowed, this sum now becomes the 

principal, and hence at the end of the second year the amount 

will be 

S' = p(l + r) + pr(l -^^ r) =p(l + ry. 

Regard p(l +ry as a new principal ; we have, at the end of 
the third year, 

S'' =p(l + rf+pr(l + ry=zp(l + r)3; 

and at the end of t years, 

S=p{l + ry (5). 

And from Article 260 we have 

log. S = log.p + Hog. (1 + r) ; 

and if any three of the four quantities S, />, t, and r, are given, 
the remaining one can be determined. 

Let it be required to find the time in which a simi p will double 
itself at compound interest, the rate being 4 per cent, per annum. 

We have from equation (5), 

S=p(l+rY. 

But by the conditions of the question, 

5f = 2p = p (1 + r)< : 

hence, 2 = (1 + r)S 

_ log.2 _ 0.301030 
^^ . ' "" log. (1 + r) ■" 0.017033 

= 17.673 years 

= 17 years, 8 months, 2 days. 

To Jind the Discount. 

The discount being the difference between the sum S and p^ 
i»a have 
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CHAPTER X. 

GENERAL THB0R7 OF . EQUATIONS. 

274. The most celebrated analysts have tried to resolve equa- 
tions of any degree whatever, but hitherto their efforts have been 
unsuccessful with respect to equations of a higher degree than the 
fourth. However, their investigations have conducted them to some 
properties common to equations of every degree, which they have 
since used, either to resolve certain classes of equations, or to re- 
duce the resolution of a given equation to that of one more simple. 
In this chapter it is proposed to make known these properties, 
and their use in facilitating the resolution of equations. 

The development of the properties of equations of any degree, 
leads to the consideration of polynomials of a particular nature, 
and entirely different from those considered in the first chapter. 
These ar^ expressions of the form 

in which m is a positive whole number; but the co-efficients 
A, B, C, . . . T, U, any quantities whatever, that is, entire or 
fractional, commensurable or incommensurable. Now, in algebraic 
division, as explained in Chaptef II., the object was this, viz.: 
hamng given two polynomials^ entire with reference to all the let- 
ters and particular numbers involved in them, to find a third poly- 
nomial of the same kind, which multiplied by the second shrill pro- 
duce the first. 

But when we have two polynomials, 

Aai^ + Ba^^ -f Caf^"^ + . . . j- Tx + U, 

A'af^ + B'oa^-^ f- Caf'-^ + . . . + Tx + U, 

which are necessarily entire only with respect to x, and in which 
the co^efficients A, B, C . . ,, A^, B^, C^ , . ., are any quan- 
tities whatever, it may be proposed to find a third polynomial, of 
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the same form and nature as those that are given, which multiplied 
by the second wUl re-produce the first. ' 

275. Ordinary polynomials, that is, polynomials which are en- 
tire with reference to all the exponents and co-efficients, are called 
rational and entire polynomials. Polynomials which are only en- 
tire with reference to the letter a;, and whose co-efficients are any 

quantities whatever, are called entire functions of x. 

\ 

276. Every complete equation of the m^ degree, m heing a pos- 
itive whole number, may, by the transposition of terms, and by 
the division of both members by the co-efficient of oc^, be put un- 
der the form 

P, Q, R . . ., T, U, being co-efficients taken in the most general 
algebraic sense. * 

Any expression, which substituted in place of x satisfies the equch 
tion, that is, renders its first member equal to 0, is called a root of 
the eqiuition. 

277. As every equation may be considered as the translation 
into algebraic language of the relations which exist between the 
given and unknown quantities of a problem, we are naturally led 
to suppose that, every equation has at least one root. We will 
admit this principle, which we shall have occasion to verify here- 
after for most equations. 

We will now demonstrate some of the principal properties of 
a general equation. 

First Property. 

278. In every general equation of the form 

the first member is divisible by the difference between the un- 
known quantity x and a root of the equation ; that is, 

If A is a root of the equation y the first member will be exactly 
divisible by x — a ; and reciprocally, if a divisor of the form x — - a 
wiU exactly divide the first member, a will be a root of the equation. 

Let us suppose the first member of the proposed equation to be 
divided by x -^ a, and the operation continued until all the terms 
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involving x are exhausted: the remainder, if there be any, will 
then be independent of x. 

If we represent the remainder by Ry and the quotient obtained 
by Q^, we may write 

a« -f Pot^"^ -^ Tx+U =zQ'{x --0) + R. 

Now, since by hypothesis, a is a root of the equation, if we 
substitute a for x, the first member of the equation will reduce to 
zero; the term Qf(x — a) will also reduce to 0, and consequently, 
we shall have 

ie = 0. 

But since R does* not contain x, its value will not be affected 
by attributing to x the particular value a : hence, the remainder R 
was originally equal to zero, and consequently, the first member 
of the equation 

a* + Paf*^^ + Q>-3 . . , . + Tx+Uz=0, 

is exactly divisible by x — a. 

Reciprocally, if x — a is an exact divfsor of the first member 
of the equation, the quotient Q^ will be exact, and we shaU have 
12 = : hence, 

a!« + Pa^-i . . . + Tar + t/^ = Q' (« -i a). 

If now, we suppose x = a, the second member will reduce to 
zero, consequently, the first will reduce to zero, and hence a will 
be a root of the equation (Art. 276). It is evident, from the na- 
ture of division, that the quotient Q" will be of the form 

a«-i ^ p^afnr^ -i-R' + U'=:0. 

279. It follows from what has preceded, that in order to dis- 
cover whether any polynomial is exactly divisible by the binomial 
X — Of it is sufiicient to see if the substitution of a for x will 
reduce the polynomial to , zero. 

Reciprocally, if any polynomial is exactly divisible by a? — a, 
then we know, that if the polynomial be placed equal to zero, x 
will be a root of the equation. 

The property which we have demonstrated above, enables us 

to diminish the degree of an equation by unity when we know 

one of its roots, by a simple division ; and if two or more of the 

roots are known, the degree of the equation may be still furthei 

_^ diminished by continuing the division. 
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EXAMPLES. 

1. One of the roots of the equation 

ar* - 25x^ + 60a? - 36 = 
is 3: what is the equation containiiig the other roots? 

ar* — 25aj2 + 60a; — 36 11 ar — 3 



a;*— 3g3 x^+3a!^—16x + 12 

+ 3ar3 — 25a;2 
3«3- 9a;2 



+ l6oe^ + 60a? 



12a; — 36 
12x — 36 

Ans. a?3 -h 3a:2 — jQ^f + 12 = 0. 

2. Two roots of the equation 

«* — 12a?3 + 48a?2 — 68a? + 15 = 

are 3 and 5 : what is the equation containing the other two ? 

Ans. a?^ — 4a? + 1 = 0. 

3. One of the roots of the equation 

2r3- 6a?2+ llx — 6 = 

is 1 : what is the equation containing the other roots ? 

Ans. a?^ — 5ar + 6 = 0. 

4. Two of the roots of the equation 

4a?* -^ 14a?3 — 5a?2 + 31a? + 6 = 

are 2 and 3 : find the equation containing the other roots. 

Ans. 4a?3 + 6a? + 1 = 0. 

Second Property. 

280. Every equation involving but one unknown quantity, has as 
many roots as there are units in the expoTient which denotes its de- 
greCf and no more. 

Let the proposed equation be 

a*» -h Px"^^^ + Qa!«-2 + . . . + Ta? + rr = 0. 

Since every equation is supposed to have at least one root (Art. 
277), if we denote that root by a, the first member will be divisi* 
ble by a? — a, and we shall have the equation 

a* + Paf^^ + . . . = (a? — o) (aj^-i -f P'ot^'^ +...)... (1) 
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But if we place 

a*»-i + P'af^-^ + . . . = 0, 

we obtain an equation which has at lea^t one root. 
Denote this root by b, we have (Art. 278), 

a,m-i + p/a-n-2 + . _ -. (a? _ 5) (^-2 + p'/a-t-a +...). 

Substituting the second member, for its value in equation (1\ 
and we have, 

x^ 4- Pafn-i + . . . = (x — a) (a? - i) (a-"-^ + P^'ai^^ +...)•• (2) 
Reasoning upon the polynomial 

^m-2 + jy/a-"- -3 4. . . . 

as upon the preceding polynomial, we have 

a,«-2 4. p//a-n-3 + . . . = (a; — c) (a!*^3 + i^^^oj*-* +...)» 
and by substitution, 
^ ct^-^ Pcc^-^ + . . . = (rr— a) (a? — ft) {x — c) (cc^^ + P'^'af^) (3) 

281. Observe, that for each binomial factor of the first degree with 
reference to x, the degree of x in the polynomial is diminished 
by unity ; therefore, after m — 2 factors of the first degree have 
been divided out, the exponent of x will be reduced to m — (m — 2) 
= 2 ; that is, we shall obtain a polynomial of the second degree 
with reference to a;, which can be decomposed into two factors 
of the first degree (Art. 142), of the form a? ~ A, a? — Z. Now, 
supposing the m — 2 factors of the first degree to have abeady 
been indicated, we shall have the identical equation, 

«!«+ Pa*»-i-h . . . = (ar — a) (aj — ft) (a? — c) . . . (a? — A) (a? — Q = 0; 

• 

from which we see, that the first member of the proposed equation 
may be decomposed into m binomial factors of the first degree. 

As there is a root corresponding to each binomial divisor of 
the first degree (Art. 278), it follows that the m binomial factors 
of the first degree, a? — o, a; — 5, a: — c . . ., give the m roots, 
a, 6, c . . ., of the proposed equation. 

But the equation can have no other roots than a, 6, c ... A, 2. 
For, if it had a root </, diflferent from a, &, c . . . Z, it would have 
a divisor x — of, different from x ^ a, x -6, a — c.,.x •/, 
which is impossible. Therefore, finally. 
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Every equation of the m^ degree has m roots, and can have no 
more, 

282. In equations which arise from the multiplication of equal 
factors, such as 

(a? - a)* (x - by (« - cf {x-d) = 0, 

the nuinber of roots is apparently less than the number of units in 
the exponent which denotes the degree of the equation. But this 
is not really so; for, the above equation actually has ten roots, 
four of which are equal to a, three to b, two to c, and one to d. 

It is evident that no quantity a\ different from a, b, c, d, can 
verify the equation ; for, if it had a root </, the first member 
would be divisible by pc — of, which is impossible. 

Consequence of the second Property. 

283. It has been shown that the first member of every equation 
of the m^^. degree, has m binomial divisors of the first degree, of 
the form 

X — o, X — i, X — Cj . . , X — A, X — I. 

If we multiply these divisors together, two and two, three and 
three, &c., we shall obtain as many divisors of the second, third, 
&c. degree, with reference to x, as we can form different com- 
binations of m quantities, taken two and two, three and three, &c. 
Now the number of these combinations is expressed by 

III — 1 m — 1 m — 2 .. „^,. 

m . — - — , m , — - — . — - — . . . (Art. 201). 

Hencoy the proposed equation has 

m— 1 



m . 



2 

divisors of the second degree; 

iw — 1 m — 2 
ffi — — — . — — — 

2 3 

divisors of the third degree ; 

m— 1 m — 2 m — 3 
2 3 4 

divisors of the fourth degree ; and so on. 
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Composition of Equations. 

284. If in the identical equation 

«« + Px"^^ + . . . = (a? — a) (a: — &) (a; — c) . . . (a? — Z), 

we perform the multiplication of four factors in the second mem- 
ber, we have, 



— c 



jp2 — abc 

— abd 

— acd 
-bed 



X + cUfcd " 



i- =0. 



sc^ -\- ah 
+ ac 
+ ad 
+ he 
+ bd 
+ cd 

If we perform the multiplication of the m factors of the second 
member, and compare the terms of the two members, we shall 
find the following relations between the co-efficients Py Q^ R, . , » 
Tf U, and the roots a, h,e, . . , k, I, of the proposed equation, viz., 

-a— ft-c. . . -A-Z = P, or a + h+e+ , , , + k+l= -P; 

ah + ac + . . . + kl = Q, 

— ahe — ahd ... — ikl = R, or ahe + ahd + tJW = — /J; 



zt ahed . . , kl=sU, or abed . , . kl = ±: U, 

The double sign has been placed in the last relation, because 
the product — a x — h x — c... X —-l will be plus or minus 
according as the degree of the equation is even or odd. Hence, 

1st. The algebraic sum of the roots, taken with contrary signs, 
is equal to the co-efficient of the second term ; or, the algebraic 
sum of the roots themselves, is equal to the co-efficient of the 
second term taken with a contrary sign. 

2d. The sum of the products of the roots taken two and two, 
with their respective signs, is equal to the co-efficient of the third 
term. 

3d. The sum of the products of the roots taken three and three, 
with their signs changed, is equal to the co-efficient of the fourth 
term ; or the co-efficient of the fourth term, taken with a contrary 
sign, is equal to the sum of the products of the roots taken three 
and three ; and so on. 
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4tli. The product of all the roots, is equal to the last term ; 
that is, the product of all the roots, taken with their respective 
signs, is equal to the last term of the equation, taken with its sign, 
when the equation is of an even degree, and with a contrary sign, 
when the equation is of an odd degree. If one of the roots is equal 
to 0, the absolute term will be 0. 

The properties demonstrated (Art. 143), with respect to equa 
tions of the second degree, are only particular cases of the above. 

Consequences. 

1. If the co-efficient of the second term of an equation is equal 
to zero, the term will not appear in the equation ; and the sum 
of the positive roots is equal to the sum of the negative roots. 

2. Every commensurable root of an equation is a divisor of the 
last or absolute term. 

EXAMPLES IN THE FORMATION OF EQUATIONS. 

1. Form the equation whose roots are 2, 3, 5, and — 6. 
We have, by simply indicating the multiplication of the factors, 

(ar - 2) (a? - 3) (a? - 5) (a? + 6) = 0. 

But the process may be shortened by detaching the co^efficients 
thus: 



1 - 


2 |- 


-3 




— 


3 + 


6 




1 - 


5 + 


6 |-5 




— 


5 + 25 — 30 




1 — 


10 + 31-30 1 


+ 6 




6- 


60 + 186 


- 180 


1 — 


4- 


29 + 156 


— 180. 



Hence, the required equation is 

a^ _ 4ir3 _ 29a?2 + 156a? - 180 = 0. 

2. What is the equation whose roots are 1, 2, and — 3? 

Ans, ^3 _ 7x + 6 = 0. 

3. What is the equation whose roots are 3, — 4, 2 + v3» 
and 2 — y/Tl Ans. x^ — Sci^ — 15a^2 + 49a? —12 = 0. 

4. What is the equation whose roots are 3 + Vol 3 — y 5, 
and - 6 ^ Ans. a?^ — 32x + 24 = 0. 
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5. What IS the equation whose roots are 1 , — 2, 3, — 4, 5, 

and — 6 ? 

Ans. «« + 3x« - 41«* — 87a?3 + 400«» + 444a? — 720 = 0. 



6. What is the equation whose roots are . . . . 2 + y — 1, 
2 — y/— 1, and — 3 ? Ans, a?3 — aj3 + 7a? + 15 = 0. 

Of the greatest Common Divisor. 

285. The greatest common divisor of two polynomials is the 
greatest polynomial, with reference to its exponents and co-effi- 
cients, that will exactly divide the proposed polynomials. 

If two polynomials be divided by their greatest common divisor, 
the quotients will be prime with respect to each other ; that is, they 
will no longer contain a common factor. Hence, 

Two polynomials are prime with respect to each other when they 
have not a common factor. 

Let A and B be two polynomials, D their greatest common 
divisor, and A^, B\ the quotients afler division. Then 

^ = A^ and § = B^ 

and consequently, 

A = A' X I>, and B = B' X D. 

Now, if A^ and B^ have a common factor dy then d x D would 
be a common divisor of the two polynomials and greater thari D, 
either with respect to the exponents or the co-efficients, which 
would be contrary to the supposition. 

Again, since D exactly divides A and B, every factor of D wiD 
have a corresponding factor in both A and B, Hence, 

1st. The greatest common divisor of two polynomials contains « 
factors, all the prime factors common to the two polynomials, 
and does not contain any others, 

286. We will now show that the greatest common divisor of 
two polynomials will divide their remainder after they have been 
divided by each other. 

Let A and B be two polynomials, D their greatest common 
divisor, and suppose A to contain the highest exponent of the let- 
ter with reference to which the pol3momial8 A and B are arranged. 
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Having divided A by B^ suppose we have a quotient Q and a 
remainder iJ. We may then write 

A = jB X Q + JR. 

If now, we divide both members of the equation by Z), we 
have 

and since we suppose ^ to be divisible by D, the first member of 
the equation will be entire, and consequently, the second member 
must also be entire, since an entire quantity cannot be equal to 
a fraction. But since D also divides j5, the first term of the sec- 
ond member is entire, and consequently, the second term is also 
entire, and therefore, R is exactly divisible by D. 

We will now show that if B will exactly divide B and jR, that 
it will also divide A. For, having divided A by B, as before 
we have 

A =1 B X Q + R, and by dividing by D, we obtain 

A _B R 

~ _ ~ X t^ + -^. 

But since we suppose B and il to be divisible by D, and know 
Q to be an entire quantity, the second member of the equation is 
entire : hence, the first member is also entire, that is, A is ex- 
actly divisible by D. Hence, 

2dly. The greatest common divisor of two polynomials, is the same 
as that which exists between the least polynomial and their remainder 
after division. 

Remark. — If either of the pol3niomials A ot B have a factor A' 
common to all its terms, but not common to the other polynomial, 
the common divisor will be found in that part of the pol3momial 
which is multiplied by the factor A\ 

287. From these principles, we have, for finding the greatest 
common divisor of two polynomials, the following 

RULE. 

I. Take the first polynomial and suppress all the monomial factors 
common to each of its terms. Do the same with the second polyno' 
mialy and if the factors so suppressed have a common divisor, set tt 
aside as forming a part of the common divisor sought. 
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II. Having done this, prepare the dividend in such a manner that 
its first term shall he divisible by the first term of the divisor ; then 
perform the division, and suppress in the remainder all the factors 
that are common to the co-efiUcients of the principal letter. Then 
take this remainder as a divisor, and the second polynomial as a 
dividend, and continue the operation with these polynomials, in the 
same manner as with the preceding, 

III. Continue this series of operations until a remainder is ob- 
tained which will exactly divide the preceding divisor : this last divisor 
will be the greatest common divisor ; but if a remainder is obtained 
which is independent of the principal letter, and which will not divide 
the co-efficients of each of the proposed polynomials, it shows thai 
the proposed polynomials are prime with respect to each other, ot 
that they have not a common factor, 

EXAMPLES. 

1. Find the greatest common divisor of the polynomials 
a3 — a^h + 3ai2 _ 3^3^ and a^ — ^ab + 4*2. 

First Operation, Second Operation. 






a2 _ 5^ 4. 4^2 



a +46 



<,2 _ 5aft + 452 



Aab + 462 



| fl-6 
fl-46 



0. 



1st rem. \9al^ — 19*3 
or, 1962 {a-b). 

Hence, a — 6 is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree by 
that of the lowest ; the quotient is, as we see in the above table, 
a + 46, and the remainder 19a62 — 1963. 

But, 19a63 - 1963 = 1962 (^ _ 5). 

Now, the factor 1962, will divide this remainder without dividing 

a2 — 5fl6 + 462 . 

hence, the factor must be suppressed, and the question is re- 
duced to finding the greatest common divisor between 

a2 — 5a6 + 46* and a — 6. 

Dividing the first of these two polynomials by the second, there 
is an exact quotient, a — 46 ; hence, a — 6 is the greatest com- 
mon divisor oi the two given polynomials. To verify this, let each 
be divided by a — 6. 
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2. Find the greatest common divisor of the polynomials 

3«* — 5a352 4. 2ab^ and 2a* — 3aW + 5*. 

We first suppress a, which is a factor of each term of the first 
polynomial : we then have 

3a* — 5aH^ + 26* ||2a* - 3a^b^ -h 5*. 

We now find that the first term of the dividend will not con- 
tain the first term of the divisor. We therefore multiply the divi- 
dend by 2, which merely introduces into the dividend a factor not 
common to the divisor, and hence does not afifect the conunon divi- 
sor sought. We then have 

2a*-3a2A3+ ft* 



6a* - lOa^^ + 4ft* 

6a^ - 9aH'^ + 3ft* 

— a2ft2+ ft* 
-ft2(a2-ft2). 

We find after division, the remainder — a^ft^ + ft*, which we 
put under the form — ft^ (a^ — ft^). We then suppress — ft^, and 
divide 



2a* — 3a2ft2 + ft* 


a2-ft2 


2a* - 2a2ft2 


2a2' - fta 



— a2ft2 + ft*. 

Hence, a^ — ft^ is the greatest common divisor. 

3. Let it be required to find the greatest common divisor be- 
tween the two polynomials 

— 3ft3 + 3aft2 — a2ft + d^\ and 4ft2 — 5aft + a^. 

rtrst Operation. 





— 12ft3 4- 12aft2 — 4a2ft + 


4a3 


4ft2 — "5aft + a* 


1st rem. 


- - _ 3aft3— a2ft-h 4a3 
— 12aft2-4o2ft+16a3 


— 3ft, — 3a 


2d rem. 
or, 


. . -. I9a2ft + 

19a2 (- 
Second Ope 
4ft3 ~ 5aft + a2 


19a3 
ratiai 


a). 

b + a 




— ab + a^ 


— - ^ 


Ift + a 



0. 



Hence, — ft 4- <>i or a '— ft, is the greatest common divisor. 
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In the first operation we meet with a difficulty in dividing the 
two polynomials, because the first term of the dividend is not 
exactly divisible by the first term of the divisor. * But if we ob- 
serve that the co-efiicient 4, is not a factor of all the terms of 
the polynomial % 

4ft» — 5ab + a2, 

and therefore, by the first principle, that 4 cannot form a part of 
the greatest common divisor, we can, without affecting this com- 
mon divisor, introduce this factor into the dividend. This gives 

- 12*3 + I2ab^ - 4an + 4a% 

and then the division of the terms is possible. 

Effecting this division, the quotient is — 3b, and the remainder is 

— 3ab^ — a^ + 4a^. 

As the exponent of b in this remainder is still equal to that of 
b in the divisor, the division may be continued, by multiplying this 
remainder by 4, in order to render the division of the first term 
possible. This done, the remainder becomes 

— I2ab^ — 4a^b -f IBa^, 

which divided by 4b^ — 5ab -{- a^, gives the quotient — 3a, which 
should be separated from the first by a comma, having no con- 
nexion with it. The remainder after this division is 

— I9a^ + l9aK 

Placing this last remainder under the form I9a^ (— b + a), 
and suppressing the factor 19a^, as lurming no part of the com- 
mon divisor, the question is reduced to finding the greatest com- 
mon divisor between 

Dividing the first of these polynomials by the second, we obtain 
an exact quotient, — 4J + a : hence, — b -{- a, or a — ft, is the 
greatest common divisor sought. 

288. In the above example, as in all those in which the ex- 
ponent of the principal letter is greater by unity in the dividend 
than in the divisor, we can abridge the operation by first multi- 
plying every term of the dividend by the square of the co-effi- 
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cient of the first term of the divisor. We can easily see that by 
this means, the first partial quotient obtained will contain the first 
power of this eo-efficient. Multiplying the divisor by the quotient, 
and making the reductions with the dividend thus prepared, the 
result will still contain the co-efficient as a factor, and the division 
can be continued until a remainder is obtained of a lower degree 
than the divisor, with reference to the principal letter. 
Take the same example as before, viz., 

— 3*3 + 3a*2 _ aH^+ a^ and 4b^ — bah + a\ 
and multiply the dividend by the square of 4 = 16; and we have 



1st. remainder, 



First Operation 
— 48&3 + 480*2 _ i6a2j ^ iqq^ 
— 12a*3-- 4a26-h ISa^ 



4*2 — 5a* -f o2 



— 12* — 3fl 



or. 



— 19a2ft + i9o3 
19o2 (-.b + a). 

Second Operation. 



4*2 -r- 5a* + «* 



— ab -\- a^ 



2d remainder, 



— b + a 

— 4* + a 



-0. 



289. When the exponent of the principal letter in the divi- 
dend exceeds that of the same letter in the divisor by two, three, 
&c. units, multiply the dividend by the third, fourth, &c. power 
of the co-efficient of the first term of the divisor. It is easy to 
see the reason of this. 

It may be asked if the suppression of the factors, common to 
all the terms of one of the remainders, is absolutely necessary, or 
whether the object is merely to render the operations more sim- 
ple. It will easily be perceived that the suppression of these fac- 
tors is necessary; for, if the factor 19a2 was not suppressed in 
the preceding example, it would be necessary to multiply the whole 
dividend by this factor, in order to render its first term divisible 
by the first term of the divisor ; but then, a factor would be in- 
troduced into tne dividend which is also contained in the divisor ; 
and consequently, the required greatest common divisor would be 

combined with the factor 19a2, which forms no part of it. 

20 
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290. For another Example, let it be required to find the great- 
est common divisor between the two polynomials, 

a* _|- 3a3j _|_ 4a2^2 __ Qab^ _|. 2M and 4a^b + 2aP - 2^3, 

or simply, 

2a^ + ab — b\ 

since the factor 2b can be suppressed, being a factor of the sec- 
ond polynomial and not of the first. 

First Operation. 

8a* + 24a3& + 32aH^ — 4Sab^ + 1 66* I 2a^ + ab — b^ 



+ 20a^ + 36a262 — 4Sah-^ -|- 166* 



4a2 -{- I0ab+ ISJ^ 



-f 26^2^2 _ 38^63 4- 166* 

ist remainder, — 5lab^ + 296* 

or, — 63(51^ _ 296). 

Second Operation, 
Multiply by 2601, the square of 51. 
520'?a2 + 2601 a6 - 260162 



5202i/2 — 2958a6 



51ff— 296 



102a + 1096 



ist remainder, j- 5559a6 — 260162 

5559a6 — 316162 



2d remainder, + 56062. 

The exponent of the letter a in the dividend, exceeding that of 
the same letter in the divisur by two units, the whole dividend 
is multiplied by the cube of 2 := 8. This done, we perform three 
consecutive divisions, and obtain for the first principal remainder, 

— 61a63 -f 296*. 

Suppressing 6^ the remainder becomes, — 51« + 296 ; and 
changing the signs, which is permitted, we have 51a — 296; and 
the new dividend is 

2a2 + a6 — 6». 

Multiplying the dividend by the square of 51 = 2601, then ef- 
fecting the division, we obtain for the second principal remainder, 
-f- i56062. Now, it results from the second principle (Art. 286), 
that the greatest common divisor must be a factor of the remain- 
der after each division ; therefore it should divide the remainder 
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5606^. ' But this remainder is independent of the principal letter a : 
hence, if the two polynomials have a common divisor, it must he 
independent of a, and will consequently be found as a factor in the 
co-efficients of the different powers of this letter, in each of the 
proposed polynomials. But it is evident that the co-efficients of 
these polynomials have not a common factor. Hence, the two 
given polynomials are prime with respect to each other. 

Remarks on the greatest common Divisor. 

291. The rule for finding the greatest common divisor of two 
polynomials, may readily be extended to three or more polyaomials. 
For, having the polynomials A, B, C, D, &c., if we find the great- 
est common divisor of A and B, and then the greatest common 
divisor of this result and C, the divisor so obtained will evidently 
be the greatest common divisor of A, B, and C; and the same 
process may be applied to the remaining polynomials. 

I 

292. Let ^ be a rational and entire polynomial, supposed to 
be arranged with reference to one of the letters involved in it, a, 
for example. 

If this polynomial is not absolutely prime, that is, if it can be 
decomposed into rational and entire factors, it may be regarded 
as the product of three principal factors, viz., 

1st. Of a monomial factor A\ common to all the terms of A, 
This factor is composed of the greatest common divisor of all the 
numerical co-efficients, multiplied by the product of the literal fac- 
tors which are common to all the terras of the polynomial. 

2d. Of a polynomial factor A^\ independent of a, which is com- 
mon to all the co-efficients of the different powers of a, in the 
arranged polynomial. 

3d. or a polynomial factor ^4.'"''', depending upon o, and in which 
the co-efficients of the different powers of a are prime with each 
other, so that we shall have 

A:=z A' X A'' X A''\ 

Sometimes, one or both of the factors A', A'\ reduce to unity, 
but the ahove is the general form of rational and entire polyno- 
mials. Hence, their greatest common divisor may assume the form 
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ly denoting the greatest monomial common factor, ly^ the great- 
est polynomial factor independent of a, and ly^^ the greatest poly- 
nomial factor depending upon this letter. 

In ^rder to obtain D^, find the monomial factor A^ common to aU 
the terms of A. This factor is in general composed of literal fac- 
tors, which are found by inspecting the terms, and of a numerical 
co-efficient, obtained by finding the greatest common divisor of the 
numerical co-efficients m A, 

In the same way^ find the monomial B^ common to all the terms 
of B ; then determine the greatest factor I/, common to A' and B\ 

This factor jy is set aside, as forming the first part of the re- 
quired common divisor. The factors A^ and B' are also suppressed 
in the proposed polynomials^ and the question is reduced to find- 
ing the greatest common divisor of two new polynomials which 
do not contain a common monomial factor. 

EXAMPLES. 

1. It is required to find the greatest common divisor of the 
two polynomials 

a2(P — i^d^^ aV 4- c*, and Aa^d — 2ac^ + 2c^ — 4acd. 

The second contains a monomial factor 2. Suppressing it, and 
arranging the polynomials with reference to d, we have 

(o? _ <^) ^ _ a^fA + ^^ and (2fl« — 2ac) d -^ a(^ + c^. 

It is first necssary to ascertain whether there is a common 
divisor independent of d. 

By considering the co-efficients a^ — c^ and — a^c^ + c*, of 
the first polynomial, it will be seen that — a^(^ + c^ can be put 
under the form — c^ (a* — c^) : hence a^ — c^ is a common fac- 
tor of the co-efficients of the first polynomial. In like manner* 
the co-efficients of the second, 2a* -7- 2ac and — ac^ + c^, can 
be reduced to 2a (a — c) and — c* (a — c) ; therefore, a — c is 
a common factor of these co-efficients. 

Comparing the two factors a^ ■— c^ and a — c, we see that the 
iast will divide the first ; hence it follows that a — c is a com- 
mon facKw of the proposed polynomials, and it is that part of 
their greatest common divisor tohich is independent of d 
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Suppressing a^ — <^ in the first polynomial, and a — e in the 
second, we obtain the two polynomials iP — t^ and 2ad — c*, to 
which the ordinary process must be applied 



+ 2ac^d — 4oV 



2ad - c2 



2ad + c^ 



— 4a2c2 -h c*. 

After having multiplied the dividend by 4a^y and performed two 
consecutive divisions, we obtain a remainder — 4a^c^ + c*, inde- 
pendent of the letter d : hence the two pol3momials (P — c^ and 
2ad — c^, are prime with each other. Therefore, the greatest com- 
mon divisor of the proposed polynomials is a — c. 

Again, taking the same example, and arranging with reference 
to a, it becomes, after suppressing the factor 2 in the second 
polynomial, 

(<p — c2) a^ — c2(P + c*, and 2da^ — (2cd + c^) a + c^. 

It is easily perceived, that the co-efficient of the different powers 
of a in the second polynomial, are prime with each other. In the 
first polynomial, the co-efficient — c^cP + j^, of the second term, 
or of a9f becomes — c^ (<P — c^) ; whence, d^ — c^ is a common 
factor of the two co-efficients, and since it is not a factor of the 
second polynomial, it may be suppressed in the first, as not form- 
ing a part of the common divisor. 

By suppressing this factor, and taking the second polynomial 
for a dividend and the first for a divisor (in order to avoid prepa* 
ration), we have 



l8t. 2da^'-2cd 



a + f^ 



a3-c2 



2d 



a + 2dc^ 



Rem. - — 2cd 

or, - - « — c, 
by suppressing the common factor (— 2cd — c^). 



2d. 



-f oc — c^ 



a — c 



\i + c 



After having performed *the first division, a remainder is ob- 
tained which contains — 2ed -7 c*, as a factor of its two co- 
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efficients ; for 2dc^ + c^ = — c (— 2cd — c^). This factor being 
suppressed, the remainder is reduced to a — c, which will exactly 
divide a^ — c^. 

Hence, a — c is the required greatest common divisor. 

293. There is a remarkable case, in which the greatest com- 
mon divisor may be obtained more easily than by the general 
method ; it is, when one of the two polynomials contains a letter 
which is not contained in the other. 

In this case, it is evident, that the greatest common divisor is 
independent of this letter. Hence, by arranging the polynomial 
which contains it, with reference to this letter, the required com- 
mon divisor will be the same as that which eocists between the co-effi' 
dents of the different powers of the principal letter and the second 
polynomial. 

By this method we are led, it is true, to determine the greatest 
common divisor between three or more polynomials. But they 
will be more simple than the proposed polynomials. It often hap- 
pens, that some of the co-efficients of the arranged polynomial 
are monomials, or, that we can discover by simple inspection that 
they are prime with each other ; and, in this case, we are cer- 
tain that the proposed polynomials are prime with each other. 

Thus, in the example 1, treated by the first method, after having 
suppressed the common factor a — c, which gives the results, 

d^ — c^ and 2ad — c\ 

we know immediately that these two polynomials are prime with 
each other ; for, since the letter a is contained in the second and 
not in the first, it follows from what has just been said, that the 
common divisor must divide the co-efficients 2d and — c^ which 
is evidently impossible ; hence, they are prime with respect to 
each other. 

2. Let it be required to find the greatest common divisor of the 
two polynomials, 

3bcq + 30mp + ISbc + 5mpq 

and 4adq •— 49fg + 24ad — 7fgqj 

by the last principle. 

We observe, in the first place, that tiie two polynomials do not 
contain any common monomial factor. 
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Since q is common to the two polynomials, we can arrange" 
tbera with reference to this letter, and follow the ordinary rule. 
But as h is found in the first pol3rnomial and not in the second. 
If then, we arrange the first with reference to 6, which gives 

{^cq 4- 18c) & + 30mp + Smp^, 

the required greatest common divisor will be the same as that wliicii 
exists between the second polynomial and the two co-efiicients 

'^eq-\-\^c and SOrnp + Smp^'. 

Now, the first of these co-efficients can be put under the form 
3c (y + 6), and the other becomes bnvp (§' + 6) ; hence y + 6 is 
a common factor of these co-efficients. It will therefore be suffi- 
cient to ascertain whether y -f- 6, which is a frime divisor, is a 
factor of the second polynomial. 

Arranging this polynomial with reference to ^, it becomes 

{\ad ^7fg)q^42fg+24ad; 

as the second part, 24ad — 42fg = 6 {4ad — 7fg), it follows that 
this polynomial is divisible by ^ + 6, and gives the quotient 
4ad — 7fg\ Therefore, ^ + 6 is the greatest common divisor of 
the proposed polynomials. 

Remark. — It may be ascertained that q + 6 is an exact divisor 
of the polynomial 

{4ad -'7fg)q + 24ad - 42fg, 

by a method derived from the property proved in Art. 278. 
Make y + 6 = 0, or y = — 6, in this polynomial ; it becomes 

(4ad -7fg)x — 6 + 24ad - 42fg = ; 

that is, — 6 substituted for q reduces the polynomial to ; hence 
q -{- 6 is a divisor of this polynomial. 

This method may be advantageously employed in nearly all the 
applications of the process. It consists in this, viz., after obtain- 
ing a remainder of the first degree with reference to a, when a 
is the principal letter, make this remainder equal to 0, and deduce 
the value of a from this equation. 

If this value, substituted in the remainder of the 2d degree, 
destroys it, then the remainder of the 1st degree, simplified Art. 
292, is a common divisor. If the remainder of the 2d degree 
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does not reduce to by this substitution, we may conclude that 
there is no common divisor depending upon the principal letter. 

Farther, having obtained a remainder of the 2d degree, with 
reference to a, it is not necessary to continue the operation any 
farther. For, 

Decompose this polynomial into two factors of the \st degree^ 
which is done by placing it equal to 0, and resolving the result- 
ing equation of the 2d degree. 

When each of the values of a thus obtained, substituted in the 
remainder of 'the 3d degree, destroys it, it is a proof that the re- 
mainder of the 2d degree, simplified, is a commqn divisor; when 
only one of the values destroys the remainder of the 3d degree, 
the common divisor is the factor of the 1st degree with respect 
to a, which corresponds to this value. 

Finally, when neither of these values destroys the remainder of 
the 3d degree, we may conclude that there is not a common divi- 
sor depending upon the letter a. 

It is here supposed that the two factors of the 1st degree with 
reference to a, are rational, otherwise it would be more simple to 
perform the division of the remainder of the 3d degree by that of 
the second, and when this last division cannot be performed ex- 
actly, we may be certain that there is no rational common divisor, 
for if there was one, it could only be of the 1st degree with re- 
spect to a, and should be found in the remainder of the 2d degree, 
which is contrary to the hypothesis. 

3. Find the greatest common divisor of the two polynomials 

6arfi — 4ar* — lla?3 — Sir^ — 3a? — 1 
and 4ar4 4- 2*3 — 18af2 + 3ir — 5. 

Ans. 2(x^ — Aa^ -f- ac — I 

4. Find the greatest common divisor of the polynomials 

20ar« — 12a?* + 16x* — 15a?3 + \A^ — 15a? + 4. 

and 15a?* — 9a?8 + 47a:3 — 21a? + 28. 

Ans. 5a?2 — 3ap + 4. 

5. Find the greatest common divisor of the two polynomials 

5a*ft2 + 2o3^3 + cfl2 - ^a^¥ + hca 
and «« + ba^d — aW + Sa^W. 

Ans, d^ + <>^* 
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Transformation of Ec[uations, 

The transformation of an equation consists in changing its form 
without affecting the equality of its members. The object of a 
transformation, is to change an equation from a given form, «to 
another form that is more easily resolved. 

First Transformation. 

To make the Denominators disappear from an Equation. 
294. If we have an equation of the form 

*" + P«*^^ + Qa*^ + . , ,Tu + U= 0, 

y 

and make « = -7- ; 

k 

we shall have, after substituting this value for or, and multiplying 

every term by *", 

5r + Pkj/^^ + Qk^j/"^ + i2*3y«-3+ • . . + Tk*-^y + Z7A« = 0, 

an equation of which the co-efficients are equal to those of the 
given equation, multiplied respectively by A®, A\ k^, k^, A*, &c. 

This transformation is principally used to make the denominators 
disappear from an equation, when the co-ejfficient of the first term is 
unity. 

As an example, take the equation of the 4th degree, 

b d f h 

If we make x = -j-, 

y being a new unknown quantity and k an indeterminate quantity, 
we have 

3^ + -J- y^ + -j-y^ + —y 4-^ = 0. 

Now, there may be two cases — 

1st. Where the denominators 6, (/, f A, are prime with each 
other. In this hypothesis, as k is altogether arbitrary, take 
k = hdfh, the product of the denominators, the equation will then 
become 

y* -f adfh . f + cl^dplfi . y» -f- eb^a^h^ . y + gbH^f^h^ = 0, 

in which the co-efficients are entire, and that of its first term 
unity. 
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* 

We can determine the values of x corresponding to those of y 
from the equation, 

_^ y 

"" bdfh' 

2d. When the denominators contain common factors, we shall 
evidently render the co-efficients entire, by making k equal to the 
smallest multiple of all the denominators. But we can simplify 
still more, by giving to k such a value that k^, A-, k^^ . . . shall 
contain the prime factors which compose 6, d, f, A, raised to pow- 
ers at least equal to those which are found in the denominators. 

Thus, the equation 



becomes 



6 ^12 159 9000 ' 



— 3^— 2_Z^ 13^ 

6^12^ l50^"" 9000 - ' 



after making « = ~, and reducing to entire terms. 

First, if we make k = 9000, which is a multiple of all the 
other denominators, it is clear, that the co-efficients become whole 
numbers. 

But if we decompose 6, 12, 150, and 9000, into their factors, 
we find 

6 = 2x3, 12 = 2»X3, 150 = 2x3x53, 9000 = 23x3^x53; 
and by simply making 

* = 2 X 3 X 5, 

the product of the different simple factors, we obtain 

A2 = 2^ X 32 X 52, P = 23 X 33 X 53, k* = 2* X 3* X 5*; 

whence we see that the values of k, k^, k^, k*, contain the prime 
factors of 2, 3, 5, raised to powers at least equal to those which 
enter into 6, 12, 150, and 9000. 
Hence, the hypothesis 

A = 2 X 3 X 5, 

is sufficient to make the denominators disappear. Substituting tb 
Falue, the equation becomes 

^ 5.2.3.5 3 5.22.32. 52 2 __ 7.23.33.53 __ 13.2*.3^54 _ 
^ "" ~ 2.3 ^ 2^~^ ""2.3752"^ 2373'2^ ~ ' 
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which reduces to 

f — 5.5y3 + 5.3.5Y — 7.22.32.5y — 13.2.32.5 = ; 

or y4 — .25y3 + 375/ _ I260y ~ 1170 = 0. 

Hence, we perceive the necessity *of taking k as small a number 
as possible : otherwise, we should obtain a transformed equation, 
having its co-efficients very great, as may be seen by reducing 
the transformed equation resulting from the supposition h = 9000. 

Hence we see, that any equation may be transformed into another 
equation, of which the roots shall he a multiple or sub-multiple of 
those of the given equation. 

EXAMPLES. 

1. Jr x^ 4- — X = 0. 

3 ^36 72 

Making x = ---, and we have 

y3_ I4y2 4. lly-75=:0. 

. 13^ 21 32 , 43 1 

2. sx^ (x^ -\ a?3 x^ X ^ = 0. 

12 ^ 40 225 600 800 

Making x = ^/^ ^ = ^, and we have 

y« — 65y* + 1890y3 - 30720y2 - 928800y + 972000 = 0. 

Second Transformation, 

To make the second Term disappear from an Equation. 

295. The difficulty of resolving an equation generally diminishes 
with the number of terms involving the unknown quantity. Thus 
the equation 

^ = §"> gives immediately, x •=. ± y ^, 

while the complete equation 

x^ -{-2px-\-q=i 0, 

requires preparation before it can be resolved. 

Now, any given equation can always be transformed into another 
equation, in which the second term shall be wanting. 

For, let there be the general equation 

a« + Paj-»-i + Qa^-2 -f- . . . + Tjc -f £^ = 0. 

Suppose a; = tt -f a/. 
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u being unknown, and a/ an indeterminate quantity. By substitu- 
ting u + x^ for X, we obtain 

Developing by the binomial formula, and arranging according to 
the decreasing powers of ti, we have 



«"• + fnx^ 


u^-i + m. — 5 — ^ 


ti-^+ . 


..+x^ 


+ P 


+ (m - 1) Px" 




+ Pa<*-i 




+ Q 




+ . . . 



^ = 



+ U 

Since a/ is entirely arbitrary, w0 may dispose of it in such a 
way that we shall haye 

P 

hm/ + P = ; whence, a/ = . 

tn 

Substituting this value of x^ in the last equation, we shall obtain 
an equation of the form, 

in which the second term is wanting. 

If this equation were resolved, we could obtain any value of x 
corresponding to that of ti, from the equation 

P 



X s=u + x^j or a? = tt — 



m 



Whence, in order to make the second term of an equation dis- 
appear. 

Substitute for the unknoum quantity a new unknown quantity, um- 
ted with the co-effident of the second term, taken with a contrary 
sign, and divided by the exponent of, the degree of the equation. 

Let us apply the preceding rule to the equation 

x^ + 2px = q. 

If we make x=zu — p, 

we have {u — i?)' + 2p (ti — j?) = y ; 
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and by performing the multiplications and reducing, 

which gives ti = d: yq+^; 

and consequently, « = — /» =b Vy+?- 

296. Instead of making the second term disappear, it may be 
required to find an equation which shall be deprived. of its third, 
fourth, or any other term. This is done, by making the co-effi- 
cient of u corresponding to that term equal to 0. For example, 
to make the third term disappear, we make, in the above-transformed 
equation 

2 

from which we obtain two values for a/, which substituted in the 
transformed equation reduce it to the form 

Beyond the third term it will be necessary to resolve an equa- 
tion of a degree superior to the second, to obtain the value of a/ • 
and to cause the last term to disappear, it will be necessary to 
resolve the equation 

which is what the given equation becomes when a/ is substituted 
for X, 

It may happen that the value 

P 



«'= - 



m 
wliich makes the second term disappear, causes also the disap- 
pearance of the third or some other term. For example, in order 
that the third term may disappear at the same time with the second, 
it is necessary that the value of a/ which results from the equation 

* — > 

m 

shall also satisfy the equation 

m "'J^ «^ + («i - 1) Par' + Q = 0. 

P 
Now, if in this last equation, we replace a/ by , we have 

«^Z:i.:^-(m-l) — +Q = 0, or (m - 1)P» -2mQ=:0; 
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and consequently, if 



P2 = 



2mQ 



the disappearance of the second term will also involve that of the 
the third. 

Formation of derived Polynomials. 

297. The relation 

a? = M -f- a/, 

which has been used in the two preceding articles, indicates 
that the roots of the transformed equations are equal to those of 
the . given equation, increased or diminished by a certain quan- 
tity. Sometimes this quantity is introduced into the calculus, as 
an indeterminate quantity, the value of which is afterward determined 
by requiring it to satisfy a given condition ; sometimes it is a par- 
ticular number, of a given value, which expresses a constant dif- 
ference between the roots of a primitive equation and those of 
another equation which we wish to form. 

In short, the transformation, which consists in substituting u-\-tif 
for X, in a given equation, is of very frequent use in the theory 
of equations. There is a very simple method of obtaining, in prac- 
tice, the transformation which results from this substitution. 

To show this, let us substitute for a?, m -f- a/ in the equation 

a** 4- Px'^-'^ + Qa:"»-2 -f- Rx"^-^ -J- . . . To? + CT = ; 

then, by developing, and arranging the terms according to the 
ascending powers of m, we have 



"y .... I « • . 

+ Ta/ +T 

+ U 



«+m 



m — 1 



1.2 



X 



/fit— 2 



+ (»»-2)^^Q«'"-* 

+ ... 



«'+ ..•" 



m 



^=0 



If we observe how the co-efficients of the different powers of u 
are composed, we shall see that the co-efficient of w®, is what the 
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first member of the given equation, becomes when a/ is substituted 
in place of a: ; we shall denote this expression by X^ 

The co-efficient of u^ is formed from the preceding term X\ 
by niultipl5dng each term of X by the exponent of a/ in that term, 
and then diminishing this exponent by unity; we shall denote 
this co-efficient by Y^, 

The co-efficient of u^ is formed from F', by multiplying each 
term of Y' by the exponent of a/ in that term, dividing the prod- 
uct by 2, and then diminishing each exponent by unity. Repre- 

senting this co-efficient by — -, we see that Z' is formed from Y', 

in the same manner that Y^ is formed from X\ 

In general, the co-efficient of any power of m, in the above- 
transformed equation, may be found from the preceding co-efficient 
in the following manner: viz., 

By taking each term of that co-efficient in succession, multiplying 
it by the exponent of jf, dividing by the number which marks the 
place of the co-efficient, and diminishing the exponent of x^ by unity. 

The law by which the co-efficient 

Z' V 

^' ^' 1.2' 1.2.3' 

are derived from each other, is evidently the same as that which 
governs the formation of the terms of the binomial formula (Art. 
203). The expressions, 

are called derived polynomials of JP, because each is derived from 
the one which precedes it, by the same law as that by which F' 
is deduced from X\ Hence, generally, 

A derived polynomial is one which is deduced from a given poly- 
nomial, according to a fixed and known law. 

Recollect that X^ is what the given polynomial becomes when 
a/ is substituted for x. 

P is called the first-derived polynomial ; 
Z^ is called the second-derived polynomial; 

V^ is called the third-derived polynomial. 
&c., &c. 
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We should also remember if we make « = 0, we shall have, 
r = a?, whence X^ will become the given polynomial, from which 
the derived polynomials will then be obtained. 

298. Let us now apply the above principles in the following 

EXAMPLES. 

1. Let it be required to find the derived pol3momials from the 

equation 

3a;* + 6a;3 — 3a;2 + 2* 4- 1 = = X 

Now, u being zero, and a/ = x, we have from the law of 
forming the derived polynomials, 

X-X'^ 3aj* 4- 6x3 — 3x2 + 2x + 1 ; 
F = 12x3 + i8a.2 _ 6x + 2 ; 
Z' =r 36x2 + 36x — 6 ; 
T = 72x + 36 ; 
W = 72. 

It should be remarked that the exponent of x in the terms 1, 2 
— 6, 36, and 72, is equal to ; hence, each of those terms dis- 
appears in the following derived polynomial. 

2. Let it be required to cause the second term to disappear ip 

the equation 

X* — 12x3 + 17x2 — 9x 4- 7 = 0. 

12 

Make (Art. 295), x=iiH =:tt-r3; 

4 

whence, a/ = 3. 

The transformed equation will be of the form 

X^+ Tu + |^u2 + ^-^t/3+ u* = 0, 

and the operation is reduced to finding the values of the co-efficients 

X\ F, ^, ^ 



2' 2.3 

Now, it follows from the preceding law for derived polynomials, 
that 

X' = (3)*-12. (3)3+ 17. (3)2-9. (3)1+7, or X'' =-110; 

F =4.(3)3-36.(3)2+34.(3)1-9, or - - F =-123; 

^ =6.(3)2-36.(3)1+17, or - - - - |^ =^ 37; 

F F 
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Therefore the transformed equation becomes 

„♦ - 37u^ - 123tt - 110 = 0. 

3. Transform the equation 

4ir3 - 5a!2 + 7ar — 9 = 

into another equation, the roots of which shall exceed those of 
the given equation by unity. 

Make, x = u — I; whence a/ = — 1 ; 

and the transformed equation will be of the form 

^ ^1.2 ^ 1.2.3 
Hence, we have 
X' = 4. (-1)3- 5. (-1)* + 7. (-1)1 --9, or X' =-25; 

Y' =12.(-l)2-10.(-l)i + 7 - - - - F = + 29; 

Z^ Z' 

- =12. (-1)1- 5 - =-17; 

yf y, 

= 4 • 7r-;r=+ 4. 



2.3 2.3 

Therefore, the transformed equation becomes 

4tt3 — 17tf2 + 29tf — 25 = 0. 

4. What is the transformed equation, if the second term be made 
to disappear in the equation 

ar» — lOar* + 7^3 + 4^, _ g - q ? 

Ans, ti» — 33tt3 - 118t/2 _ 152^ - 73 = 0. 

5. What is the transformed equation, if the second term be made 
to disappear in the equation 

3ar3 + 15aj» + 25* - 3 = ? 

152 
Ans. Stt* -— = 0. 

6. Transform the equation 

3ar* - 13^3 + 7rr» - 8x — 9 = 
into another, the roots of which shall be less than the roots of the 

givefl equation by — . 

65 102 

Ans. 3m* — 9tt^ — 4w2 — -^ tt ^r— = 

9 9 

21 
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Properties of derived Polynomiiils. 

299. We will now develop some of the remarkable properties 
of derived polynomials. 

Let Xzzz oif^-\- Poc^-^ + Qaf^-^ . . . Tx + U= 

be a given equation, and a, b, c, (/, <fec., its m roots. We shall 
then have (Art. 281), 

af» + Paf^^ + Qci^-^\ . . = (.r - a)(x -^ b)(x ^ e) . , , (x - /). 

Making ar = a/ -f- ti, 

or omitting the accents, and substituting x -{- u for x, and we have 

(« + ti)"» + P (a? + «)«-' -h . . . = (x + M - a) (« + tt - 6) . . . ; 

or, changing the order of x and u, ia the second member, and re- 
garding X '— a, X — b, . . . each as a single quantity, 



(af + w)"* + P(« + «)"'-^ . . . ={u-\-x-a) (u-hx—b) . . . (w+a-Q. 

Now, by performing the operations indicated in the two members, 
we shall, by the preceding Article, obtain for the first member, 

X + Y»i 4- -^ w^ H- . . . tf "* ; 

X being the first member of the proposed equation, and Y, Z . . > 
the derived pol3n[iomial8 of this member. 

With respect to the second member, it follows from Art. 295, 

1st. That the part involving u^, or the last term, is equal to the 
product (« — a) (a —&)... (a? — Q of the factors of the proposed 
equation. 

2d. The co-efficient of u is equal to the sum of the products 
of these m factors, taken tn ~ 1 and m — I, 

3d. The co-efficient of u^ is equal to the sum of the products 
of these m factors, taken m — 2 and m — 2; and so on. 

Moreover, since the two members of the last equation are iden- 
tical, the co-efficients of the same powers are equal. Hence, 

X = {x -^ a){x -'b)(x — c) . . . (a? — Z), 

which was already known. Hence also, F, or the first-derived 
polynomial, is equal to the sum of the products of the m factors of 
the first degree in the proposed equatioriy taken m — 1 and m — 1 ; 
Of equal to the sum of all the quotients that can be obtained Ay 
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dividing X by each of the m factors of the first degree in the pro- 
posed equation; that is, 



X — a X — h X — c X — / 

Also, -— , that is, the second-derived pol3momial, divided by 2, 

is equal to the sum of the products of the m factors of the pro- 
posed equation taken tn — 2 and m — 2, or equal to the sum of 
the quotients that can be obtained by dividing X by each of the 
factors of the second degree ; that is, 

Z X ^ X X 



2 ~"(af-.fl)(ap-ft) ' (a?-a)(a:-c) * * ' (x-A)(a-Q' 
and so on. 

^ Of ^JwaZ Roots. 

300. An equation is said to contain equal roots, when its first 
member contains equal factors. When this is the case, the de- 
rived polynomial, which is the sum of the products of the m fac- 
tors taken m — 1 and m — 1, contains a factor in its different 
parts, which is two or more times a factor of the proposed equa- 
tion (Art. 299). 

Hence, there must he a common divisor between the first member 
of the proposed equation, and its first-derived polynomial. 

It remains to ascertain the relation between this common divi- 
sor and the equal factors. 

301. Having given an equation, it is required to discover whether 
it has equal roots, and to determine these roots if possible. 

Let us make 

JC = a« + Pa*-i + Qa?^^ + . . , + Tx+U=0, 

and suppose that the second member contains n factors equal to 
X — af n' factors equal to re — ft, W factors equal to a? — c . . .> 
and also, the simple factors x ^ p, x ^ q, x — r » , ,; we shall 
then have, 

X= {x - a)- (x - b)»'(x - c)*"' ...(«-/)) (a? - 9) (« - r) (1). 

We have seen that Y, or the derived polynomial of X, is the 
sum of the quotients obtained by dividing X by each of the m foe* 
ton of the first degree in the proposed equation (Art. 299). 



1 



324 BLSMSNTS OF ALOBBRA. [CHAP. X. 

Now, since X contains n factors equal to a; — a, we shall have 

X 

n partial quotients equal to ; and the same reasoning ap- 

ap — fl 

plies to each of the repeated factors, x — h^ x •— c. . . . More 

over, we can form but one quotient for each simple factor, which 

is of the form, 

X X X 

, , « . . 

X — p X — q X — r 

Therefore, the first-derived pol3momial is of the form, 

^ nX nX n'X ^ ^ X ^ X ^ X , 

7= + T + + . . . + + + + . . .(2. 

x—a X — X — c X — p X — q x — r 

By examining the form of the value of JT in equation (1), it is 
plain that 

(a; - ay-\ {x - b)^'-\ (x - c)«'^-i ... 

are factors common to all the terms 'of the polynomial ; hence the 
product 

(a: — a)*-i X (a: — b)^'"^ X (« — c)^'-^ . . . 

is a common divisor of Y, Moreover, it is evident that it will 
also divide X: it is therefore a common divisor of ^ and Y; and 
it is their greatest common divisor. 

For, the prime factors of X are op — a, a: — ft, x — c..., and 
4P— |), X — q, X — r...; now, x — p, x — q, x — r, cannot di- 
vide Y, since some one of them will be wanting in each of the 
parts of Y, while it will be a factor of all the other parts. 

Hence, the greatest common divisor of X and Y is 

j9 = (or — a)«-i (a: — h)^"^ (x - c)^'-^ . . . ; that is, 

The greatest common divisor is composed of the product of those 
factors which enter two or more times in the given equation, each 
raised to a power less by unity than in the primitive equation, 

302. From the above we deduce the following method for find" 
ing the equal roots. 

To discover whether an equation 

Z=0 

contains any equal roots, form Y or the derived polynomial of X; 
then seek for the greatest common divisor between X and Y; if 
one cannot be obtained, the equation has no equal roots, or equal 
factors. 
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If we find a common divisor D, and it is of the first degree, 
or of the form x — h, make a; — ^ = 0, whence x = k. We then 
conclude, that the equation has two roots equal to h, and has but 
one species of equal roots, from which it may be freed by dividing 
X by {x - h)\ 

If D is of the second degree with reference to a, resolve the 
equation Z) = 0. There may be two cases ; the two roots wiD 
be equal, or they will be unequal. 

1st. When we find Z) = (a: — hy, the equation has three roots 
equal to h, and has but one species of e^ual roots, from which it 
can be freed by dividing JT by (x — hy. 

2d. When D is of the form (x — A) (x — h^), the proposed 
equation has two foots equal to h, and tivo equal to h\ from which 
it may be freed by dividing J^ by (a? — hf {x — h'f, or by B^. 

Suppose now that D is of any degree whatever ; it is necessary, 
in order to know the species of equal roots, and the number of 
roots of each species, to resolve completely the equation 

D = 0. 

Then, every simple root of D will be twice a root of the given 
equation; every double root of D will be three times a root of the 
given equation ; and so on. 

As to the simple roots of 

X=0, 

we begin by freeing this equation of the equal factors contained 
in it, and the resulting equation, X^ = 0, will make known the 
simple roots. 

EXAMPLES. 

1. Determine whether the equation 

2:c* — 12«3 + 19a;» — 6a? + 9 = 

contains equal roots. 

We have for the first-derived pol3n[iomial (Art. 297), 

8ar3 — 36«2 + 38ar — 6. . 

Now, seeking for the greatest common divisor of these poly- 
nomials, we find 

D = X — 3 = 0, whence ap =: 3 ; 

hence, the given equation has two roots equal to 3. 



% 
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Dividing its first member by (x — 3)^, we obtain 

2af* + 1 = ; whence a? = ± — v^ — 2. 
The equation, therefore, is completely resolved, and its roots are 
3, 3, +_/~2 and -2-^3^. 

2. For a second example, take 

aj* — 2ar* + 3*3 — 7af2 + 8aj — 3 = 0. 
The first-derived polynomial is 

5ar* — 8x3 + 9a^ — 14a? + 8 ; 
and the common divisor, 

ap2 — 2a:-M =(a?-l)2: 

hence, the proposed equation has three roots equal to 1. 
Dividing its first member by 

(ar - 1)3 = a?3 _ 3aj3 4. 3a. _ 1, 

the quotient is 

as* + « + 3 = ; whence x = ^^^^ ^— ^ — ; 

2 

thus, the equation is completely resolved. 

3. For a third example, take the equation 

a?' + 5ar« + 6a?« - 6a* — 15ar3 _ 3aj2 _(. ga? + 4 = 0. 
The first-derived polynomial is 

7x^ + 30ar« + 30x* — 24a?3 — 45^2 — 6a? + 8 ; 
and the common divisor is 

a?* + 3ar3 + ^2 - 3a? — 2., 
The equation 

a?* + 3^3 + ar2 «. 3a: — 2 = 

cannot be resolved directly, but by applying the method of equal 
roots to it, that is, by seeking for a common divisor between its 
first member and its derived pol3nGiomial 

4a?3 -I- 9«^ + 2a? — 3, 

we find a common divisor, x+ I; which proves that the square 
of a? +, 1 is a factor of a?* + 3a;3 + a?* — 3a; — 2, and the cube 
of ap + 1, a factor of the first member of the given equation. 



CHAP. Z.] ELIMINATION. 327 

Dividing 

jt4 _|„ 3a^ _|. aj2 — 3x — 2 by (a? + l)^ = os^ + 2aj + 1, 

we have x^ + x — 2, which being placed equal to zero, gives 
the two roots a? = 1, « = — 2, or the two factors, a; — 1 and 
X -\-2. I^ence we have 

a?* + 3a:3 + 0:2 _ 3a. _ 2 = (or + 1)2 (a? — 1) (a? + 2). 

Therefore, the first member of the proposed equation is equal to 

(x+l)3(x-l)2(ar + 2)2; 

that is, the proposed equation has three roots equal to — 1, two 
equal to + 1} su^d two equal to — 2. 

4. What are the equal factors of the equation 

xf — 7a;« + lOjpS + 22t* - 43a:3 - 35a;2 + 48* + 36 = 0. 

Ans, {x — 2)2 (a? - 3)2 (ar + 1 )3 = 0. 

5. What are the equal factors in the equation 

^7 _ 3a^ + 9^.5 _ ]9a:4 _^ 27a;3 ~ 33a;2 + 27a; — 9 = 0. 

Ans, (x- 1)3(«2+ 3)2 = 0. 

Elimination, 

303. To eliminate between two equations of any degree what- 
ever, involving two unknown quantities, is to obtain, by a series of 
operations, performed on these equations, a single equation which 
contains but one of the unknown quantities, and which gives all the 
values of this unknown quantity that will, taken in connexion with 
the corresponding values of the other unknown quantity, satisfy at 
the same time both the given equations. 

This new equation, which is a function of one of the unknown 
quantities, is called the final equation, and the values of the un- 
known quantity found from it, are called compatible values. 

Elimination by Means of Indeterminate Multipliers 

304. Let there be the equations 

ax + b y — c =0, 

a'x + ft'y — (/ = 0. 

If we multiply the first by m, and subtract the second from the 
product, we have 

(ma -— a^)x + (mb -- ft') y — mc -|- c' =» . . . (1). 
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Now, since the value of m is entirely arbitrary, we m»y give 
it such a value as to render the co-efficient of ao zero, which gives 

ma — a' = 0, whence m = -{ , 

a 

and (mb — y)y — me + (/ = (2). 

Substituting in equation (2) the value of m, and we have 

of 

a ' afc — atf acf — a'c 

a 
Had we chosen to attribute to m such a value as to render the 
co-efficient of y zero in equation (1), we should have had 

y 

mb — y =s 0, whence m = -r- 



and {ma — a^)x — mc + e^ = (3). 

Substituting in equation (3) the value of m, we obtain 

-7- . fl — a 

\ b 

The above values for x and y are the same as those deter- 
mined in Art. 97. The principle explained above is applicable 
to three or more equations, involving a like number of unknown 
quantities. 

305. Of all the known methods of elimination, however, thiB 
method of the common divisor is, in general, the best; it is this 
method which we are going to develop. 

Let /(«, y) = = il, and /(a?,y) = = B, 

be any two equations whatever, in which / and f denote any func- 
tions of X and y. 

Suppose the final equation involving y obtained, and let us try 
to discover some property of the roots of this equation, which may 
serve to determine it. 

Ij t y — ^ 

be one of the values of y which will satisfy both the given equations. 
This is called a compatible value of y. It is plain, that, since this 
value of y, in connexion with a certain value of a?, will satisfy both 
equations, that if it be substituted in them, there will result two 
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equations involving x alone, which will admit of at least one com- 
mon value of x; and to this common value there will correspond 
t common divisor involving x (Art.' 279). This common divisor 
will be of the first, or of a higher degree with respect to ac, ac- 
cording as the particular value of y = a corresponds to one or 
more values of x. 

Reciprocally, every value of y which, substituted in the two equa- 
tions, gives a common divisor involving x, is necessarily a compati- 
ble value, because it then evidently satisfies the two equations at 
the same time with the value or values of x found from this com- 
mon divisor when put equal to 0. 

306. We will remark, that, before the substitution, the first mem- 
bers of the equations cannot, in general, have a common divisor 
which is a function of one or both of the unknown quantities. 

For, let us suppose for a moment that the equations 

^ = 0, 5 = 0, 

are of the form 

A' xD=:0, B' X D = 0, 

D being a function of x and y. 

Making separately D = 0, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite 
number of sy sterns of values. Moreover, every system which ren- 
ders D equal to 0, would at the same time cause A^D, B^D to 
vanish, and would consequently satisfy the equations 

A = and B = 0, 

Thus, the hypothesis of a common divisor of the two polyno- 
mials A and B, containing x and y, would bring with it as a con- 
sequence that the proposed equations were indeterminate. There- 
fore, if there exists a common divisor, involving x ana y, of the 
two polynomials A and B, the proposed equations will be indeter- 
minate, that is, they may be satisfied by an infinite number of 
systems of values of x and y. Then there would be no data to 
determine a final equation in y, since the number of values of y 
is infinite. 

If the two polynomials A and B were of the form 

A' xD, B' X D, 

D being a function of x only, we might conceive the equation 
D = resolved with reference to «, which would give one or 
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more values for this unknown. Each of these values substituted 
in the equations 

A' X D = and 5' x I> = 0, 

would verify them, without regard to the value of y, since D must 
he nothing, in consequence of the substitution of the value of x. 
Therefore, in this case, the proposed equations would admit of 
a finite number of values for a?, but of an infinite number of values 
for y, and then there could not exist a final equation in y. 
Hence, when the equations 

A = 0, 5 = 0, 

are determinate, that is, when they admit only of a limited numbet 
of systems of values for x and y, their first members cannot have 
for a common divisor a function of these unknoivn quantities, un- 
less a particular substitution has been made for one of these 
quantities. 

307. From this it is easy to deduce a process for obtaining the 
fnal equation involving y. 

Since the characteristic property of every compatible value of 
y is, that being substituted in the first members of the two equa 
tions, it gives them a common divisor involving x, which they had 
not before, it follows, that if to the two proposed polynomials, ar- 
ranged with reference to x, we apply the process for finding the 
greatest common divisor, we shall generally not find one. But, by 
continuing the operation properly, we shall arrive at a remainder 
independent of x, but which is a function of y, and which, placed 
equal to 0, will give the required fnal equation. For, every value 
of y found from this equation, reduces to nothing the last remain- 
der of the operation for finding the common divisor ; it is, then, 
such, that substituted in the preceding remainder, it will render 
this remainder a common divisor of the first members A and B, 
Therefore, each of the roots of the equation thus formed, is a com- 
patible value of y. 

308. Admitting that the final equation may be completely re- 
solved, which would give all the compatible values, it would after- 
ward be necessary to obtain the corresponding values of a?. ^ Nov, 
it is evident that it would be sufficient for this, to substitute the 
different values of y in the remainder preceding the last, put the 
pol3n[iomial 'involving x which results from it, equal to 0, and find 
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from it the values of x; for these polynomials are nothing more 
than the divisors involving x, which become common to A and B. 
But as the final equation is generally of a degree superior to 
the second, we cannot here explain the methods of finding the 
values of y. Indeed, our design was principally to show that, 
two equations of any degree being given, we can, without supposing 
the resolution of any equation, arrive at another equation, containing 
only one of the unknown quantities which enter into the proposed 
equation, 

EXAMPLES. 

1. Having given the equations 

^ = 0)2 ^ ^y ^ y2 _ 1 -, 0, 
B- a^ + f^O, 

to find the final equation in y. 

First Operation, 



ap3 ^ y3 



«* + oty + y* — 1 
a?— y = Q 






Rz=zx + 2y3 — y = Ist remainder. 

Second Operation, 
x^+ yx +y2-l \ \x+ 2y3~ y 

a^+(2y3~y)ar a? - (2y3 — 2y) 

— (2y3-2y)a:+ y^ — 1 

— (2y3 — 2y) a? — 4y» + 6y* — 2ya 

R' = 4y6 - 6y* + 3ya - 1 = 2d remainder. 

Hence,, the final equation in y, is 

4y« - 6y* + 3y2 — 1 == 0. 

If it were required to find the final equation in x, we observe 
that X and y enter in the same manner into the original equations ; 
hence, x may be changed into y and y into x, without destroying 
the equality of the members. Therefore, 

4ff« — 6a^ + 3aj2 — 1 =: 

is the final equation in x. 



332 SLEfifENTS OF ALGEBRA. [CHAP. X. 

2. Find the final equation in y, from the equations 

^ = a?3 — 3ya?2 + (3y2 — y + l)ar — y3 + y3 — 2y = 0, 
B = aj2 — 2yap + y^ ^y=zO. 

First Operation, 
j^ — 3ya:2 + (3y2 — y + 1) a-^ y3 _|. y2 _ 2y llar^ — 2jcy -{- y^ -y 



r3~2yx2-f- (y^-y)ar a: — V = Q 



- yx2+(2y2+l)a:-y3 + y2-2y 

— ya^ + 2y2a? — y^ ^ y^ 

X — 2y = iJ. 

Second Operation. 



x^ — 2apy -{- y^ — y 
i^ — 2a;y 



Jr-"2y 



y^-^y^R'. 

Hence, y* — y = 

is the final equation in y. This equation gives 

y = 1 and . y = 0. 

Placing the preceding remainder equal to zero (Art. 308), and 
substituting therein the values of 

y = 1 and y = 0, 
we find for the corresponding values of a;, 

X = 2 and « = ; 
firom which the given equations may be entirely resolved. 
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CHAPTER XL 

RESOLUTION OF NUMERICAL EQUATION? INVOLVING ONE OR MORE 

UNKNOWN QUANTITIES. 

309. The principles established in the preceding chapter, are 
applicable to all equations, whether their co-efficients are numeri- 
cal or algebraic, and these principles are the elements which are 
to be employed in the resolution of equations of the higher de- 
grees. 

It has been already remarked, that analysts have hitherto been 
able to resolve only the general equations of the third and fourth 
degrees. The general formulas which have been obtained for the 
resolution of algebraic equations of the higher degrees, are so 
complicated and inconvenient, even when they can be applied, 
that the problem of the resolution of algebraic equations, of any 
degree whatever, may be regarded as more curious than useful. 

Therefore, analysts have principally directed their researches to 
the resolution of numerical equations, that is, to those which arise 
from the algebraic translation of a problem in which the given 
quantities are particular numbers. Methods have been found, by 
means of which, the roots of a numerical equation of any given de^ 
grecy may always be determined. 

It is proposed to develop these methods in this chapter. 

To render the reasoning general, we will reprejsent the proposed 
equation by 

X = a;« + Pac^-i + Qof'"^ + . . . =0. 

in which P, Q . . . denote particular numbers which are real, and 
either positive or negative. 
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First Principle. 

310. If we substitute for x a number a, and denote by A wbat 
X becomes under this supposition ; and again substitute a + u for 
*, and denote the new polynomial by A^ : then, u may be taken 
so smallf that the difference between A' and A shall be less than 
any assignable quantity. 

If now, we denote by B, C, D, what the co-efficients 

Z V 

Y, — , (Art. 297), become, when we make x = a, we 

shall have for the polynomial X, under the supposition that a + u 
b substituted for x, 

A-hBu + Cu^ + Du^+ , . . ti«, 

equal to i4 + u{B + Cu + Du^ + , , . w«-i) = A^. 

Now, the quantity 

u(B+ Cu + Du^+ ... «•-!) 

is the difference between A^ and A ; and it is required to show 
that this difference may be rendered less than any assignable quan- 
tity, by attributing a value sufficiently small to u. 

Let us take the most unfavorable case that can occur, viz., let 
us suppose that every co-efficient is positive, and that each is equal 
to the largest, which we wiU designate by K, Then, 

ITtt (1 + tt -f tt* -f . . . tt"*"^) — u{A + Bu+...+ tt'"-!); 
and in any other case, 

Ztt (1 + tt + w2 -f. . . . w«-i) >u{A + Bu+ . . . «"•-'). 

But we have, by Art. 61, 

1 — tt*^ 



Ku 



(1 + tt + w2 + . . . u"-i) = Ku ( " ) ; 



and (1 — «*») < ; 

1— M^ 1— M 

when tt < 1. 

This being premised, if we wish the difierence between A^ and 
ii to be less than any number iV, let us make u such, that 

= or < iV, which requires that, « = or < 



i_« - "* ^^'' «H— «- — > ^N+r 
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and any value of u which wOl fulfil this last condition, will satisfy 
the inequality 

Ku{l + U + t|2 -f . . . tt'^O < ^> 
and consequently, render 

u{B+ Cu + Du^ + , , . tt"^i) < N\ 

in which the inequality is greater even than in the expression 
above. 

Second Principle. 

311. If two numbers p and q, substituted in succession in the 
place of X in a numerical equation, give two results affected with 
contrary signs, the proposed equation contains a real root, compre* 
hended between these two numbers. 

Let us suppose that p, when substituted for ae in the equation 

jr = 0, gives + R, 
and that q substituted in the equation 

JT = 0, gives — R^, 

Let us now suppose x to vary between the values of p and q 
by so small a quantity, that the difference between any two cor- 
responding consecutive values of X shall be less than any assign- 
able quantity; in which case, we say that X is subject to the 
law of continuity, or that it passes through all the intermediate 
values between R and -— R\ 

Now, a quantity which is constantly finite, and subject to the 
law of continuity, cannot change its sign from positive to nega- 
tive, or from negative to positive, without passing through zero: 
hence, there is at least one number between p and q which will 
satisfy the equation 

Z = 0, 

and consequently, one root of the equation lies between these 
numbers. 

312. We have shown in the last article, that if two numbers be 
substituted, in succession, for the unknown quantity in any equation, 
and give results affected with contrary signs, that there will be 
at least one real root comprehended between them. We are not, 
however, to conclude that there may not be more than one ; nor 
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that the substitution, in succession, of two numbers which include 
roots of the equation, will necessarily give results affected with 
contrary signs. 

Third Principle, 

313. When an uneven number of the real roots of an equation 
are comprehended hftween two numbers, the results obtained by sub- 
stituting these numbers in succession for x, will be affected with con- 
trary signs; but xf they comprehend an even number of roots, the 
results obtained by their substitution will be affected with the same 
sign. 

To make this proposition as clear as possible, denote by a, b, 
c, . . . those roots of the proposed equation, 

which are supposed to be comprehended between p and q, and 
by F, the product of the factors of the first degree, with reference 
to X, corresponding to the remaining real roots and to the imagin- 
ary roots of the given equation. 

The first member, AT, can then be put under the form 

(x — a)(x — b)(x — c) , . , X Y =z X. 

Now, substituting p and q in place of a?, we shall obtain the 
two results 

(;> - a) (;) - 6) (;> - c) . . . X F, 

(^q^a){q^b)(q--c)... X T\ 

Y' and Y^^ representing what Y becomes, when we replace in 
succession, a? by j? and q, Th«se two quantities F' and Y'\ are 
affected with the same sign ; for, if they were not, by the second 
principle there would be at least one real root comprised between 
p and q, which is contrary to the hypothesis. 

To determine the signs of the above results more easily, divide 
the first by the second, and we obtain 

* (p ~ fl) (jp - & )(;>- c) .. . X F 
(^-a)(^-6)(^-c)... XT'' 

which can be written thus. 



q — a q — h q ^ e 



'//• 
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Now, since the roots a, ft, c, . . . are comprised between p and 
y, we have 

p a, by c, d . . ., 



and 






4 


dy ft. 


c, 


d.. 


• 

• > 


whence 


we 


deduce 
















P- 


-a, p 


-^ 


P' 


-c, . 


..>o, 


and 




y 


-a, q 


-*, 


<l- 


-c, . 


. . ^0. 



Hence, since p — a and 5- — a are affected with contrary signs, 
as well as p — ft and q — b, p — e and q — c . . ., the partial 
quotients 



y — a q — q — 



c 



are all negative. Moreover, -^ is essentially positive, since Y^ 

and Y^^ are affected with the same «ign; therefore, the product 

p — a p — ft p — c Y^ 
X ;- X — X 



q — a q -- b ^ — c •'y//' 

will be negative, when the number of roots, a, ft, c . . ., compre- 
hended between p and q, is uneven, and positive when the number 
is feven. 

Consequently, the two results 

(p^a)(p-b)(p-c).. . X Y\ 

and (5' — a) (y — *) (? — c) • . • X P^ 

will have contrary or the same signs, according as the numbc? 
of roots comprised between p and q is uneven or even. 

Limits of Real Roots. 

314. The different methods for resolving numerical equations^ 

consist, generally, in substituting particular numbers in the pio- 

posed equation, in order to discover if these numbers verify it, or 

whether there are roots comprised between them. But by reflect- 

22 
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ing a little on the composition of the first memher of the general 

equation 

ayin -f. Pa-»»-i -f- Qotfn-2 . . . -f. Ta? + CT = 0, 

we become sensible, that there are certain numbers, above which 
it would be ^useless to substitute, because all of them above a 
certain limit, would give positive results. 

315. Let it now be required to resolve the following question: 
To determine a number, which substituted in place of x will ren- 
der the first term x"* greater than the arithmetical sum of all the 
other terms. 

Suppose all the terms of the equation to be negative, except 
the first, so that 

V a-" — Pir^i — Qa?"«-2 . . . — Ta? — Z7 = 0. 

It is required to find a number for x which will render 

a*» > Psx^^ + Qcc^"^ + . , . + Tx-\-U, 

Let k denote the greatest co-efficient, and substitute it in place 
of the co-efficients ; the inequality will then become 

r' > *ar«-i -f Aa?**"* -f . . . + Jb? + A. 

It is evident that every number substituted for a which will 
satisfy this condition, will for a stronger reason, satisfy the pre- 
ceding. Now, dividing this inequality by a?*", it becomes 

l>- + 4^ -^+-- + i + 4 

k 
Making a? = ^, the second member becomes — = 1 plus a 

series of positive fractions. The number k will therefore not sat- 
isfy the inequality; but by supposing a? = A -f 1, we obtain for 
the second member the series of fractions 

' +— ^-4—i-+ +._±-_+ ^ 
^ /'jfc 4- na ^ rjfc -u n3 ^ ' ' ' ^ rir J- i \m-i ^ 



A 4- 1 ' (A -f 1)2 • (A -f- 1)3 ■ (k+ l)*"-! ' {k + 1)"' 

which, considered in an inverse order, is an increasing geometri- 

cal progression, the first term of which is :-, the ratio 

* -f- Ij and the last term ; hence, the expression for tin 

sum of all the terms is (Art. 192), 
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.(*+!)- 



k-\-l ^ ' (k-\-l)^^^_ 1 



A + 1 - 1 {k+ 1)-' 

which is evidently less than unity. 

Now, any number > (^ + 1), put in place of a?, will render the 

k k 
sum of the fractions h -3 + • • • still less. Therefore, 

The greatest eo-ejlcient plus unity, or any greater number, being 
substituted for x, will render the first term x*" greater than the arith' 
metical sum of all the other terms, 

316. Every number which exceeds the greatest of the posi- 
tive roots of an equation, is called a superior limit of the positive 
roots. 

From this definition, it follows, that this limit is susceptible of 
an infinite number of values. For, when a number is found to ex- 
ceed the greatest positive root, every number greater than this, 
is also a superior limit. 

But since the largest of the positive roots will, when substituted 
for X, merely reduce the first member to zero, it follows, that 
we shall be sure of obtaining a superior limit of the positive roots 
by finding a number, which substituted in place of x renders the first 
member positive, and which at the same time is such, that every 
greater number will also give a positive result. 

Hence, the greatest co-efficient of x plus unity, is a superior limit 
of the positive roots. 

Ordinary Limit of the Positive Roots, 

317. The limit of the positive roots obtained in the last article, 
is commonly much too great, because, in general, the equation 
contains several positive terms. We will, therefore, seek for a 
limit suitable for all equations. 

Let a^~^ denote that power of x, corresponding to the first neg- 
ative term which follows x^, and let us consider the most unfavor- 
able case, viz., that in which all the succeeding terms are negative 
and affected with the greatest of the negative co-efficients in the 
equation. 

Let S denote this co-efficient. What conditions will render 
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Dividing both members of this inequality by x^, we have 
— 4- — -I- — + -h — + — 

Now, by supposing 

X = yS + 1, or for simplicity, making y<S = <S^ 
which gives, -S = S^*, and x = S^ -{- 1, 

the second member of the inequality will become, 



(iS^ + 1)« ^ (5^ + 1)»+^ ^ * * * ' (5' 4- l)"*-! ^ (5' + 1)-' 
which is a progression by quotients, of which y^ -r- is the 

first term, jS^ + 1 the ratio, and the last term. Hence, 

l*^ + 1) 

the expression for the sum of all the terms is (Art. 192), 
.(5^4-1)- 



(S'-f-l)" ' (S^+l)"* -S'"-* 5''»-^ 



fif' 4- 1 - 1 "" (S^ 4- l)"-^ (S" 4- 1)"' 

which is evidently less than 1. 

Moreover, every number > S^ 4- 1 or yS + 1> ^^1^* w^®" 
substituted for x, render the sum of the fractions 

I j^, I • • • • 

still smaller, since the numerators remaining the same, the de 
nominators will increase. 

Hence, y S 4- 1, and any greater number, will render the first 
term a?*" greater than the arithmetical sum of all the negative terras 
of the equation, and will consequently give a positive result for 
the first member. Therefore, 

Unity increased by that root of the greatest negative co-ejfficient 
whose index is the number of terms which precede the first negative 
term, is a superior limit of the positive roots of the equation. If the 
co'fifficient of a term is 0, the term must still be counted. 

Make » = 1 , in which case the first negative term is the sec- 
ond term of the equation ; the limit becomes 

V^4- 1 =5^4-1; 
that is, the greatest negative co-efficient plus unity. 
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Let 11 = 2; then, the limit is y/~S-\-l. When n = 3, the 
Jimit is yS + 1. 

EXAMPLES. 

1. What is the saperior limit of the positive roots in the equation 

ap4 — 5aj3 + 37a48 — 3ar -f 39 = 0. 

Ans. V^+ 1 = V^+ 1=6. 
2 What is the superior limit of the positive roots in the equation 
ar^ + 7a?* — ]2x^ — 49x2 + 52x —13 = 0. 

Ans, \rS 4- 1 = V49 +1=8. 

3. 'What is the superior limit of the positive roots in the equation 

a;* 4- 11x2 — 25a? _ 57 ^ q. 

In this example, we see that the second term is wanting, that is, 
its co-efficient is zero; but the term must still be counted in fix- 
ing the value of n. We also see, that the largest negative co-effi- 
cient of X is found in the last term where the exponent of « is 
zero. Hence, 

V^ + 1 = \/67 + 1 ; 
and therefore, 6 is the least whole number that will certainly ful- 
fil the conditions. 

Smallest Limit in Entire Numbers. 

318. In Art. 316, it was shown that the greatest co-efficient of 
X plus unity, is a superior limit of the positive roots. In the last 
article we found a limit still less; and we now propose to find 
the smallest limit in whole numbers. 

Let X =zO, 

be the proposed equation. If in this equation we make xz=:x^-^-u, 
Tif being indeterminate, we shall obtain (Art. 297), 

X' + Tu -f ^tt3 -f. . . . + tt- = (1). 

Let us suppose, that after successive trials we have determined 
a number for a/, which substituted in 

Z' 



X', T, ^ 



• • •« 
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renders all these co-efficients positive at the same time ; this num- 
ber will be greater than the greatest positive root of the equation 

X=0. 

For, if the co-efficients of equation (1) are all positive, no posi- 
tive number can verify it; therefore, all of the real values of u 
must be negative. But from the equation 

a? = ar^ -J- w, we have « = a? — «^ ; 

and in order that every value of u, corresponding to each of the 
values of x and x\ may be negative, it is necessary that the grea^ 
est positive value of x should be less than the value of a/. 

EXAMPLES 

Let x^ — 5a;3 — . 6x2 — I9x + 7 = 0. 

As x^ is indeterminate, we may, to avoid the inconvenience of 
writing the primes, retain the letter x in the formation of the de- 
rived polynomials; and we have 

X = ar* - 5ar3 - 6*2 + 19^ ^ 7^ 
Y = 4a:3 — i5a;2 _ i2x — 19, 

— - =r Qx^ — 15a? — 6, 



2 
V 



= 4a? — 5. 



2.3 

The question is now reduced to finding the smallest entire num- 
ber which, substituted in place of x, will render all of these poly- 
nomials positive. 

It is plain that 2 and every number > 2, will render the poly- 
nomial of the first degree positive. 

But 2, substituted in the polynomial of the second degree, gives 
a negative result ; and 3, or any number > 3, gives a positive 
result. 

Now 3 and 4, substituted in succession in the polynomial of 
the third degree, give negative results ; but 5, and any greater 
number, gives a positive result. 

Lastly, 5 substituted in X, gives a negative result, and so does 
6 ; for the' first three terms, x* — 5x^ — 6x^, are equivalent to the 
expression x^(x — 5) — 6x^, which reduces to when x =:6; but 
OP = 7 evidently gives a positive result. Hence 7, which here 



r- 
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Stands for a/, is a superior limit of the positive roots of the givrn, 
equation. Since it has been shovn that 6 gives a negative re- 
sult, it follows that there is at least one real root between 6 and 7. 

2. Applying this method to the equation « 

a* — 3a?* — 8ap3 — 25x2 + 4a; — 39 = 0, 
the superior limit is found to be 6. 

3. We find 7 to be the superior limit of the positive roots ol* 
the equation 

«« ^%j^ - 13x3 -f 17x2 _ 69 = 0. 

This method is seldom used, except in finding incommensurable 
roots. 

Superior Limit of negative Roots. — Inferior Limit of posi- 
tive and negative Roots. 

319. Having found the superior limit of the positive roots, it 
only remains to find the inferior limit, and the superior and infe- 
rior limits of the negative roots. 

Let, L = superior limit of positive roots. 

L^ = inferior limit of positive roots. 

L^^ = superior limit (that is, numerically) of negative roots. 

L^^^ = inferior limit of negative roots. 

1st. If in any equation X = 0, we make x = — , we have a 

r 

derived equation Y=0. We know from the relation x = — , that 

y 

the greatest positive value of y will correspond to the smallest 
of X ; hence, designating the superior limit of the positive roots 

1 

of the equation Y = by L, we shall have — = L\ the inferior 

limit of the positive roots of the given equation. 

2d. If in the equation -X' = 0, we make x ^= ^ tfj which gives 
the transformed equation Y = 0, it is clear that the positive roots 
of this new equation, taken with the sign — , will give the nega- 
tive roots of the given equation; therefore, determining, by the 
known methods, the superior limit L of the positive roots of the 
equation Y = 0, we shall have — L = L^\ the superior limit (nu- 
merically) of the negative roots of the proposed equation. 
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3d. Finally, if we replace x, in the given equation, by , 

y 

and find the superior limit L of the transformed equation Y = 0, 

then, If^^ = =- will he the inferior limit (numerically) of the 

fiffgative roots of the given equation. 

Consequences deduced from the preceding Principles. 

First. , 

320. Every equation in which there are no variations in the signs, 
that is, in which all the terms are positive, must have all of its real 
roots negative; for, every positive number substituted for x, will 
render the first member essentially positive. 

Second, 

321. Evert/ complete equation, having its terms alternately posi- 
tive and negative, must have its real roots all positive ; for, every 
negative number substituted for x in the proposed equation, would 
render all the terms positive, if the equation was of an even de- 
gree, and all of them negative, if it were of an odd degree. Hence, 
their sum could not be equal to zero in either case. 

This principle is also true for every incomplete equation, in which 
there results, by substituting — y for x, an equation having all of 
its terms affected unth the same sign. 

Third. 

322. Every equation of an odd degree, the co-efficients of which 
are real, has at least one real root affected with a sign contrary to 
that of its last term. 

For, let 

a?" + Px«-i + . . . Ta? ± 17 = 0, 

be the proposed equation ; and first consider the case in which 
the last term is negative. 

By making x = 0, the first member becomes — U. But by 
giving a value to x equal to the greatest co-efl5cient plus unity, 
or {K + 1), the first term oc^ will become greater than the arith- 
metical sum of all the others (Art. 315), the result of this sub- 
stitution will therefore be positive; hence, there is at least one 
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real root comprehended between and if + 1 , wbich root is posi- 
tive, and consequently afFected with a sign contrary to that of the 
last term. 

Suppose now, that the last term is positive. 

Making a? = 0, we obtain -|- U for the result ; but by putting 

— (K + 1) in place of a:, we shall obtain a negative result, since 
the first term becomes negative by this substitution ; hence, the 
equation has at least one real root comprehended between and 

— (ii + 1)> which is negative, or affected with a sign contrary to 
that of the last term. 

Fourth. 

323. Every equation of an even degree, involving only real co- 
efficients of which the last term is negative, has at least two real 
roots, one positive and the other negative. 

For, let — TJ he the last term ; making a? = 0, there results 

— U, Now substitute either K-\-\, or — (K -\' I), K being the 
greatest co-efficient in the equation. As m is an even number, the 
first term a?*" will remain positive ; besides, by these substitutions, 
it becomes greater than the sum of ail the others ; therefore, the 
results obtained by these substitutions are both positive, or affected 
with a sign contrary to that given by the hypothesis ar .— ; hence, 
the equation has at least two real roots, one positive, and compre- 
hended between and ii -f- 1, the other negative, and compre- 
hended between and — (iC + 1). 

Fifth. 

324. If an equation, involving only real co-efficients, contains :•»»- 
aginary roots, the number of such roots must be even. 

For, conceive that the first member has been divided by all the 
simple factors corresponding to the real roots ; the co-efficients 
■of the quotient will be real (Art. 278) ; and the equation must also 
be of an even degree ; for, if it was uneven, by placing it equal 
to zero, we should obtain an equation that would contain at least 
one real root; hence, the imaginary roots must enter by pairs. 

Remark. — 325. There is a property of the above polynomial 
quotient which belongs exclusively to equations containing only 
imaginary roots ; viz., every such equatiot^ always remains positive 
for any real value substituted for x. 



346 ELEMENTS OB ALGEBRA. [CHAP. XI 

For, by substituting /or a:, K+ I, the greatest co-efficient plus 
unity, we could always obtain a positive result ; hence, if the 
polynomial could become negative, it would follow that when 
placed equal to zero, there would be at least one real root com- 
prehended between K + I and the number which would give a 
negative result (Art. 311). 

It also follows, that the last term of this polynomial must be 
positive, otherwise a: = would give a negative result. 

Sixth. 

326. When the last term of an equation is positive, the number 
oj its real positive roots is even ; and when it is negative, the num^ 
ber of such roots is uneven. 

For, first suppose that the last term is -f- U, or positive. Since 
by making a; = 0, there will result + U, and by making x=^K-\-\, 
the result will also be positive, it follows that and K -\- \ give 
two results affected with the same sign, and consequently (Art. 
313), the number of real roots, if any, comprehended between them, 
is even. 

When the last term is — Z7, then apd K + \, give two re- 
sults affected with contrary signs, and consequently comprehend 
either a single root, or an odd number of them. 

The reciprocal of this proposition is evident. 

Descartes* Rule. 

327. An equation of any degree whatever, cannot have a greater 
number of positive roots than there are variations in the signs of its 
terms, nor a greater number of negative roots than there are per- 
manences of these signs. 

A variation is a change of sign in passing along the terms, and 
a permanence is When two consecutive terms have the same sign. 

In the equation x — a = 0, there is one variation, and one posi- 
tive root, « = a. And in the equation x + b = 0, there is one 
permanence, and one negative root, a? = — b. 

If these equations be multiplied together, there will result an 
equation of the second degree, 



X* — a 



X -^ ab 



1=0. 
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If a is less than ft, the equation will be of the first form (Art, 
144) ; and if a>ft the equation will be of the second form ; that is, 

a < ft gives x^ -f- 2/>x — ^ = 0, 
and a > 6 " x^ — 2px — q= 0. 

In the first case, there is one permanence, and one variation, and 
in the second, one variation and one permanence. Since in either 
form, one root is positive and one negative, it follows that there 
are as many positive roots as there are variations, and as many 
negative roots as there are permanences. 

The proposition will evidently be demonstrated in a general 
manner, if it be shown that the multiplication of the first member 
by a factor a? — a, corresponding to a positive root, introduces at 
least one variation, and that the multiplication by a factor x -\- a, 
corresponding to a negative root, introduces at least one permanence. 

Take the equation 

a« rb Ax*^^ ± 5a;»»-2 dr Cx^^ =b ... zfc Ta? =b Z7 = 0, 

in which the signs succeed each jother in any manner whatever. 
By multiplying by x — a, we have 



qp Aa 



^= Ba 



a*»~2 ± . . . =b C/" 
H= Ta 



%..}=»• 



a«+i± A 
— a 

The co-eflicients which form the first horizontal line of this 
product, are those of the given equation, taken with the same 
sign ; and the co-efiicients of the second line are formed from 
those of the first, by multiplying by a, changing the signs, and 
advancing each one place to the right. 

Now, so long as each co-efiicient of the upper line is greater 
than the corresponding one in the lower, it will determine the 
sign of the total co-efficient; hence, in this case there will be, 
from the first term to that preceding the last, inclusively, the same 
variations and the same permanences as in the proposed equation ; 
but the last term ^= Ua having a sign contrary to that which im- 
mediately precedes it, there must be one more variation than in 
the proposed equation. 

When a co-efficient in the lower line is afiected with a sign 
contrary to the one corresponding to it in the- upper, and is also 
greater than this last, there is a change from a permanence of sign 
to a variation ; for the sign of the term in which this happens, 
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being the same as that of the inferior co-efficient, must be con- 
trary to that of the preceding term, which has been supposed to 
be the same as that of its superior co-efficient. Hence, each 
time we descend from the upper to the lower line, in order to 
determine the sign, there is a variation which is not found in the 
proposed equation ; and if, after passing into the lower line, we 
continue in it throughout, we shall find for the remaining terms 
the same variations and the same permanences as in the given 
equation, since the co-efficients of this line are all aifected with 
signs contrary to those of the primitive co-efficients. This sup- 
position would therefore give us one variation for each positive 
root. But if we ascend from the lower to the upper line, there 
may be either a variation or a permanence. But even by sup- 
posing that this passage produces permanences in all cases, since 
the last term q= Ua forms a part of the lower line, it will be ne- 
cessary to go once more from the upper line to the lower, than 
from the lower to the upper. Hence, the new equation must have 
at least one more variation than the proposed; and it will be the 
same for each positive root introduced into it. 

It may be demonstrated, in an analogous manner, that the mul- 
tiplication by a factor x -\- a, corresponding to a negative root, 
would introduce one permanence more. Hence, in any equation, the 
number of positive roots cannot be greater than the number of 
VARIATIONS of sigus, nor the number of negative roots greater 
than the number of permanences. 

Consequence, 

328. When the roots of an equation are all real, the number of 
positive roots is equal to the number of variations, and the number 
of negative roots to the number of permanences. 

For, let m denote the degree of the equation, n the number of 
variations of the signs, p the number of permanences ; we shall 
have w = w + />• Moreover, let n^ denote the number of positive 
roots, and p^ the number of negative roots, we shall have 

m = n'' + j/ ; 
whence n + p z=: n^ + p^, or, n -^ n' •=: pt — p. 

Now, we have just seen that n' cannot be > n, nor can it be 
less, since // cannot be > /> ; therefore we must have nf =z », 
and y = />. 
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Remark. — 329. When an equation wants some of its terms, we 
can often discover the presence of imaginary roots, by means of 
the above rule. 

For example, take the equation 

a^ -\- px -{- q = 0, 

p and q being essentially positive ; introducing the term which is 
wanting, by affecting it with the co-efficient =fc : it becomes 

a;3 zfc . a;2 + jox 4- y = 0. 

By considering only the superior sign, we should only obtain 
permanences, whereas the inferior sign gives two variations. This 
proves that the equation has some imaginary roots ; for, if they 
were all three real, it would be necessary by virtue of the supe- 
rior sign, that they should be all negative, and, by virtue of the 
inferior sign, that two of them should be positive and one nega- 
tive, which are contradictory results. 

We can conclude nothing from an equation of the form 

x^ — px + q := ; 

for, introducing the term ± . x'^, it becomes 

x^ db ,x^ — px -\- q =1 Oj 

which contains one permanence and two variations, whether we 
take the superior or inferior sign. Therefore, this equation may 
have its three roots real, viz., two positive and one negative ; or> 
two of its roots may be imaginary and one negative, since its last 
term is positive (Art. 326). • 

0/ the commensurable Roots of Numerical Equations. 

330. Every equation in which the co-efficients are whole num- 
bers, that of the first term being unity, will have whole numbers 
only for its commensurable roots. 

For, let there be the equation 

a* + Pa?^-^ + Qa^»-2 -h . . . + Ta + IT == ; 
in which P^ Q , , , TyU^ are whole numbers, and suppose that it 

were possible for one root to be a commensurable fraction -^. 
Substituting this fraction for x, the equation becomes 
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whence, multiplying both members by 6»»~^ and transposing, 

— = — Pc^-^ — Qa'^H _ . . . - Tab^^ — Ub^\ 
b 

But the second member of this equation is composed of a series 
of entire numbers, while the first is essentially fractional, for a and 
h being prime with each other, cF and h will also be prime with 
each other (Art. 118), and hence this equality cannot exist; for, an 
irreducible fraction cannot be equal to a whole number. 

Therefore, it is impossible for any commensurable fraction to 
satisfy the equation. Now, it has been shown (Art. 294), that an 
equation containing rational, but fra,ctional co-efficients, can be 
transformed into another in which the co-efficients are whole num- 
bers, that of the first term being unity. Hence the research of the 
commensurable roots, either entire or fractional, can always he re- 
duced to that of the entire roots. 

331. This being the case, take the general equation 

and let a denote any entire number, positive or negative, which 
will verify it. 

Since a is a root, we shall have the equation 
«"» + Pa^-^ ^ , , , ^ Ra^ ^ 80"^+ Ta-^ U=zO . . . (1). 

Replace a by all the entire positive and negative numbers be- 
tween 1 and the limit + L, and between — I and — L^^ : those 
which verify the above equality will be roots of the equation. But 
these trials being long and troublesome, we will deduce from equa- 
tion (I), other conditions equivalent to this, and easier verified. 

Transposing all the terms exc^ the last, and dividing by a, 

equation (1) becomes 

U 

— _ _ flm-i — Pant-2 ^ _ , ^ Ra^^ Sa-^ T . . . (2). 

a ^ 

Now, the second member of this equation is an entire number ; 

hence — must be an entire number ; therefore, the entire roots of 

a '' 

the equation are comprised among the divisors of the last term. 
Transposing — T in equation (2), dividing by a, and making 

— -f T = T', we have, 
a 

T 

— = — 0^2 _ pa«i-3 . . : — iJa — 5 . . . (3). 

a ^ 
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T 

The second member of this equation being entire, — , that is, 

the quotient of the division of 

IL+T by a, 

is an entire number. 

Transposing the term — S and dividing by a, we have, by 
supposing 

±-+ 8=8'. \ 

a 

a 

The second member of this equation being entire, — , that is, 

a 

the quotient of the division of 

jv 

— +S by a 
a 

IS an entire number,- 

By continuing to transpose the terms of the second member into 
the first, we shall, after m — I transformations, obtain an equa- 
tion of the form 

— = — a — P. 
a 

Then, transposing the term — P, dividing by a, and making 

Q^ P' P 

— + P^zP", we have — =-1, or — +1=0 
a a a 

This equation, which is only a transformation of equation (1), 
is the last condition which it is requisite for the entire number a 
to satisfy, in order that it may be known to be a root of the 
. equation. 

332. From the preceding conditions we conclude that, when an 
entire number a, positive or negative, is a root of the given equa- 
tion, the quotient of the last term, divided by a, is an entire number i 

Adding to this quotient the co-efficient of x^, the quotient of this 
sftm, divided by a, must aUo be entire. 

Adding the co-efficient of x^ to this last quotient, and again divi- 
ding by a, the new quotient must also be entire; and so on. 



N 
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Finally, adding the co-efficient of the second term, that is, of 
a**-^, to the preceding quotient, the quotient of this sum divided by 
a, must be equal to — 1 ; hence, the result of the addition of unity, 
which is the co^ejicient of ci^, to the preceding quotient, must be 
equal to 0. 

Every number which will satisfy these conditions will be a root, 
and those which do not satisfy them should be rejected. 

All the entire roots may 'be determined at the same time, as 
follows : 

After having determined all the divisors of the last term, write 
those which are comprehended between the limits + L and — L'' upon 
the same horizontal line; then underneath these divisors write the 
quotients of the last term by each of them. 

Add the co-efficient of x^ to each of tlie.se quotients, and write the 
sums underneath the quotients which correspond to them. Then divide 
these sums by each of the divisors, and write the quotients underneath 
the corresponding sums, taking care to reject the fractional quotients 
and the divisors which produce them; and so on. 

When there are terms wanting in the proposed equation, their 
co-efficients, which are to be regarded as equal to 0, must be 
taken into consideration. 

EXAMPLES. 

1. What are the entire roots of the equation 

a?* — a?3 _ 13-J.2 ^ 16a: — 48 = ? 

The superior limit of the positive roots of this equation (Art 
317), is 13+ 1 = 14. The co-efficient 48 need not be considered, 
since the last two terms can be put under the form 16 (a; --3); 
hence, when a? > 3, this part is essentially positive. 

The superior limit of the negative roots (Art. 319), is 

- (1 + -v/is), or - 8. 

Therefore, the divisors of the last terra which may give roots, 
are 1, 2, 3, 4, 6, 8, 12; moreover, neither + I, nor — 1, wDl 
satisfy the equation, because the co-efficient — 48 is itself greater 
than the sum of all the others : we should therefore try only the 
positive divisors from 2 to 12, and the negative divisors from —2 
to — 6 inclusively. 
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Dy observing the rule giren above, we have 



12, 8, 6, 4, 3 

_ 4, _ 6, - 8, - 12, - 16 

+ 12, + 10, + 8, + 4, 

+ 1, .., ... + 1, 



-12, 

- 1, 

- 2, 



• •• 



, - 12, - 13 

f — 3> 

> ^» 

, — 1, 



2,-2.-3,-4,-6 
-24, +24, +16, +12, + 8 

- 8, + 40, + 32, + 28, + 24 

- 4, - 20, .., - 7,-4 



— 17, -33, 






"9 
• •• 



., -20,-17 

•f "r 4r, 



The Jlrst line contains the divisors, the second contains the 
quotients arising from the division of the last terra — 48, hy each 
of the divisors. The third line contains these quotients augmented 
by the co-efficient +16, and the fourth the quotients of these 
sums by each of the divisors ; this second condition excludes the 
divisors +8, 4- 6, and — 3. 

The fifth is the preceding line of quotients, augmented by the 
co-efficient — 13, and the sixth is the quotients of these sums by 
each of the divisors ; this third condition excludes the divisors 
3, 2, — 2, and — 6. 

Finally, the seventh is the third line of quotients, augmented by 
the co-efficient — 1, and the eighth is the quotients of these sums 
by each of the divisors. The divisors + 4 and — 4 are the only 
ones which give — 1 ; hence, + 4 and — 4 are the only entire 
roots of the equation. 

In fact, if we divide 

aj* — aiS - 13ira + I6x — 48, 

by the product (x — 4) (a? -1- 4), or a^ — 16, the quotient will be 
sfl •— X + 3f which placed equal to zero, gives 

therefore, the four roots are 

2. What are the entire roots of the equation 

«* — 5*3 + 25* — 21 =0? 

23 
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3. What are the entire roots of the equation 

15aj* - 19a?* + 6a?3 + 15a?2 - 19a? -f 6 = ? 

4. What are the entire roots of the equation 

9x« + 30a?» + 22a:* + lOa?^ + l^a!^ - 20a? + 4 = 0. 

Sturms* Theorem. 

333. The object of this theorem is to explain aV method of de- 
termining the number and places of the real roots of equations in- 
▼olving but one unknown quantity. Let 

X=0 (1), 

represent an equation containing the single unknown quantity x; 
X being a polynomial of the m^ degree with respect to x, the 
co-efiicients of which are all real. If this equation should have 
equal roots, they may be found and divided out as in Art. 30*'^, 
and the following reasoning be applied to the equation which would 
result. We will therefore suppose X = to have no equal roots. 

334. Let us denote the first-derived polynomial of X by Xi, and 
then apply to X and Xi a process similar to that for finding their 
greatest common divisor, differing only in this respect, that instead 
of using the successive remainders as at fir^ obtained, we change 
their signs, and take care also, in preparing for the division, neither 
to introduce nor reject any factor except a positive one. 

If we denote the several remainders, in order, after their signs 
have been changed, by X^, X^ . , , X„ which are read X second, 
X third, &C,, and denote the corresponding quotients by Q^ Qg 
. . . Qr-i, we may then form the equations 

Jl ^ -^iWt ~~ -Aj .... (2), 

Xl = X^Q^ — -Xg 



Xn-i — -Xi,Q„ — Xn+i 



> , . , (3). 



'1—2 



— Xfu^lQr—i — -^r , 



Since by hypothesis, X = has no equal roots, no common di- 
fisor can exist between X and Xi (Art. 300). The last remainder 
*— X„ will therefore be different from zero, and independent of x. 
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335. Now, let us suppose that a number p has been substituted 
for X in each of the expressions X, Xi, X^ . . . X^i ; and that 
the signs of the results, together with the sign of X^, are arranged 
in a line one after the other : also that another number q, greater 
than Pj has been substituted for x, and the signs of the results 
arranged in like manner. 

Then will the number of variations in the signs of the first ar- 
rangementj diminished by the number of variations in those of the 
second, denote the exact number of real roots comprised between p 
and q. 

336. The demonstration of this truth mainly depends upon the 
four following properties of the expressions X, Xi . . , Xn, &c. 

I. Let a be a root of the equation X = 0. If we substitute 
a+ u for Xf and designate by A what X becomes, and denote the 
derived pol3n[iomials by A^, A''^ A^^\ &c. ; we shall have (Art. 299), 

A + ^^tt + --- tt* + w-». 

But since by hypothesis, a is a root of the equation JJT = 0, we 
have A = 0, and hence the above expression becomes 

Aff Afff 

in which A' is not zero, since the equation JT = is supposed 
not to contain equal roots. Now we say, that u can be made so 
small, that the sign of the quantity within the parenthesis shall be 
tJte same as that of its first term. 

We attain this object, by finding for u a value which shall ren- 
der, numerically, 

^2 2.3 

-^ + g-y « + &C tt«-2j . 

a condition which will always be fulfilled (Art. 315), when 

A^ 
« = or < = — -Tf K being the greatest co-efiident of «. 

II. If any number be substituted for z in these expressions, it is 
impossible that any two consecutive ones can become xero at the sam$ 
time. 
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For, let Xn^u -^i -^n+n ^® *^y ^^^®® consecutive expressions. 
Then among equations (3), we shall find 

Xn^i = Xf^Qf^ — Xf^i .... (4), 
from which it appears that, if X^^^ and X^ should both become 
for a value of a?, X^^^ would be for the same value ; and since 
the equation which follows (4) must be 

we shall have X^,^ = for the same value, and so on until we 
should find X^. = 0, which cannot be ; hence, X„«i and X„ can- 
not both become for tbe same value of x. 

III. By an examination of equation (4), we see that if X„ be- 
comes for a value of «, X^Ji and Jir„+i must have contrary 
signs ; that is, if any one of the expressions is reduced to by 
the substitution of a value for x, the preceding and following ones 
will have contrary signs for the same value, 

IV. Let us substitute a 4- « for x in the expressions X and J^i, 
and designate by U and U^ what they respectively become under 
this supposition. Then (Art. 297), we have 



m2 



U =zA -^ A'u + A'' -^ -f- &c. 



1/2 



£^1 = ^1 + A\u + A'\ — + &c. 



• « • 



(5). 



in which A^ A' ^ A'\ &c., are the results obtained by the substi- 
tution of a for a?, in X and its derived polynomials ; and A^ A\ &ic., 
are similar results derived from Xi. If now,, a be a root of the 
proposed equation X = 0, then A = 0, and since A^ and A^ are 
each derived from Xi, by the substitution of a for x, we have 
A^ ss A|, and equations (5) become 



w2 




U = A'u + A''-^ + &c 

1/^1= A' -\- A\u 4- &c. 
Now, the arbitrary quantity u may be taken so small that when 
added to a, it will but insensibly increase it, and when subtracted 
firom a, it will but insensibly diminish it ; in which cases, the signs 
of the values of U and T/j will depend upon the signs of their 
fir^t terms ; that is, they will be alike when u is positive or when 
« -t- tt is substituted for a?, and unlike when u is negative or when 
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a — u 19 substituted for x. Hence, if a number insensibly less than 
one of the real roots of X =zO be substituted for x in X and X„ 
ike Results will hane contrary signs, and if a number insensibly greater 
than this root be substituted, the results will have the same sign. 

337. Now, let any number as k, algebraically less, that is, nearer 
equal to — oo, than any of the real roots of the several equations 

Z = 0, A', = . . . JT^, = 0, 

be substituted for x in them, and the signs of the several results 
arranged in order ; then, let x be increased by insensible degrees, 
until it becomeS equal to h the least of all the roots of the equa- 
tions. As there is no root of either of the equations between k and 
A, none of the signs can change while x is less than h (Art. 311), 
uid the number of variations and permanences in the several sets 
of results, will remain the same as in those obtained by the first 
substitution. 

When x becomes equal to A, one or more of the expressions X, 
X,, &c., will reduce to 0. Suppose X^ becomes 0. Then, as by 
the second and third properties above explained, neither X„_i nor 
Xft^i can become at the same time, but must have contrary 
signs, it follows that in passing from one to the other (omitting 
Xf^ = 0), there will be one and only one variation • and since their 
signs have not changed, one must be the same as, and the othei 
contrary to, that of X^, both before and after it becomes ; hence, 
in passing over the three, either just before X^ becomes or just 
after, there is one and only one variation. Therefore, the reduc- 
tion of X„ to neither increases nor diminishes the number of 
variations ; and this will evidently be the case, although several 
of the expressions X„ X|, &c., should become at the same time. 

If a? = A should reduce X to 0, then h is the least real root of 
the proposed equation, which root we denote by a ; and since by 
the fourth property, just ^before x becomes equal to a, the signs 
of X and Xi are contrary, giving a variation, and just after pass- 
ing it (before x becomes equal to a root of -X", = 0), the signs are 
the same, giving a permanence instead, it follows that in passing 
this root a variation is lost. In the same way, increasing x by 
insensible degrees from x = a + u until we reach the root of 
JT = next in order, it is plain that no variation will be lost or 
gained in passing any of the roots of the other equations, but that 
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in passing this root, for the same reason as before, another varia- 
tion will be lost, and so on for each real root between k and the 
number last substituted, as ^, a variation will be lost until x has 
been increased beyond the greatest real root, when no more can be 
lost or gained. Hence, the excess of the number of variations ob- 
tained by the substitution of k over those obtained by the substi- 
tution of g, will be equal to the number of real roots comprised 
between k and g. 

It is evident that the same course of reasoning will apply when 
we commence with any number p, whether less than all the roots 
or not, and gradually increase x until it equals any other number q. 
The fact enunciated in Art. 335 is therefore established. 

338. In seeking the number of roots comprised between p and q^ 
should either p ox q reduce any of the expressions Jf |, X^ <&c., 
to 0, the result will not be affected by their omission, since the 
number of variations will be the same. 

Should p reduce JST to 0, then p is a root, but not one of those 
sought ; and as the substitution of p + u will give X and ^i the 
same sign, the number of variations to be counted will not be 
affected by the omission of JT sss 0. 

Should q reduce JT to 0, then q is also a root; and as the 
substitution oi q — u will give X and X^ contrary signs, one varia- 
tion must be counted in passing from X \o Xy. 

339. If in the application of the preceding principles, we ob- 
serve that any one of the expressions Jfi, Xj . . . <fec., X^ for in- 
stance, will preserve the same sign for all values of x in passing 
from J) to y, inclusive, it will be unnecessary to use the succeed- 
ing expressions, or even to deduce them. For, as X^ preserves 
the same sign during the successive substitutions, it is plain that 
the same number of variations will be lost among the expressions 
X, JTi, &c. . . . ending with X^ as among all including X^. When- 
ever then, in the course of the division, it is found that by placing 
any of the remainders equal to 0, an equation is obtained with 
imaginary roots only (Art. 325), it will be useless to obtain any 
of the succeeding remainders. This principle wiH be found very 
useful in the solution of numerical examples. 

340. As all the real roots of the proposed equation are neces- 
sarily included between — oo and -f- oo, we may, by ascertaining 
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the number of variations lost by the substitution of these, in suc- 
cession, in the expressions X, X^ . . . X„, . . &c., readily determine 
the total number of such roots. It should be observed, that it will 
be only necessary to make these substitutions in the first terms 
of each of the expressions, as in this case the sign of the term 
\^11 determine that of the entire expression (Art. 315). 

341. Having thus obtained the total number of real roots, we 
may ascertain their places by substituting for x, in succession, 
the values 0, 1, 2, 3, &c., until we find an entire number which 
gives the same number of variations as + oo* This will be the 
smallest superior limit of the positive roots in entire numbers. 

Then substitute 0, — 1, — 2, &c., until a negative number is 
obtained which gives the same number of variations as — oo This 
will be, numerically, the smallest superior limit of the negative 
roots in entire numbers. Now, by commencing with this limit and 
observing the number of variations lost in passing from each num- 
ber to the next in order, we shall discover how many roots are 
included between each two of the consecutive numbers used, and 
thus, of course, know the entire part of each root. The decimal 
part may then be sought by some of the known methods of ap- 
proximation. 

EXAMPLES. 

1. Let 8*3 _6a.__x = = X 

The first-derived , polynomial (Art. 297), is 

24«a — 6, 

and since we may omit the positive factor 6, without affecting the 

sign, we may write 

4«2 - 1 = X,, 

Dividing X by -Y,, we obtain for the first remainder, — 4a5 — 1 . 
Changing its sign, we have 

4ar 4- 1 = -X,. 

Multipl3ring X^ by the positive number 4, and then dividing by 

X^j we obtain the second remainder — 3 ; and by changing its 

sign 

+ 3 = X^. 

The expressions to be used are then 

jr = 8x3 - 6a; - i^ Z| = 4*2 - 1, X^=z4x+l, -X, = + 3. 
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Substituting — go and then + oo, we obtain the two following 
arrangements of signs : 

1 1- 3 variations, 

+ + + +.. .0 

There are then three real roots. 

If now, in the same expressions we substitute and + 1, 
and then and — 1, for x, we shall obtain the three following 
arrangements : 

For X = + I H — h + + variations, 

« «=0 h+ 1 " 

a;=-l - + -+ 3 

As X = + i gives the same number of variations as + oo, and 
X = — 1 gives the same as — oo, -f- 1 and — 1 are the smallest 
limits in entire numbers. In passing from —1 to 0, two variations 
are lost, and in passing from to + !» one variation is lost; hence, 
there are two negative roots between — 1 and 0, and one positive 
root between and + 1. 

2. Let 2«* — 13a:2 ^ lOa? - 19 = 0. 

If we deduce X, Xi, and X,, we have the three expressions 

X = 2jc* - I3!t^ + 10* — 19, 
X^ = 4x^ — 13x + .5, 
Xa = 13*2 _ I5aj + 38. 

If we place X^ = 0, we shall find that both of the roots of 
the resulting equation are imaginary ; hence, X^ will be positive 
for all values of x (Art. 325). It is then useless to seek for X^ 
and X^, 

By the substitution of — oo and + oo in X, X^, and Xj, we 
obtain for the first, two variations, and for the second none ; hence, 
there are two real and two imaginary roots in tne proposed equation. 

3. Let 0:3 — 5*2 + 8a; — 1 = 0. 

4. ar* — ffS — 3ar2 -f. a?2 _ a? — 3 = 0. 

5. x« — 2a:3 ^ 1 _ 0. 
Discuss each of the above equations. 
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Young* s Method of resolving Cubic Equations, 

342. Every numerical equation of the third degree may be re- 
duced to the form 

a^+bst^ + cx^N (1), 

in which b; c, and Ny are known numbers. 

Since this equation will have at least one real root (Art. 277), 
let us find, either by Sturms' theorem or by trial, two consecutive 
numbers, either integral or decimal, which being substituted for x, 
will give results with different signs. We then know that one of 
the values of x will lie between them (Art. 311), and consequently, 
that the smallest number will be the first figure of the required 
root. 

Let lis designate this figure by r. Now, if we neglect the re- 
maining figures of the root, and regard r as the approximate value 
of a?, we shall have 

r^ + br^ + cr =z N; whence, r = — . 

r^ + or 4- c 

Having found r, denote the remaining part of the root by y ; then 

a: = f -f- y. 
Substituting this value of x in the given equation, we have 
a:3 = r3 4. 3^2^ _|. Srf + yM 
bx^ = *r2 4- 2brt/ + bf > =: N 

ex = cr + cy 1 

and by adding and arranging with reference to y, 

f + (3r + b)f 4- (3r2 + 2br + c)y + (f^ + br^ + cr) = N, 
But we may simplify the form of this equation, by making 
J/ = 3r-^b, c" = 3r^ + 2br + c, N' = N - {f^ + br^ + cr) ; 
which will give y3 + b'y^ + <y — N' (2). 

The form of this equation is entirely similar to that of the given 
equation ; and if we denote by s the first figure of y and make 
the same supposition as before, we shall have 

whence. s = - .' ^ , . . 

s^ + as + e^ 



^ 
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Supposing the value of s found; denote by z the remainiiig 
figures of the root : then 

y = 5 4- ^, 

and , y3 = j3 + 3^^ _|. 3j^3 ^ gs^ 

by = 6V + 2b'sz + h'z\ 

By adding and arranging with reference to z^ 

«3 -h (3* + V)Z^ + (3*3 + 2^5 + C^);? + (^ + ^5» + <^S)=:N'. 

But, by making *'^ = 3j + *^ 

iV'^ = iV^' - (^ + 6V + &s), 

the equation becomes 

;s3 ^ j/v ^ c'/^ =:: N'' (3). 

If we denote by t the first figure of z^ and make the same 
supposition as before, we shall have 

whence, t = =- r. 

If we designate by u the first figure of t^ we should find, by a 
process similar to the above, 

and in a similar manner we may find the algebraic expression for 
any succeeding figure of the root. 

343. It is now required to put these algebraic expressions under 
such a form as will indicate the best practical rule for performing 
the arithmetical operations. For this purpose, let us bring the for- 
mulas together. We have 

N N 

r = 



S=z 



t = 



•* - tt* + ^"'w + (/'''^ u[u+3(r+s+t) + ft] +3/2 4. 25^/ + c''' 

&€., &C., &C 



r^ + br+c 


r(r + *) + c' 




~ 5 (* + 3r + 6) + 3r2 + 25r + c' 


^ + b''t + </' 


~" f [/ + 3 (r + *) + 6] + 3^ + 2^* + </' 
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The value of r being found, and c a known number, the de- 
nominator r(r + &)4- c will be known. This forms the first di- 
visor, and dividing N by it, the first figure of* the quotient will be 
r, as before found. Multiplying the divisor by r and subtracting 
the product from JV, we obtain N\ the second dividend. 

It will be seen that the three right-hand terms in each denomin- 
ator, are formed from the preceding figure of the root. These 
make trial divisors for each figure of the root after the first. 

Having found N\ we form its trial divisor and then see how 
often it is contained in iNP, which gives s. We then form the 
complete divisor which we multiply by s, and subtract the result 
from N\ which gives N^^. We then form its trial divisor, find the 
figure tf after which we find the complete divisor for ^ and then 
multiply it by the quotient figure t and subtract the result from N^\ 
giving iV^^; and similarly for all the following figures of the root. 

344. By examining the table of Example I, on the next page, 
and comparing it with the formulas, we see, that if under any divi- 
sor we write tbe square of the figure of the root which tbe divisor 
determines, and then add it to the two numbers directly above, their 
sum will be the trial divisor for the next figure of the root. Hence, 
we have the following 

RULE. 

I. Write down c, the co-affiderU of x, and on the same line, to the 
right, place the known number N, and set in the quotient the first figure 
of the root found by trial, 

II. To this figure of the root add b, the co-efficient of x^, and 
then multiply the sum hy the figure of the root, and add the product 
to c, and the sum will be the first divisor, which is then to be 
multiplied by the quotient figure and the product subtracted from N, 

III. Under the first divisor write the square of the first figure of 
the root, and then add it to the last two sums, and the re^lt will 
be the trial divisor for the next figure of the root, 

IV. Having found the next figure of the root, add to it three 
times the figures of the root already found, and also the co-efficient 
b : then multiply the sum by the figure of the root and add the prod- 
uct to the trial divisor, and the sum will be the entire divisor, which 
must then be multiplied by the figure of the root, and the product 
subtracted from the last dividend. The process for determining other 
figures of the root is entirely similar. 
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Remark. — The operations in the example of the tahle, are all 
performed according to the directions of the rule ; hut more deci- 
mal places have been used in the dividends and divisors, in the 
latter part of the work, than were necessary. Had we admitted 
but three places of decimals in the dividends, and rejected all other 
places to the right, as fast as they occurred, we should still have 
had the root equally true to at least four places of decimals. But 
since the figures of the root are decimals, it follows that if the num- 
ber of decimal places in the dividend does not exceed three, the 
decimal places in the corresponding divisor should not exceed two ; 
and for every succeeding figure found in the root, one place may 
be struck off from the right of the divisor. 

After finding a certain number of figures of the root, it will 
occur that the numbers to be added to the divisors will fall among 
the rejected figures, after which the remaining figures of the root 
will be found by simple division. It should be observed, however, 
that when places are rejected from the divisor, that whatever would 
have been carried had the complete multiplication been performed, 
is still to be carried to increase the last figure retained ; and when- 
ever the left-hand figure of those rejected, either in the dividend or 
divisor, exceeds 4, the last figure retained is to be increased by 1 . 

The following is the last example, wrought on the principle of 
admitting but three places of decimals into the dividends. The 
rejected figures, both in the dividends and divisors, are placed a 



little to the right. 








6 
20 

26 
4 


. 


75.9 2. 
52 

23.9 
22 . 304 


4257 + 


50 
5.76 




1 .596 
1 .240 


688 


55.76 
.16 




.356 
.312 


312 
827625 


61 .68 
.30 


44 


.044 
.043 . 


484375 


62.0 



844 
004 

892 • 

76325 

— . — 


.001 . 




62.3 
1 





62.4 
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2. Find one root of the equation a^ + x^ = 500. 
This equation is the same as os^ + a^ + Ox =z 500 ; hence 6 = 1 
c = 0, and N =z 500. 

The first figure of the root found by trial, is 7. 

600 |7 . 61727975, &c., = x. 

56 392 

56 108 

49 104 . 73» 



161 3.264 

13 . 56 1 . 887181 



174.56 1 .376819 

36 1 . 323862 



188.48 .052957 

. 2381 . 037859 



188.7181 .015098 

.0001 .013251 



188.9563 .001847 

.1669 .001704 
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189.123|2 .000143 

189.290 . 000133 

.005 .000010 

.i|8|9.|2|9|5 ' QQQQQ9 

3. Find one root of the equation a?' — 17x2 ^ 54^^ — . 350. 

Ans, x ~ 14 . 954, &c. 

4. Fill, -o root of the equation x^ + 2x2 + 3jp =- 13089030. 

Ans, X =. 235. 

5. Find one root Oi ' « equation ai^ + 2ot^ — 23x = 70. 

Ans. X =: 5 . 1345, &c. 

Remark. — In the preceding soluUv* « only one root has been 
obtained, yet the others may be found wiin -^nal facility, by find- 
ing by trial the first figure in each and then pi.j''*^»^ding by the 
rule already given. There is, however, a shorter meiLw-^ for de- 
termining the remaining roots. . 

Subtract the root found, taken with a contrary sign, from the co- 
efficient of the second term of the given equation, and denote the 
remainder by a. Divide the absolute term by the root found, and 
denote the quotient by b; then will the roots of the equation 

ar^ -|- aa? 4" ^ = 

be the two remaining roots of the given equation. 
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Method of resolving Higher EqnatiofU. 

345. The general method of resolving cubic equations, has been 
explained in Art. 342. We shaH now add from Young's Algebra, 
the method of resolving equations of a higher degree. It has 
not been thought best to give the general investigation, but merely 
to add, for the solution of an equation of any degree, the follow- 
ing general 

RULE, 

I. Transpose the ahsoluU term to the second member of the equation. 
TJien^ beginning with the co-efficient of the first term, arrange the co- 
efficients of the first member in a row, placing the absolute term to the 
right. 

II. Having found the first figure of the root^ multiply it by the first 
co-efficient and add the product to the second co-efficient ; then multiply 
the sum by the same figure of the root and add the product to the third 
co^efficient ; and soon to the last co-efficient : the last sum will be the first 
divisor, which multiply by the figure of the root and subtract the product 
from the absolute term: the result will be the second dividend. 

III. Perform (he same operations on the first co-efficient and the set of 
sums found, as was performed with the co-efficients, and the last sum wUl 
be the TRIAL DIVISOR for th^ second figure of the root. Then perform 
the same operations on the first co-efficierU and the second set of sums, only 
stop in the column of the Uist co-efficient but one. Repeat the same op- 
eration on the first co-efficient and the last set of sums, but stop in the 
next left-hand column, and so on until you stop in the column of the sec- 
ond co-efficient. 

IV. Then find from the trial divisor the second figure of the root, 
taking care that it be not too large. Take this second figure, and per- 
form with it on the first co-efficient and the last set of sums the same 
operations as were performed on the co-efficients unth the first figure of 
Oie root and the sum ; in the last column wiU be the second divisor, whi^ 
multiply by the second figure of the root and subtract the product from 
the second dividend. 

V. The next trial divisor, the next figure of the root, and the true 
divisor, are found by the principles already explained, and the places 
of figures in the root may be carried as far as necessary. 
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EXAMPLES. 

1. Find the root of the equation x* — 3^2 + 75ap = 10000. 

Operation. 




9 


-3 
81 

78 
162 

240 
243 

483 
29. 


44 


75 
702 

777 
2160 

2937 
409 . 952 


10000 
6993 


9.886 


9 
9 


3007 
2677. 


5616 


18 
9 


329 
306 


.4384 
.1662 


27 
9 


3346 . 952 
434 . 016 


23 
23 


.2722 
.2616 


36.8 
.8 


512. 
30. 


44 
08 


3780 . 968 
46.110 


• 


106 

78 


37.6 

.8 


542. 
30. 


52 

72 


3827 . 07 8 
46 .36 


28 
27 


38.4 
.8 


573. 
3. 


24 
14 


3873 . 44 
3.50 


1 


39. 2 


576 
3 

579 
3 


.38 

. 1 

', 5 


3876 . 9 4 
3.5 






3880 . 4 





5|8|3 

Remark. — The work, in the example, has been contracted by 
omitting or cutting off decimal places, as in the operations for tho 
cube root, and in equations higher than the third degree, the con 
tractions may be begun after the first decimal place of the root is 
found. 

By using one period of four decimal places, the root has been 
found to eight places of figures. Another period of four places, 
that is, by beginning the contractions later, we should have found 
four additional places, or x = 9 . 88600270094. 



THE END. 
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